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1

string ( spring) longitudinal wave model

∂2
t q = c2∂2q(LW)

q q : R × R � (t, x) �−→
q(t, x) ∈ R ∂t ∂ ∂t = ∂/∂t, ∂ =

∂x = ∂/∂x c > 0 propagation speed

(LW) ∂2
t − c2∂2

∂2
t − c2∂2 = (∂t + c∂)(∂t − c∂) = (∂t − c∂)(∂t + c∂)

(LW) q

u± = (∂t ∓ c∂)q

(LW)± (∂t ± c∂)u± = 0

2

method of characteristics

∂tu+ α∂u = βu+ γ (2.1)

α, β, γ 0 I 1+1 R×R

I × R L∞(R)

α, β, γ ∈ C(I;L∞(R))
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(2.1) u : I × R � (t, x) �−→ u(t, x) ∈ R

(1, α(t, x)) ∈ R
2

{
∂tξ(t, x) = α(t, ξ(t, x)), (t, x) ∈ I × R

ξ(0, x) = x
(2.2)

ξ : I × R −→ R v(t, x) = u(t, ξ(t, x)) v : I × R −→ R

∂tv(t, x) = ∂tu(t, ξ(t, x)) + ∂u(t, ξ(t, x))∂tξ(t, x)

= (∂tu+ α∂u)(t, ξ(t, x)) = ((1, α) · (∂tu, ∂u))(t, ξ(t, x)) (2.3)

(2.1) (2.2)

(2.1) x ∈ R (2.2) I � t �−→ ξ(t, x) ∈
R (2.1) (2.2)

(2.2) ξ

ξ(t, x) = x+

∫ t

0

α(t′, ξ(t′, x))dt′ (2.4)

ξ (2.4) ( )

(2.4) α

α ∈ (C ∩ L1)(I;W 1
∞) = {α ∈ (C ∩ L1)(I;L∞); ∂α ∈ (C ∩ L1)(I;L∞)}

x0 ∈ R 0 ∈ K ⊂ I K

lim
x→x0

∫
K

|∂α(t, x)− ∂α(t, x0)|dt = 0

M0,M1 ≥ 0

M0 =

∫
I

‖α(t)‖∞dt, M1 =

∫
I

‖∂α(t)‖∞dt

(2.4)

X = C1(I × R) ∩ C(I; Ẇ 1
∞)

Ẇ 1
∞ = {f ∈ L1

loc(R); ∂f ∈ L∞(R)},
C(I; Ẇ 1

∞) = {u : I → L1
loc; ∂u ∈ C(I;L∞)}

(2.2) (2.4) ξ ∈ X

ξ 0 ∈ J J ⊂ I

sup
t∈J

‖ξ(t)− x‖∞ (:= sup
t∈J

sup
x∈R

|ξ(t, x)− x|) ≤
∫
J

‖α(t)‖∞dt, (2.5)
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sup
t∈J

‖∂ξ(t)‖∞ ≤ exp

(∫
J

‖∂α(t)‖∞dt

)
(2.6)

t ∈ I ξ(t) C1

t ≥ 0 I T > 0

I = [0, T ] I = [0,∞) ∂α ∈ L1(I;L∞)

δ0 > 0

sup
t∈J

∫
[t,t+δ0]∩I

‖∂a(t′)‖∞dt′ ≤ 1

2

I0 = [t0, t1] = [0, δ0]

X0 = {ξ ∈ C(I0 × R) ∩ C(I0; Ẇ
1
∞); sup

t∈I0
‖ξ(t)− x‖∞ ≤ M0,

sup
t∈I0

‖∂ξ(t)− 1‖∞ ≤ 1}

X0

d0(ξ, η) = sup
t∈I0

‖ξ(t)− η(t)‖∞, ξ, η ∈ X0

d0 ξ ∈ X0 Φ0(ξ)

((Φ0(ξ))(t)) (x) = (Φ0(ξ))(t, x) = x+

∫ t

0

α(t′, ξ(t′, x))dt′, (t, x) ∈ I0 × R

Φ0(ξ) ∈ C(I0 × R) ∩ C(I0; Ẇ
1
∞)

(∂Φ0(ξ))(t) = (∂Φ0(ξ))(t, ·) = 1 +

∫ t

0

∂α(t′, ξ(t′, ·))∂ξ(t′, ·)dt′

sup
t∈I0

‖(Φ0(ξ))(t)− x‖∞ ≤
∫
I

‖α(t′)‖∞dt′ = M0,

sup
t∈I0

‖(∂Φ0(ξ))(t)− 1‖∞ ≤
∫
I0

‖∂α(t′)‖∞‖∂ξ(t′)‖∞dt′

≤
∫
I0

‖∂α(t′)‖∞(sup
t∈I0

‖∂ξ(t)− 1‖∞ + 1)dt′

≤ 2

∫
I0

‖∂α(t′)‖∞dt′ ≤ 1

Φ0 : ξ �−→ Φ0(ξ) X0 ξ, η ∈ X0

(Φ0(ξ)− Φ0(η))(t) =

∫ t

0

(α(t′, ξ(t′, ·))− α(t′, η(t′, ·)))dt′

=

∫ t

0

∫ 1

0

∂α(t′, θξ(t′, ·) + (1− θ)η(t′, ·))dθ(ξ(t′, ·)− η(t′, ·))dt′

d0(Φ0(ξ),Φ0(η)) ≤ 1

2
d0(ξ, η)
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ξ, η ∈ X0 Φ0 X0

ξ0 ∈ X0 Φ0(ξ0) = ξ0

‖∂ξ0(t1)‖∞ ≤ 2

tj = jδ0, I1 = [t1, t2] ∩ I = [δ0, 2δ0] ∩ I

X1 = {ξ ∈ C(I1;W
1
∞); sup

t∈I1
‖ξ(t)− ξ0(t1)‖∞ ≤ M0,

sup
t∈I1

‖∂ξ(t)− ∂ξ0(t1)‖∞ ≤ 2}

d1(ξ, η) = sup
t∈I1

‖ξ(t)− η(t)‖∞, ξ, η ∈ X1

d1 ξ ∈ X1 Φ1(ξ)

(Φ1(ξ))(t) = ξ0(t1) +

∫ t

t1

α(t′, ξ(t′, ·))dt′, t ∈ I1

Φ1(ξ) ∈ C(I1;W
1
∞)

(∂Φ1(ξ))(t) = ∂ξ0(t1) +

∫ t

t1

∂α(t′, ξ(t′, ·))∂ξ(t′, ·)dt′

sup
t∈I1

‖(Φ1(ξ))(t)− ξ0(t1)‖∞ ≤
∫
I

‖α(t′)‖∞dt′ = M0,

sup
t∈I1

‖(∂Φ1(ξ))(t)− ∂ξ0(t1)‖∞ ≤
∫
I1

‖∂α(t′)‖∞‖∂ξ(t′)‖∞dt′

≤
∫
I1

‖∂α(t′)‖∞
(
sup
t∈I1

‖∂ξ(t′)− ∂ξ0(t1)‖∞

+ ‖∂ξ0(t1)‖∞
)
dt′

≤ 4

∫
I1

‖∂α(t′)‖∞dt′ ≤ 2

Φ1 : ξ �−→ Φ1(ξ) X1

(Φ1(ξ)− Φ1(η))(t)

=

∫ t

t1

∫ 1

0

∂α(t′, θξ(t′, ·) + (1− θ)η(t′, ·))dθ(ξ(t′, ·)− η(t′, ·))dt′

d1(Φ1(ξ),Φ1(η)) ≤ 1

2
d1(ξ, η)

ξ, η ∈ X1 Φ1 X1

ξ1 ∈ X1 Φ1(ξ1) = ξ1
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ξ1
‖∂ξ1(t2)‖∞ ≤ 4 = 22

ξ(t) =

{
ξ0(t), t ∈ I0

ξ1(t), t ∈ I1

ξ ∈ C((I0 ∪ I1)× R) ∩ C(I0 ∪ I1; Ẇ
1
∞) I1

ξ(t) = ξ0(t1) +

∫ t

t1

α(t′, ξ1(t′, ·))dt′

= x+

∫ t1

0

α(t′, ξ0(t′, ·))dt′ +
∫ t

t1

α(t′, ξ1(t′, ·))dt′

= x+

∫ t

0

α(t′, ξ(t′, ·))dt′

ξ (2.4) [0, t2] = I0 ∪ I1
n ≥ 2 0 ≤ k ≤ n − 1 k (P )k

(P )k : ξk ∈ Xk

ξk(t) = ξk−1(tk) +

∫ t

tk

α (t′, ξk(t′, ·)) dt′, t ∈ Ik = [tk, tk+1] ∩ I = [kδ0, (k + 1)δ0] ∩ I

Xk = {ξ ∈ C(Ik;W
1
∞); sup

t∈Ik
‖ξ(t)− ξk−1(tk)‖∞ ≤ M0,

sup
t∈Ik

‖∂ξ(t)− ∂ξk−1(tk)‖∞ ≤ 2k}

dk(ξ, η) = sup
t∈Ik

‖ξ(t)− η(t)‖∞ dk ξk

‖∂ξk(tk+1)‖∞ ≤ 2k+1

(k = n )(P )n
ξ ∈ Xn

(Φn(ξ)) (t) = ξn−1(tn) +

∫ t

tn

α (t′, ξ(t′, ·)) dt′, t ∈ In

Φn(ξ) ∈ C(In;W
1
∞)

(∂Φn(ξ)) (t) = ∂ξn−1(tn) +

∫ t

tn

∂α (t′, ξ(t′, ·)) ∂ξ(t′, ·)dt′
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sup
t∈In

‖ (Φn(ξ)) (t)− ξn−1(tn)‖∞ ≤
∫
I

‖α(t′)‖∞dt′ = M0,

sup
t∈In

‖ (∂Φn(ξ)) (t)− ∂ξn−1(tn)‖∞

≤
∫
In

‖∂α(t′)‖∞‖∂ξ(t′)‖∞dt′

≤
∫
In

‖∂α(t′)‖∞
(
sup
t∈In

‖∂ξ(t)− ∂ξn−1(tn)‖∞ + ‖∂ξn−1(tn)‖∞
)
dt′

≤(2n + 2n)

∫
In

‖∂α(t′)‖∞dt′ ≤ 2n

Φn : ξ �−→ Φn(ξ) Xn

(Φn(ξ)− Φn(η)) (t)

=

∫ t

tn

∫ 1

0

∂α (t′, θξ(t′, ·) + (1− θ)η(t′, ·)) dθ (ξ(t′, ·)− η(t′, ·)) dt′

dn (Φn(ξ),Φn(η)) ≤ 1

2
dn(ξ, η)

ξ, η ∈ Xn Φn Xn

ξn ∈ Xn Φn(ξn) = ξn
ξn

‖∂ξn(tn+1)‖∞ ≤ sup
t∈In

‖∂ξn(t)− ∂ξn−1(tn)‖∞ + ‖∂ξn−1(tn)‖∞
≤ 2n + 2n = 2n+1

(P )n n ≥ 0 (P )n

I =
⋃
n≥0

In ξ : I × R −→ R

ξ|In = ξn

ξ ∈ C(I × R) ∩ C(I; Ẇ 1
∞) ξ

ξ(t) = x+

∫ t

0

α(t′, ξ(t′, ·))dt′, t ∈ I

η

ξ(t)− η(t) =

∫ t

0

(α(t′, ξ(t′, ·))− α (t′, η(t′, ·))) dt′

=

∫ t

0

∫ 1

0

∂α (t′, θξ(t′, ·) + (1− θ)η(t′, ·)) dθ (ξ(t′, ·)− η(t′, ·)) dt′
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‖ξ(t)− η(t)‖∞ ≤
∫ t

0

‖∂α(t′)‖∞ ‖ξ(t′)− η(t′)‖∞ dt′

ξ = η (2.5) (2.4) (2.6)

∂ξ(t) = 1 +

∫ t

0

∂α (t′, ξ(t′, ·)) ∂ξ(t′, ·)dt′

‖∂ξ(t)‖∞ ≤ 1 +

∫ t

0

‖∂α(t′)‖∞‖∂ξ(t′)‖∞dt′

x, y ∈ R

ξ(t, x)− ξ(t, y)

= x− y +

∫ t

0

∫ 1

0

∂α (t′, θξ(t′, x) + (1− θ)ξ(t′, y)) dθ (ξ(t′, x)− ξ(t′, y)) dt′ (2.7)

|ξ(t, x)− ξ(t, y)| ≤ |x− y|+
∫ t

0

‖∂α(t′)‖∞ |ξ(t′, x)− ξ(t′, y)| dt′

ξ(t)

|ξ(t, x)− ξ(t, y)| ≤ exp

(∫ t

0

‖∂α(t′)‖∞ dt′
)
|x− y| (2.8)

x, y ∈ R

∂ξ(t, x)− ∂ξ(t, y)

=

∫ t

0

(∂α(t′, ξ(t′, x))− ∂α (t′, ξ(t′, y))) ∂ξ(t′, x)dt′

+

∫ t

0

∂α (t′, ξ(t′, y)) (∂ξ(t′, x)− ∂ξ(t′, y)) dt′

|∂ξ(t, x)− ∂ξ(t, y)|

≤
∫ t

0

|∂α(t′, ξ(t′, x))− ∂α(t′, ξ(t′, y))| |∂ξ(t′, x)| dt′

+

∫ t

0

|∂α(t′, ξ(t′, y))| |∂ξ(t′, x)− ∂ξ(t′, y)| dt′
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|∂ξ(t, x)− ∂ξ(t, y)|

≤
∫ t

0

exp

(∫ t

t′
|∂α(t′′, ξ(t′′, y))|dt′′

)
|∂α(t′, ξ(t′, x))− ∂α(t′, ξ(t′, y))| |∂ξ(t′, x)| dt′

≤
∫ t

0

exp

(∫ t

t′
‖∂α(t′′)‖∞dt′′

)

· |∂α(t′, ξ(t′, x))− ∂α(t′, ξ(t′, y))| exp
(∫ t′

0

‖∂α(t′′)‖∞dt′′
)
dt′

=

∫ t

0

exp

(∫ t

0

‖∂α(t′′)‖∞dt′′
)
|∂α (t′, ξ(t′, x))− ∂α (t′, ξ(t′, y))| dt′

∂α ξ(t) ∂ξ(t)

t ∈ I R

Tt : R −→ R

Tt(x) = ξ(t, x), x ∈ R (Tt; t ∈ I)

(1) t ∈ I Tt ∈ (Lip ∩ C1)(R;R)

(2) t ∈ I ∂Tt ∈ L∞(R;R)

I � t �−→ ∂Tt ∈ L∞(R;R)

(3) T0 = id ( x ∈ R T0(x) = x)

(4) I0 ⊂ I 0 ∈ I0

M :=

∫
I0

‖∂α(t)‖∞dt · exp
(∫

I0

‖∂α(t)‖∞dt

)
< 1 (2.9)

t ∈ I0 Tt T−1
t = (Tt)

−1

T−1
t ∈ (Lip ∩ C1)(R;R)

(5) t ∈ I0 ∂(T−1
t ) ∈ L∞(R;R)

∂(T−1
t ) ◦ Tt = 1/(∂Tt),

∂(T−1
t ) = 1/(∂Tt ◦ T−1

t )
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lim
δ↓0

sup
|y|≤δ

∫
I0

‖τy∂α(t)− ∂α(t)‖∞dt = 0 (2.10)

I0 � t �−→ ∂(T−1
t ) ∈ L∞(R;R)

(τy∂α(t))(x) = ∂α(t, x− y)

( ) t > 0 (2.4) Tt

Tt(x) = x+

∫ t

0

α (t′, Tt′(x)) dt
′, (2.11)

∂Tt(x) = 1 +

∫ t

0

∂α (t′, Tt′(x)) ∂Tt′(x)dt
′ (2.12)

(1) (3) (2.6)

‖∂Tt‖∞ = ‖∂ξ(t)‖∞ ≤ exp

(∫ t

0

‖∂α(t′)‖∞dt′
)

t > s t, s ∈ I

∂Tt(x)− ∂Ts(x) =

∫ t

s

∂α (t′, Tt′(x)) ∂Tt′(x)dt
′

‖∂Tt − ∂Ts‖∞ ≤
∫ t

s

‖∂α(t′)‖∞‖∂Tt′‖∞dt′

≤
∫ t

s

‖∂α(t′)‖∞dt′ · exp
(∫

I

‖∂α(t′)‖∞dt′
)

(4) (2.9) t ∈ I0

∂Tt(x) ≥ 1−
∫ t

0

‖∂α(t′)‖∞‖∂Tt′‖∞dt′

≥ 1−
∫ t

0

‖∂α(t′)‖∞ exp

(∫ t′

0

‖∂α(t′′)‖∞dt′′
)
dt′

≥ 1−
∫
I0

‖∂α(t)‖∞dt · exp
(∫

I0

‖∂α(t)‖∞dt

)
= 1−M > 0

Tt T−1
t = (Tt)

−1 : R −→ R C1

(2.11)

Tt(x)− Tt(y)

= x− y +

∫ t

0

∫ 1

0

∂α (t′, θTt′(x) + (1− θ)Tt′(y)) dθ (Tt′(x)− Tt′(y)) dt
′
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x, y ∈ R x y T−1
t (x) T−1

t (y)

x− y = T−1
t (x)− T−1

t (y)

+

∫ t

0

∫ 1

0

∂α
(
t′, θTt′(T

−1
t (x)) + (1− θ)Tt′(T

−1
t (y))

)
dθ
(
Tt′(T

−1
t (x))− Tt′(T

−1
t (y))

)
dt′

|T−1
t (x)− T−1

t (y)|

≤ |x− y|+
∫ t

0

‖∂α(t′)‖∞|Tt′(T
−1
t (x))− Tt′(T

−1
t (y))|dt′

≤ |x− y|+
∫ t

0

‖∂α(t′)‖∞ exp

(∫ t′

0

‖∂α(t′′)‖∞dt′′
)
|T−1

t (x)− T−1
t (y)|dt′

≤ |x− y|+
∫
I0

‖∂α(t′)‖∞dt′ · exp
(∫

I0

‖∂α(t′)‖∞dt′
)
|T−1

t (x)− T−1
t (y)|

Tt (2.8)

|Tt(x)− Tt(y)| ≤ exp

(∫ t

0

‖∂α(t′)‖∞dt′
)
|x− y| (2.13)

(2.9) Tt

|T−1
t (x)− T−1

t (y)| ≤ 1

1−M
|x− y| (2.14)

(4) (5) t ∈ I0

Tt ◦ T−1
t (x) = T−1

t ◦ Tt(x) = x

∂Tt(T
−1
t (x)) · ∂(T−1

t )(x) = ∂(T−1
t )(Tt(x)) · ∂Tt(x) = 1

0 ≤ ∂(T−1
t )(x) =

1

∂Tt(T
−1
t (x))

≤ 1

1−M

∂(T−1
t ) ∈ L∞(R;R) (2.10) I0 � t �−→ ∂(T−1

t ) ∈ L∞

t, s ∈ I0 0 < s < t

T−1
t (x)− T−1

s (x)

=−
∫ t

0

α
(
t′, Tt′(T

−1
t (x))

)
dt′ +

∫ s

0

α
(
t′, Tt′(T

−1
s (x))

)
dt′

=−
∫ t

s

α
(
t′, Tt′(T

−1
t (x))

)
dt′ −

∫ s

0

(
α(t′, Tt′(T

−1
t (x)))− α(t′, Tt′(T

−1
s (x)))

)
dt′

=−
∫ t

s

α
(
t′, Tt′(T

−1
t (x))

)
dt′

−
∫ s

0

∫ 1

0

∂α
(
t′, θTt′(T

−1
t (x)) + (1− θ)Tt′(T

−1
s (x))

)
dθ
(
Tt′(T

−1
t (x))− Tt′(T

−1
s (x))

)
dt′
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|T−1
t (x)− T−1

s (x)|

≤
∫ t

s

‖∂α(t′)‖∞dt′ +
∫ s

0

‖∂α(t′)‖∞ exp

(∫ t′

0

‖∂α(t′′)‖∞dt′′
)
dt′|T−1

t (x)− T−1
s (x)|

≤
∫ t

s

‖∂α(t′)‖∞dt′ +M ′|T−1
t (x)− T−1

s (x)|

|T−1
t (x)− T−1

s (x)| ≤ 1

1−M

∫ t

s

‖∂α(t′)‖∞dt′

(2.14) t′ ∈ I

‖Tt′ ◦ T−1
t − Tt′ ◦ T−1

s ‖∞

≤ exp

(∫ t′

0

‖∂α(t′′)‖∞dt′′
)

· 1

1−M

∫ t

s

‖∂α(t′′)‖∞dt′′

≤ eM1

1−M

∫ t

s

‖∂α(t′′)‖∞dt′′ =: δ(t, s)

∂Tt(T
−1
t (x))− ∂Tt(T

−1
s (x))

=

∫ t

0

(
∂α(t′, Tt′ ◦ T−1

t (x))∂Tt′(T
−1
t (x))− ∂α(t′, Tt′ ◦ T−1

s (x))∂Tt′(T
−1
s (x))

)
dt′

=

∫ t

0

∂α
(
t′, Tt′ ◦ T−1

t (x))(∂Tt′(T
−1
t (x)

)− ∂Tt′
(
T−1
s (x))

)
dt′

+

∫ t

0

(
∂α(t′, Tt′ ◦ T−1

t (x))− ∂α(t′, Tt′ ◦ T−1
s (x))

)
∂Tt′(T

−1
s (x))dt′

|∂Tt(T
−1
t (x))− ∂Tt(T

−1
s (x))|

≤
∫ t

0

‖∂α(t′)‖∞|∂Tt′(T
−1
t (x))− ∂Tt′(T

−1
s (x))|dt′

+

∫ t

0

exp

(∫ t′

0

‖∂α(t′′)‖∞dt′′
)
|∂α(t′, Tt′ ◦ T−1

t (x))− ∂α(t′, Tt′ ◦ T−1
s (x))|dt′

|∂Tt(T
−1
t (x))− ∂Tt(T

−1
s (x))|

≤
∫ t

0

exp

(∫ t

t′
‖∂α(t′′)‖∞dt′′

)

· exp
(∫ t′

0

‖∂α(t′′)‖∞dt′′
)
|∂α(t′, Tt′ ◦ T−1

t (x))− ∂α(t′, Tt′ ◦ T−1
s (x))|dt′

=

∫ t

0

exp

(∫ t′

0

‖∂α(t′′)‖∞dt′′
)
|∂α(t′, Tt′ ◦ T−1

t (x))− ∂α(t′, Tt′ ◦ T−1
s (x))|dt′

11



‖∂Tt ◦ T−1
t − ∂Tt ◦ T−1

s ‖∞
≤ exp

(∫
I0

‖∂α(t′′)‖∞dt′′
)

sup
|y|≤δ(t,s)

∫ t

0

‖τy∂α(t′)− ∂α(t′)‖∞dt′,

‖∂Tt ◦ T−1
t − ∂Ts ◦ T−1

s ‖∞
≤ ‖∂Tt ◦ T−1

t − ∂Tt ◦ T−1
s ‖∞ + ‖∂Tt ◦ T−1

s − ∂Ts ◦ T−1
s ‖∞

≤ eM1 sup
|y|≤δ(t,s)

∫
I0

‖τy∂α(t′)− ∂α(t′)‖∞dt′ + ‖∂Tt − ∂Ts‖∞

≤ eM1

(
sup

|y|≤δ(t,s)

∫
I0

‖τy∂α(t′)− ∂α(t′)‖∞dt′ +
∫ t

s

‖∂α(t′)‖∞dt′
)

∂(T−1
t )− ∂(T−1

s ) =
∂Ts ◦ T−1

s − ∂Tt ◦ T−1
t

(∂Tt ◦ T−1
t )(∂Ts ◦ T−1

s )

‖∂(T−1
t )− ∂(T−1

s )‖∞

≤ eM1

(1−M)2

(
sup

|y|≤δ(t,s)

∫
I0

‖τy∂α(t′)− ∂α(t′)‖∞dt′ +
∫ t

s

‖∂α(t′)‖∞dt′
)

I0 � t �−→ ∂(T−1
t ) ∈ L∞

(Tt; t ∈ I0) (2.1)

α, β, γ ∈ C(I;L∞(R;R))

(Tt; t ∈ I0) u ∈ C1(I0;W
1
∞(R;R)) u0 ∈ W 1

∞(R;R)

(1) u (2.1) {
∂tu+ α∂u = βu+ γ,

u(0) = u0

(2) u (t, x) ∈ I0 × R

u(t, Tt(x)) = exp

(∫ t

0

β(t′, Tt′(x))dt
′
)
u0(x)

+

∫ t

0

exp

(∫ t

s

β(t′, Tt′(x))dt
′
)
γ(s, Ts(x))ds

12



(3) u (t, x) ∈ I0 × R

u(t, x) = exp

(∫ t

0

β
(
t′, Tt′(T

−1
t (x))

)
dt′
)
u0(T

−1
t (x))

+

∫ t

0

exp

(∫ t

s

β
(
t′, Tt′(T

−1
t (x))

)
dt′
)
γ
(
s, Ts(T

−1
t (x))

)
ds

u ∈ C1(I0;W
1
∞) u0 ∈ W 1

∞

(1) u {
∂tu+ α∂u = γ,

u(0) = u0

(2) u (t, x) ∈ I0 × R

u(t, Tt(x)) = u0(x) +

∫ t

0

γ(s, Ts(x))ds

(3) u (t, x) ∈ I0 × R

u(t, x) = u0(T
−1
t (x)) +

∫ t

0

γ
(
s, Ts(T

−1
t (x))

)
ds

u ∈ C1(I0;W
1
∞) u0 ∈ W 1

∞

(1) u {
∂tu+ α∂u = βu,

u(0) = u0

(2) u (t, x) ∈ I0 × R

u(t, Tt(x)) = exp

(∫ t

0

β (t′, Tt′(x)) dt
′
)
u0(x)

13



(3) u (t, x) ∈ I0 × R

u(t, x) = exp

(∫ t

0

β(t′, Tt′
(
T−1
t (x))

)
dt′
)
u0(T

−1
t (x))

u ∈ C1(I0;W
1
∞) u0 ∈ W 1

∞

(1) u {
∂tu+ α∂u = 0,

u(0) = u0

(2) u (t, x) ∈ I0 × R

u(t, Tt(x)) = u0(x)

(3) u (t, x) ∈ I0 × R

u(t, x) = u0(T
−1
t (x))

( ) (2) ⇔ (3) (1) ⇔ (2)

(1) ⇒ (2):

∂t

(
exp

(
−
∫ t

0

β(t′, Tt′(x))dt
′
)
u(t, Tt(x))

)

= exp

(
−
∫ t

0

β(t′, Tt′(x))dt
′
)
(−β(t, Tt(x))u(t, Tt(x))

+ ∂tu(t, Tt(x)) + ∂t(Tt(x))∂u(t, Tt(x)))

= exp

(
−
∫ t

0

β(t′, Tt′(x))dt
′
)
(−β(t, Tt(x))u(t, Tt(x))

+ ∂tu(t, Tt(x)) + α(t, Tt(x))∂u(t, Tt(x)))

= exp

(
−
∫ t

0

β(t′, Tt′(x))dt
′
)
(∂tu+ α∂u− βu)(t, Tt(x))

= exp

(
−
∫ t

0

β(t′, Tt′(x))dt
′
)
γ(t, Tt(x))

0 t

14



(2) ⇒ (1): (2) t = 0 u(0, x) = u0(x) (2) t

∂tu(t, Tt(x)) + ∂t(Tt(x))∂u(t, Tt(x))

= (∂tu+ α∂u)(t, Tt(x))

t

exp

(∫ t

0

β(t′, Tt′(x))dt
′
)
β(t, Tt(x))u0(x)

+ γ(t, Tt(x)) +

∫ t

0

exp

(∫ t

s

β(t′, Tt′(x))dt
′
)
β(t, Tt(x))γ(s, Ts(x))ds

= β(t, Tt(x))

(
exp

(∫ t

0

β(t′, Tt′(x))dt
′
)
u0(x) +

∫ t

0

exp

(∫ t

s

β(t′, Tt′(x))dt
′
)
γ(s, Ts(x))ds

)
+ γ(t, Tt(x))

= β(t, Tt(x))u(t, Tt(x)) + γ(t, Tt(x))

= (βu+ γ)(t, Tt(x))

x T−1
t (x) (1)

3

α (t, x) ∈ I ×R

α x ∈ R

α ∈ (C1 ∩W 1
∞)(R;R)

(1) {
∂tξ(t, x) = α(ξ(t, x)),

ξ(0, x) = x
(3.1)

ξ ∈ C1(R× R) ∩ C(R; Ẇ 1
∞)

(2) (1) ξ t ∈ R

Tt(x) = ξ(t, x), x ∈ R

R Tt : R −→ R (Tt; t ∈ R)

(a) t ∈ R Tt ∈ (Lip ∩ C1)(R;R)

(b) t ∈ R ∂Tt ∈ L∞(R;R)

R � t �−→ ∂Tt ∈ L∞(R;R)

15



(c) t, s ∈ R

Tt ◦ Ts = Tt+s

(d) t ∈ R

(Tt)
−1 = T−t

( ) t ≥ 0 (3.1)

ξ(t, x) = x+

∫ t

0

α(ξ(t′, x))dt′ (3.2)

X = C1(R× R) ∩ C(R; Ẇ 1
∞) Y

Y = {ξ ∈ X ; sup
t≥0

e−Lt‖ξ(t)− x‖∞ ≤ ‖α‖∞
eL

, sup
t≥0

e−Lt‖∂ξ(t)− 1‖∞ ≤ 1}

L = 2‖∂α‖∞ + 1 Y d(ξ, η) = sup
t≥0

e−Lt‖ξ(t)− η(t)‖∞
d ξ ∈ Y (3.2) Φ(ξ)

(Φ(ξ))(t, x) = x+

∫ t

0

α(ξ(t′, x))dt′

e−Lt‖(Φ(ξ))(t)− x‖∞ ≤ e−Ltt‖α‖∞ ≤ ‖α‖∞
eL

,

e−Lt‖∂(Φ(ξ))(t)− 1‖∞ ≤ e−Lt

∫ t

0

‖∂α‖∞‖∂ξ(t′)‖∞dt′

≤ e−Lt‖∂α‖∞
∫ t

0

(eLt
′
+ 1)dt′

= e−Lt‖∂α‖∞
(
1

L
(eLt − 1) + t

)

≤ 2

L
‖∂α‖∞ ≤ 1

Φ : ξ �−→ Φ(ξ) Y ξ, η ∈ Y

(Φ(ξ)− Φ(η)) (t) =

∫ t

0

(α(ξ(t′))− α(η(t′))) dt′

=

∫ t

0

∫ 1

0

∂α(θξ(t′) + (1− θ)η(t′))dθ (ξ(t′)− η(t′)) dt′

e−Lt‖ (Φ(ξ)− Φ(η)) (t)‖∞ ≤ e−Lt

∫ t

0

‖∂α‖∞‖ξ(t′)− η(t′)‖∞dt′

≤ e−Lt‖∂α‖∞
∫ t

0

eLt
′
dt′ · d(ξ, η)

≤ ‖∂α‖∞ 1

L
d(ξ, η)
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d (Φ(ξ),Φ(η)) ≤ 1

2
d(ξ, η)

Φ Y Y (3.1)

(3.1) X ∂α

(Tt; t ∈ R) (a)(b) (c)(d) Tt

Tt(x) = x+

∫ t

0

α(Tt′(x))dt
′

(t, x) ∈ R× R

Tt+s(x) = x+

∫ t+s

0

α(Tt′(x))dt
′,

Tt(Ts(x)) = Ts(x) +

∫ t

0

α (Tt′(Ts(x))) dt
′

t :⎧⎨
⎩
∂t(Tt+s(x)) = α(Tt+s(x)),

Tt+s(x)|t=0 = x+

∫ s

0

α(Tt′(x))dt
′ = Ts(x),

{
∂t (Tt(Ts(x))) = α (Tt(Ts(x))) ,

Tt(Ts(x))|t=0 = Ts(x)

Tt+s(x) = Tt(Ts(x)) x ∈ R t, s ∈ R

(c)(d)

(LW)± α(t, x) = ±c (2.2)( (3.1))

{
∂tξ(t, x) = ±c,

ξ(0, x) = x

ξ±(t, x) = x± ct (T±
t ; t ∈ R)

T±
t (x) = x± ct

(T±
t )−1(x) = x∓ ct = T∓

t (x) = T±
−t(x)

u±(0) = u0
± ∈ W 1

∞ (LW)± u± ∈ X

u±(t) = u0
± ◦ (T±

t )−1 = u0
± ◦ T∓

t , t ∈ R

17



(u(0), ∂tu(0)) = (u0, u1) (LW) u

u0
± = u1 ∓ c∂u0 ∈ W 1

∞

(LW)± u± ∈ X

{
(∂t ∓ c∂)u = u±

u(0) = u0

u

u(t, x) = u0

(
(T∓

t )−1(x)
)
+

∫ t

0

u±
(
s, T∓

s ◦ (T∓
t

)−1
(x)
)
ds

u(t, x) = u0

(
T±
t (x)

)
+

∫ t

0

u±
(
s, T±

t−s(x)
)
ds

= u0(x± ct) +

∫ t

0

u± (s, x± c(t− s)) ds

= u0(x± ct) +

∫ t

0

u0
± ((x± c(t− s)∓ cs) ds

= u0(x± ct) +

∫ t

0

(u1 ∓ c∂u0)(x± ct∓ 2cs)ds

= u0(x± ct) +

∫ t

0

u1(x± ct∓ 2cs)ds∓ c

∫ t

0

∂u0(x± ct∓ 2cs)ds

= u0(x± ct)∓ 1

2c

∫ x∓ct

x±ct

u1(y)dy +
1

2

∫ ∓2ct

0

∂u0(x± ct+ τ)dτ

= u0(x± ct) +
1

2c

∫ x+ct

x−ct

u1(y)dy +
1

2
(u0(x∓ ct)− u0(x± ct))

=
1

2
(u0(x+ ct) + u0(x− ct)) +

1

2c

∫ x+ct

x−ct

u1(y)dy

L.C.Evans, “Partial Differential Equations,” AMS

, ,
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