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string spring transversal wave model

(TW)c ∂2
t q = c2∂

(
(1 + (∂q)2)−1/2∂q

)
q R × R I × R (I ⊂ R 0 )

q : I × R � (t, x) �−→ q(t, x) ∈ R

(TW)c q quasilinear partial differential

equation of second order t �−→ c±1t c = 1

(TW) ∂2
t q = ∂

(
(1 + (∂q)2)−1/2∂q

)
(TW)

(TW) u v

u = ∂tq, v = ∂q (2.1)

(TW) u, v ( ) (TW) (2.1)

∂tu = ∂
(
(1 + v2)−1/2v

)
(2.2)

(2.2)

∂tu = (1 + v2)−1/2∂v − (1 + v2)−3/2v2∂v

= (1 + v2)−3/2
(
(1 + v2)− v2

)
∂v

= (1 + v2)−3/2∂v (2.3)
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U =

(
u

v

)
: I × R � (t, x) �−→

(
u(t, x)

v(t, x)

)
∈ R

2

(HS) ∂tU + A(U)∂U = 0

A(U) =

(
0 −(1 + v2)−3/2

−1 0

)
(2.4)

(HS) (2.3)

∂tv = ∂u (2.5)

(2.4)

A(U) ±(1 + v2)−3/4

det (λI − A(U)) = det

(
λ (1 + v2)−3/2

1 λ

)
= λ2 − (1 + v2)−3/2

λ− < 0 < λ+

λ± := ±(1 + v2)−3/4 (2.5)±

e±(U)

e±(U) :=

(∓(1 + v2)−3/4

1

)
(2.6)±

A(U)e±(U) =

(
0 −(1 + v2)−3/2

−1 0

)(
∓(1 + v2)−3/4

1

)
=

(
−(1 + v2)−3/2

±(1 + v2)−3/4

)

= ±(1 + v2)−3/4

(∓(1 + v2)−3/4

1

)
= λ±e±(U)

Re±(U) R
2 =

⊕
±

Re±(U)

U v± :

U =

(
u

v

)
=

∑
±

v±e±(U) = v+e+(U) + v−e−(U) =

(
(1 + v2)−3/4(v− − v+)

v+ + v−

)
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{
(1 + v2)3/4u = v− − v+

v = v+ + v−
(2.7)

v± u v

v± =
1

2
(v ∓ (1 + v2)3/4u) (2.8)±

U ( ) ∂U Re±(U)

w±

∂U =

(
∂u

∂v

)
=

∑
±

w±e±(U) =

(
(1 + v2)−3/4(w− − w+)

w+ + w−

)

{
(1 + v2)3/4∂u = w− − w+

∂v = w+ + w−
(2.9)

w± ∂u ∂v

w± =
1

2
(∂v ∓ (1 + v2)3/4∂u) (2.10)±

v±

w± =
1

2

(
∂(v+ + v−)∓ (1 + v2)3/4∂

(
(1 + v2)−3/4(v− − v+)

))
=

1

2

(
∂(v+ + v−)± ∂(v+ − v−)± [(1 + v2)3/4∂((1 + v2)−3/4)](v+ − v−)

)
= ∂v± ∓ 3

4
(1 + v2)−1v∂v(v+ − v−)

= ∂v± ∓ 3

4
(1 + v2)−1(v+ + v−)(∂v+ + ∂v−)(v+ − v−)

=
1

4
(1 + v2)−1[4(1 + v2)∂v± ∓ 3(v2+ − v2−)(∂v+ + ∂v−)]

=
1

4
(1 + v2)−1[4(1 + v2+ + 2v+v− + v2−)∂v± ∓ 3(v2+ − v2−)∂v+ ∓ 3(v2+ − v2−)∂v−]

=
1

4
(1 + v2)−1[(4 + v2± + 7v2∓ + 8v+v−)∂v± ∓ 3(v2+ − v2−)∂v∓] (2.11)±

u v (HS) (2.7)-(2.10)± v±, w± A(U)

λ± (2.5)± v±, w± ∂t + λ±∂
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(∂t ± (1 + v2)−3/4∂)v±

=
1

2
(∂t ± (1 + v2)−3/4∂)(v ∓ (1 + v2)3/4u)

=
1

2
(∂tv ± (1 + v2)−3/4∂v)∓ 1

2
(1 + v2)3/4(∂tu± (1 + v2)−3/4∂u)

∓ 1

2

[
(∂t ± (1 + v2)−3/4∂)(1 + v2)3/4

]
u

=
1

2
(∂u± (1 + v2)−3/4∂v)∓ 1

2
(1 + v2)3/4((1 + v2)−3/2∂v ± (1 + v2)−3/4∂u)

∓ 3

4

[
(1 + v2)−1/4v∂tv ± (1 + v2)−1v∂v

]
u

=
1

2
(∂u± (1 + v2)−3/4∂v)∓ 1

2
(1 + v2)−3/4∂v − 1

2
∂u

∓ 3

4
(1 + v2)−1/4vu∂u− 3

4
(1 + v2)−1vu∂v

=− 3

4
(1 + v2)−1

[±(1 + v2)3/4∂u+ ∂v
]
uv

=− 3

2
(1 + v2)−1w∓

(
(1 + v2)−3/4(v− − v+)

)
(v+ + v−)

=
3

2
(1 + v2)−7/4(v2+ − v2−)w±

=
3

2

(
1 + (v+ + v−)2)

)−7/4
(v2+ − v2−)w±, (2.12)±

(∂t ± (1 + v2)−3/4∂)w±

=
1

2
(∂t ± (1 + v2)−3/4∂)(∂v ∓ (1 + v2)3/4∂u)

=
1

2
(∂t∂v ± (1 + v2)−3/4∂2v)∓ 1

2
(1 + v2)3/4(∂t∂u± (1 + v2)−3/4∂2u)

∓ 1

2
[(∂t ± (1 + v2)−3/4∂)(1 + v2)3/4]∂u

=
1

2
(∂2u± (1 + v2)−3/4∂2v)∓ 1

2
(1 + v2)3/4∂

(
(1 + v2)−3/2∂v

)− 1

2
∂2u

∓ 3

4

[
(1 + v2)−1/4v∂tv ± (1 + v2)−1v∂v

]
∂u

=∓ 1

2

[
(1 + v2)3/4∂

(
(1 + v2)−3/2

)]
∂u

∓ 3

4
(1 + v2)−1/4v(∂u)2 − 3

4
(1 + v2)−1v∂v∂u

=± 3

2
(1 + v2)−7/4v(∂v)2 ∓ 3

4
(1 + v2)−1/4v(∂u)2 − 3

4
(1 + v2)−1v∂v∂u

=± 3

2
(1 + v2)−7/4v(w+ + w−)2 ∓ 3

4
(1 + v2)−1/4v

(
(1 + v2)−3/4(w+ − w−)

)2
+

3

4
(1 + v2)−1v(w+ + w−)(1 + v2)−3/4(w+ − w−)

=± 3

4
(1 + v2)−7/4v

[
2(w+ + w−)2 − (w+ − w−)2 ± (w2

+ − w2
−)
]

(2.13)±
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:

∂2
t q = ∂((1 + (∂q)2)−1/2∂q) (TW)

�
u = ∂tq, v = ∂q

∂tu = (1 + v2)−3/2∂v

∂tv = ∂u
(HS)

�

v± =
1

2
(v ∓ (1 + v2)3/4u) ⇔

{
(1 + v2)3/4 u = v− − v+

v = v+ + v−

w± =
1

2
(∂v ∓ (1 + v2)3/4∂u) ⇔

{
(1 + v2)3/4 ∂u = w− − w+

∂v = w+ + w−

(DHS)

(∂t ± (1 + v2)−3/4∂)v± =
3

2
(1 + v2)−7/4(v2+ − v2−)w±

(∂t ± (1 + v2)−3/4∂)w±

= ±3

4
(1 + v2)−7/4v

(
2(w+ + w−)2 − (w+ − w−)2 ± (w2

+ − w2
−)
)

(DHS)

I = [−T, T ] C1 ∩W 1
∞ v± ∈ C (I; (C1 ∩W 1

∞)(R))

⎧⎪⎪⎨⎪⎪⎩
∂tξ±(t, x) = ∓ (1 + v(t, ξ±(t, x))2)

−3/4

= ∓ (1 + (v+(t, ξ±(t, x)) + v−(t, ξ±(t, x)))2)
−3/4

,

ξ±(0, x) = x

(3.1)±

[ ] 2 (2.2) α

α = ∓(1 + v2)−3/4 = ∓(1 + (v+ + v−)2)−3/4

T > 0 [ ] (3.1)±
I = [−T, T ] ξ± ∈ X = C1(I × R) ∩ C(I; Ẇ 1

∞)

T±
t (x) = ξ±(t, x), (t, x) ∈ I × R

(T±
t ; t ∈ I) [ ] I0 = I = [−T, T ]

[ ] (DHS) (v±, w±)
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v±(t) = v±(t, ·)

= v0± ◦ (T±
t )−1 +

∫ t

0

F
(1)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds, (3.2)±

w±(t) = w±(t, ·)

= w0
± ◦ (T±

t )−1 +

∫ t

0

F
(2)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds (3.3)±

F
(1)
± (v±, w±) F

(2)
± (v±, w±)

F
(1)
± (v±, w±) =

3

2
(1 + (v+ + v−)2)−7/4(v2− − v2−)w±, (3.4)±

F
(2)
± (v±, w±) = ±3

4
(1 + (v+ + v−)2)−7/4(v+ + v−)

(
2(w+ + w−)2 − (w+ − w−)2 ± (w2

+ − w2
−)
)

(3.5)±

(v0±, w
0
±) (v±, w±) :(

v0±(x), w
0
±(x)

)
= (v±(0, x), w±(0, x)) , x ∈ R

I C1 ∩W 1
∞ 4 X1 = X1(I) :

X1(I) = C
(
I; (C1 ∩W 1

∞)(R;R4)
)

= {(v±, w±); v±, w± ∈ C
(
I; (C1 ∩W 1

∞)(R;R)
)}

(v±, w±) ∈ X1(I)

‖(v±, w±)‖ =

(∑
±

‖v±;L∞(I;W 1
∞)‖

)
∨
(∑

±
‖w±;L∞(I;W 1

∞)‖
)

X1(I) X1
R = X1

R(I)

X1
R(I) = {(v±, w±) ∈ X1(I); ‖(v±, w±)‖ ≤ R}

I C1 ∩W 1
∞ ∩H1 4 Y 1 = Y 1(I)

:

Y 1(I) = X1(I) ∩ C
(
I;H1(R;R4)

)
= C

(
I; (C1 ∩W 1

∞ ∩H1)(R;R4)
)}

(v±, w±) ∈ Y 1(I)

|||(v±, w±)||| =
(∑

±
‖v±;L∞(I;H1 ∩W 1

∞)‖
)

∨
(∑

±
‖w±;L∞(I;H1 ∩W 1

∞)‖
)

Y 1(I) Y 1
R = Y 1

R(I)

Y 1
R(I) = {(v±, w±) ∈ Y 1(I); |||(v±, w±)||| ≤ R}
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X2 = X2(I) Y 2 = Y 2(I)

X2
R = X2

R(I) Y 2
R = Y 2

R(I) :

X2(I) = C
(
I; (C2 ∩W 2

∞)(R;R4)
)
,

X2
R(I) = {(v±, w±) ∈ X2(I); ‖(v±, w±)‖ ∨ ‖(∂v±, ∂w±)‖ ≤ R},

Y 2(I) = C
(
I; (C2 ∩W 2

∞ ∩H2)(R;R4)
)
,

Y 2
R(I) = {(v±, w±) ∈ Y 2(I); |||(v±, w±)||| ∨ |||(∂v±, ∂w±)||| ≤ R}

X1
R, X

2
R, Y

1
R, Y

1
R

d ((v±, w±), (ṽ±, w̃±)) =

(∑
±

‖v± − ṽ±;L∞(I;L∞)‖
)

∨
(∑

±
‖w± − w̃±;L∞(I;L∞)‖

)
d

(3.2)±-(3.3)±
( )

( W 1
∞ )

ρ > 0 T = T (ρ) > 0(∑
±

‖v0±;W 1
∞‖

)
∨
(∑

±
‖w0

±;W
1
∞‖

)
≤ ρ

(v0±, w
0
±) ∈ (C1 ∩W 1

∞)(R;R4) (3.2)± (3.3)±
I = [−T, T ]

(v±, w±) ∈ X1(I)

(v±, w±) ∈ C1(I;C ∩L∞) (v±, w±) (DHS)

I × R

( L∞ )

I ⊂ R 0 (v±, w±) ∈ X1(I)

(v±(0), w±(0)) = (v0±, w
0
±) ∈ C1 ∩W 1

∞ (3.2)±-(3.3)±(
(v0±n, w

0
±n);n ≥ 1

) ⊂ C1 ∩ W 1
∞ W 1

∞ L∞ (v0±, w
0
±)

n (v±n(0), w±n(0)) = (v0±n, w
0
±n)

(v±n, w±n) ∈ X1(I) C(I;L∞) (v±, w±)

( ( ))

I ⊂ R 0 (v±, w±) ∈ X1(I)

(v±(0), w±(0)) = (v0±, w
0
±) ∈ C1 ∩W 1

∞ (3.2)±-(3.3)±
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(1) (v0±, w
0
±) ∈ C2 ∩W 2

∞ (v±, w±) ∈ X2(I)

(2) (v0±, w
0
±) ∈ H1 (v±, w±) ∈ Y 1(I)

(3) (v0±, w
0
±) ∈ C2 ∩W 2

∞ ∩H2 (v±, w±) ∈ Y 2(I)

( W 1
∞, L∞ ∩ L2,W 1

∞ ∩ H1 )

I ⊂ R 0

(1) (v±, w±) ∈ X2(I) (v±(0), w±(0)) = (v0±, w
0
±) ∈ C2 ∩ W 2

∞ (3.2)±-(3.3)±(
(v0±n, w

0
±n);n ≥ 1

) ⊂ C2 ∩ W 2
∞ W 2

∞ W 1
∞

(v0±, w
0
±) n (v±n(0), w±n(0)) =

(v0±n, w
0
±n) (v±n, w±n) ∈ X2(I) C(I;W 1

∞)

(v±, w±)

(2) (v±, w±) ∈ Y 1(I) (v±(0), w±(0)) = (v0±, w
0
±) ∈ C1∩W 1

∞∩H1 (3.2)±-(3.3)±(
(v0±n, w

0
±n);n ≥ 1

) ⊂ C1∩W 1
∞∩H1 W 1

∞∩H1 L∞∩L2

(v0±, w
0
±) n (v±n(0), w±n(0)) =

(v0±n, w
0
±n) (v±n, w±n) ∈ Y 1(I) C(I;L∞ ∩ L2)

(v±, w±)

(3) (v±, w±) ∈ Y 2(I) (v±(0), w±(0)) = (v0±, w
0
±) ∈ C2 ∩W 2

∞ ∩ H2 (3.2)±-(3.3)±(
(v0±n, w

0
±n);n ≥ 1

) ⊂ C2 ∩ W 2
∞ ∩ H2 W 2

∞ ∩ H2

W 1
∞ ∩ H1 (v0±, w

0
±) n

(v±n(0), w±n(0)) = (v0±n, w
0
±n) (v±n, w±n) ∈ Y 2(I)

C(I;W 1
∞ ∩H1) (v±, w±)

( W 1
∞ )

(v0±, w
0
±) ∈ (C1 ∩ W 1

∞)(R;R4) (3.2)±-(3.3)± 0

(T ∗
−, T

∗
+)

(v±, w±) ∈ C
(
(T ∗

−, T
∗
+); (C

1 ∩W 1
∞)(R;R4)

)
(v±, w±) ∈ C1

(
(T ∗

−, T
∗
+);C ∩ L∞)

(v±, w±)
(DHS) (T ∗

−, T
∗
+)× R

• T ∗
+ < +∞ lim

t↑T ∗
+

(∑
±

‖v±(t);W 1
∞‖

)
∨
(∑

±
‖w±(t);W 1

∞‖
)

= +∞

• T ∗
− > −∞ lim

t↓T ∗
−

(∑
±

‖v±(t);W 1
∞‖

)
∨
(∑

±
‖w±(t);W 1

∞‖
)

= +∞
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-

( 1 )

I = [0, T ] t ≥ 0

I = [0, T ] ⊂ R (C1 ∩W 1
∞)(R;R)

v±, ṽ± ∈ (
I; (C1 ∩W 1

∞)(R;R)
)

[ ]

(T±
t ; t ∈ I), (T̃±

t ; t ∈ I)

(1) t ∈ I, x, y ∈ R

‖∂T±
t ‖∞ ≤ exp

(
3

2

∑
±

∫ t

0

‖∂v±(t′)‖∞dt′
)
, (4.1)±

‖∂T̃±
t ‖∞ ≤ exp

(
3

2

∑
±

∫ t

0

‖∂ṽ±(t′)‖∞dt′
)
, (4.2)±

|T±
t (x)− T̃±

t (y)| ≤ exp

(
3

2

∑
±

∫ t

0

‖∂v±(t′)‖∞dt′
)
|x− y|

+
3

2

∑
±

∫ t

0

exp

(
3

2

∑
±

∫ t

t′
‖∂v±(t′′)‖∞dt′′

)
‖v±(t′)− ṽ±(t′)‖∞dt′

(4.3)±

(2) M = M(T ), M̃ = M̃(T ), N = N(T ), Ñ = Ñ(T )

M = M(T ) =
3

2

∑
±

∫ T

0

‖∂v±(t′)‖∞dt,

M̃ = M̃(T ) =
3

2

∑
±

∫ T

0

‖∂ṽ±(t′)‖∞dt,

N = N(T ) = MeM = M(T ) exp(M(T )),

Ñ = Ñ(T ) = M̃e
˜M = M̃(T ) exp(M̃(T ))

T0 > 0 N(T0) ∨ Ñ(T0) <
1

2
T ≤ T0

t ∈ [0, T ] T±
t T̃±

t (T±
t )−1 (T̃±

t )−1

t, s ∈ [0, T ]
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‖∂(T±
t )−1 − 1‖∞ ≤ N(T )

1−N(T )
, (4.4)±

‖∂(T̃±
t )−1 − 1‖∞ ≤ Ñ(T )

1− Ñ(T )
, (4.5)±

‖(T±
t )−1 − (T±

s )−1‖∞ ≤ |t− s|
1−N(T )

, (4.6)±

‖(T±
t )−1 − (T̃±

t )−1‖∞ ≤ 3

2

1 +N(T )

1−N(T )

∑
±

∫ t

0

‖v±(t′)− ṽ±(t′)‖∞dt′, (4.7)±

‖T±
s ◦ (T±

t )−1 − T̃±
s ◦ (T̃±

t )−1‖∞
≤ 3 exp(M(T ))

1

1−N(T )

∑
±

∫ t∨s

0

‖v±(t′)− ṽ±(t′)‖∞dt′, (4.8)±

sup
θ∈[0,1]

∥∥∥∥∂ (T̃±
s ◦ (T̃±

t )−1 + θ(T±
s ◦ (T±

t )−1 − T̃±
s ◦ (T̃±

t )−1)
)−1

∥∥∥∥
∞

≤ 1

1− 2(N(T ) ∨ Ñ(T ))
(4.9)±

I = [0, T ] (C2 ∩W 2
∞)(R;R)

v±, ṽ± ∈ C
(
I; (C2 ∩W 2

∞)(R;R)
)

(1) t ∈ I

‖∂2T±
t ‖∞

≤ 8 exp

(
3

2

∑
±

∫ t

0

‖∂v±(t′)‖∞dt′
)∑

±

∫ t

0

(‖∂2v±(t′)‖∞ + ‖∂v±(t′)‖2∞
)
dt′,

(4.10)±

‖∂2T̃±
t ‖∞

≤ 8 exp

(
3

2

∑
±

∫ t

0

‖∂ṽ±(t′)‖∞dt′
)∑

±

∫ t

0

(‖∂2ṽ±(t′)‖∞ + ‖∂ṽ±(t′)‖2∞
)
dt′,

(4.11)±

|∂T±
t (x)− ∂T̃±

t (y)|

≤ 12 exp

(
3

2

∑
±

∫ t

0

(‖∂v±(t′)‖∞ + ‖∂ṽ±(t′)‖∞)dt′
)

·
∑
±

∫ t

0

(‖∂2v±(t′)‖∞ + ‖∂v±(t′)‖2∞
)
dt′ ·

∑
±

∫ t

0

‖v±(t′)− ṽ±(t′)‖∞dt′ (4.12)±

(2) T ≤ T0 t ∈ [0, T ]

‖∂2(T±
t )−1‖∞ ≤ 4

eM(T )

(1−N(T ))3

∑
±

∫ T

0

(‖∂2v±(t′)‖∞ + ‖∂v±(t′)‖2∞
)
dt′, (4.13)±
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‖∂(T±
t )−1 − ∂(T̃±

t )−1‖∞

≤ 24
eM+˜M

(1−N)3

∑
±

∫ t

0

(‖∂2v±(t′)‖∞ + ‖∂v±(t′)‖2∞)dt′ ·
∑
±

∫ t

0

‖v±(t′)− ṽ±(t′)‖∞dt′

+ 18
eM+˜M

(1−N)2

∑
±

(‖∂ṽ±‖L∞(L∞) + ‖∂v±‖L∞(L∞)

)
·
∑
±

∫ t

0

(‖∂2v±(t′)‖∞ + ‖∂v±(t′)‖2∞)dt′ ·
∑
±

∫ t

0

‖v±(t′)− ṽ±(t′)‖∞dt′

+
3

2

e
˜M

(1−N)2

∑
±

∫ t

0

‖∂v±(t′)− ∂ṽ±(t′)‖∞dt′ (4.14)±

( ) (3.1)±

α = α± = ∓(1 + v2)−3/4 = ∓(1 + (v+ + v−)2)−3/4

(t, x) ∈ I × R

T±
t (x) = x+

∫ t

0

α±(t′, T±
t′ (x))dt

′ (4.15)±

∂T±
t (x) = 1 +

∫ t

0

∂α±(t′, T±
t′ (x))∂T

±
t′ (x)dt

′ (4.16)±

|∂T±
t (x)− 1| ≤

∫ t

0

‖∂α±(t′)‖∞|∂T±
t′ (x)− 1|dt′ +

∫ t

0

‖∂α±(t′)‖∞dt′ (4.17)±

(4.17)±

|∂T±
t (x)− 1| ≤ exp

(∫ t

0

‖∂α±(t′)‖∞dt′
)
− 1

‖∂T±
t − 1‖∞ ≤ exp

(∫ t

0

‖∂α±(t′)‖∞
)
− 1 (4.18)±

∂α± = ±3

2
(1 + v2)−7/4v∂v,

‖∂α±(t)‖∞ ≤ 3

2
‖∂v(t)‖∞ ≤ 3

2
(‖∂v+(t)‖∞ + ‖∂v−(t)‖∞) =

3

2

∑
±

‖∂v±(t)‖∞

11



(4.18)± (4.1)± (4.2)±

T̃±
t (x) = x+

∫ t

0

α̃±(t′, T̃±
t′ (x))dt

′,

α̃± = ∓(1 + ṽ2)−3/4 = ∓(1 + (ṽ+ + ṽ−)2)−3/4 (4.19)±

(4.15)± (4.19)±

T±
t (x)− T̃±

t (y) = x− y +

∫ t

0

(
α±(t′, T±

t′ (x))− α±(t′, T̃±
t′ (y))

)
dt′

+

∫ t

0

(
α±(t′, T̃±

t′ (y))− α̃±(t′, T̃±
t′ (y))

)
dt′ (4.20)±

(4.20)±

α±(t′, T±
t′ (x))− α±(t′, T̃±

t′ (y))

=

∫ 1

0

∂α±(t′, θT±
t′ (x) + (1− θ)T̃±

t′ (y)) dθ(T
±
t′ (x)− T̃±

t′ (y)),

α± − α̃± =± 2

3

∫ 1

0

(1 + (θv + (1− θ)ṽ)2)−7/4(θv + (1− θ)ṽ) dθ(v − ṽ)

(4.20)±

|T±
t (x)− T̃±

t (y)|

≤ |x− y|+
∫ t

0

‖∂α±(t′)‖∞|T±
t′ (x)− T̃±

t′ (y)|dt′ +
3

2

∫ t

0

‖v(t′)− ṽ(t′)‖∞dt′

|T±
t (x)− T̃±

t (y)|

≤ exp

(∫ t

0

‖∂α±‖∞
)
|x− y|+ 3

2

∫ t

0

exp

(∫ t

t′
‖∂α±‖∞

)
‖v(t′)− ṽ(t′)‖∞dt′

≤ exp

(
3

2

∑
±

∫ t

0

‖∂v±‖∞
)
|x− y|

+
3

2

∑
±

∫ t

0

exp

(
3

2

∑
±

∫ t

t′
‖∂v±‖∞

)
‖v±(t′)− ṽ±(t′)‖∞dt′

(4.3)±

t, s ∈ I

β±
t (s) =

∫ s

0

∂α±(t′, T±
t′ ◦ (T±

t )−1(·))∂T±
t′ ◦ (T±

t )−1(·)dt′ (4.21)±

(4.15)±

x = (T±
t )−1(x) +

∫ t

0

α±(t′, T±
t′ ◦ (T±

t )−1(x))dt′ (4.22)±

12



1 = ∂(T±
t )−1(x) + (β±

t (t))(x)∂(T
±
t )−1(x) (4.23)±

β±
t (s)

‖β±
t (s)‖∞ ≤

∫ T

0

‖∂α±(t′)‖∞‖∂T±
t′ ‖∞dt′

≤ 3

2

∑
±

∫ T

0

‖∂v±(t′)‖∞dt′ · exp
(
3

2

∑
±

∫ T

0

‖∂v±(t′)‖∞dt′
)

= N(T ) (4.24)±

N(T ) < 1 T t ∈ [0, T ] (4.23)±

∂(T±
t )−1 =

1

1 + β±
t (t)

(4.25)±

(4.24)±

∂(T±
t )−1 − 1 =

β±
t (t)

1 + β±
t (t)

(4.26)±

(4.4)± (4.5)± (4.7)± (4.22)±

x = (T̃±
t )−1(x) +

∫ t

0

α̃±(t′, T̃±
t′ ◦ (T̃±

t )−1(x))dt′

(T±
t )−1(x)− (T̃±

t )−1(x)

=−
∫ t

0

(α±(t′, T±
t′ ◦ (T±

t )−1(x))− α±(t′, T̃±
t′ ◦ (T̃±

t )−1(x)))dt′

−
∫ t

0

(α±(t′, T̃±
t′ ◦ (T̃±

t )−1(x))− α̃±(t′, T̃±
t′ ◦ (T̃±

t )−1(x)))dt′

=−
∫ t

0

∫ 1

0

∂α±(t′, θT±
t′ ◦ (T±

t )−1(x) + (1− θ)T̃±
t′ ◦ (T̃±

t′ )
−1(x))dθ

· (T±
t′ ◦ (T±

t )−1(x)− T̃±
t′ ◦ (T̃±

t )−1(x))dt′

∓ 3

2

∫ t

0

∫ 1

0

[(1 + (θv + (1− θ)ṽ)2)−7/4(θv + (1− θ)ṽ)(v − ṽ)](t′, T̃±
t′ ◦ (T̃±

t )−1(x))dθdt′

13



(4.3)±

|(T±
t )−1(x)− (T̃±

t )−1(x)|

≤
∫ t

0

‖∂α±(t′)‖∞|T±
t′
(
(T±

t )−1(x)
)− T̃±

t′
(
(T̃±

t )−1(x)
)|dt′

+
3

2

∫ t

0

‖v(t′)− ṽ(t′)‖∞dt′

≤
(
3

2

∑
±

∫ t

0

‖∂v±‖∞
)
exp(M(T ))|(T±

t )−1(x)− (T̃±
t )−1(x)|

+
3

2

∑
±

∫ t

0

‖∂v±(t′)‖∞ · exp(M(T ))

(
3

2

∑
±

∫ t′

0

‖v± − ṽ±‖∞
)
dt′

+
3

2

∑
±

∫ t

0

‖v± − ṽ±‖∞

≤ N(T )|(T±
t )−1(x)− (T̃±

t )−1(x)|+ 3

2
(N(T ) + 1)

∑
±

∫ t

0

‖v± − ṽ±‖∞

(4.7)± (4.3)± (4.7)± (4.8)±
t > s t, s ∈ [0, T ]

(T±
t )−1(x)− (T±

s )−1(x)

=−
∫ t

0

(
α±(t′, T±

t′ ◦ (T±
t )−1(x))− α±(t′, T±

t′ ◦ (T±
s )−1(x))

)
dt′

−
∫ t

s

α±(t′, T±
t′ ◦ (T±

s )−1(x))dt′

=−
∫ t

0

∫ 1

0

∂α±
(
t′, T±

t′ (θ(T
±
t )−1(x) + (1− θ)(T±

s )−1(x))
)

· ∂T±
t′
(
θ(T±

t )−1(x) + (1− θ)(T±
s )−1(x))

)
dθdt′

(
(T±

t )−1(x)− (T±
s )−1(x)

)
−
∫ t

s

α±(t′, T±
t′ ◦ (T±

s )−1(x))dt′

‖(T±
t )−1 − (T±

s )−1‖∞
≤

∫ t

0

‖∂α±(t′)‖∞
∥∥∂T±

t′
∥∥
∞ dt′

∥∥(T±
t )−1 − (T±

s )−1
∥∥
∞ +

∫ t

s

‖α±(t′)‖∞dt′

≤ 3

2

∑
±

∫ t

0

‖∂v±(t′)‖∞ exp

(
3

2

∑
±

∫ t′

0

‖∂v±(t′′)‖∞dt′′
)
dt′‖(T±

t )−1 − (T±
s )−1‖∞

+ (t− s)

≤ N
∥∥(T±

t )−1 − (T±
s )−1

∥∥
∞ + |t− s|

(4.6)±
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(4.9)± (4.15)±

T±
s ◦ (T±

t )−1 = (T±
t )−1 +

∫ s

0

α±(t′, T±
t′ ◦ (T±

t )−1(·))dt′ (4.27)±

(4.23)±

∂(T±
s ◦ (T±

t )−1) = ∂(T±
t )−1 + β±

t (s)∂(T
±
t )−1

=
1 + β±

t (s)

1 + β±
t (t)

= 1− β±
t (t)− β±

t (s)

1 + β±
t (t)

(4.28)±

(4.24)±

‖β±
t (t)− β±

t (s)‖∞ =

∥∥∥∥∫ t

s

∂α±(t′, T±
t′ (·))∂T±

t′ (·)dt′
∥∥∥∥
∞

≤ N(T )

‖∂(T±
s ◦ (T±

t )−1)− 1‖∞ ≤ N(T )

1−N(T )
(4.29)±

‖∂(T̃±
s ◦ (T̃±

t )−1)− 1‖∞ ≤ Ñ(T )

1− Ñ(T )
(4.30)±

θ ∈ [0, 1]

‖∂
(
T̃±
s ◦ (T̃±

t )−1 + θ
(
T±
s ◦ (T±

t )−1 − T̃±
s ◦ (T̃±

t )−1
))

− 1‖∞
= ‖(1− θ)

(
∂(T̃±

s ◦ (T̃±
t )−1)− 1

)
+ θ

(
∂(T±

s ◦ (T±
t )−1)− 1

) ‖∞
≤ (1− θ)

Ñ(T )

1− Ñ(T )
+ θ

N(T )

1−N(T )
≤ N ∨ Ñ

1−N ∨ Ñ
(4.31)±

(∂(T̃±
s ◦ (T̃±

t )−1) + θ(T±
s ◦ (T±

t )−1 − T̃±
s ◦ (T̃±

t )−1))−1)(x)

=
1

∂(T̃±
s ◦ (T̃±

t )−1) + θ(T±
s ◦ (T±

t )−1 − T̃±
s ◦ (T̃±

t )−1))(y)
,

y = T̃±
s ((T̃±

t )−1(x)) + θ(T±
s ((T±

t )−1(x))− T̃±
s ((T̃±

t )−1(x)))

(4.31)± (4.9)± :

‖∂
(
T̃±
s ◦ (T̃±

t )−1 − θ
(
T±
s ◦ (T±

t )−1 − T̃±
s ◦ (T̃±

t )−1
))

‖∞

≥ 1− N ∨ Ñ

1−N ∨ Ñ
≥ 1

1− 2(N ∨ Ñ)

( ) (4.16)±

∂2T±
t (x) =

∫ t

0

(∂α±(t′, T±
t′ (x))∂

2T±
t′ (x) + ∂2α±(t′, T±

t′ (x))(∂T
±
t′ (x))

2)dt′ (4.32)±
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∂2α±

∂2α± = ±3

2
(1 + v2)−7/4v∂2v ∓ 3

4
(1 + v2)−11/4(5v2 − 2)(∂v)2

(4.32)± (4.1)±

|∂2T±
t (x)| ≤

∫ t

0

‖∂α±(t′)‖∞|∂2T±
t′ (x)|dt′

+

∫ t

0

(
3

2
‖∂2v(t′)‖∞ +

15

4
‖∂v(t′)‖2∞

)
‖∂T±

t′ ‖∞dt′

≤
∫ t

0

‖∂α±(t′)‖∞|∂2T±
t′ (x)|dt′

+
3

4

∫ t

0

exp

(
3

2

∑
±

∫ t′

0

‖∂v±‖∞
)(

2‖∂2v(t′)‖∞ + 5‖∂v(t′)‖2∞
)
dt′ (4.33)±

(4.33)±

|∂2T±
t (x)|

≤ 3

4

∫ t

0

exp

(∫ t

t′
‖∂α±‖∞

)
· exp

(
3

2

∑
±

∫ t′

0

‖∂α±‖∞
)(

2‖∂2v(t′)‖∞ + 5‖∂v(t′)‖2∞
)
dt′

≤ 3

4

∫ t

0

exp

(
3

2

∑
±

∫ t

0

‖∂v±‖∞
)(

2‖∂2v(t′)‖∞ + 5‖∂v(t′)‖2∞
)
dt′

≤ 3

2

∫ t

0

exp

(
3

2

∑
±

∫ t

0

‖∂v±‖∞
)(∑

±
‖∂2v±(t′)‖∞ + 5

∑
±

‖∂v±(t′)‖2∞
)
dt′

(4.10)± (4.11)±

(4.19)± (4.16)±

∂T̃±
t (x)− ∂T±

t (y)

=

∫ t

0

∂α̃±(t′, T̃±
t′ (x))(∂T̃

±
t′ (x)− ∂T±

t′ (y))dt
′

+

∫ t

0

(
∂α±(t′, T̃±

t′ (y))− ∂α±
(
t′, T±

t′ (y)
))

∂T±
t′ (y)dt

′

=

∫ t

0

∂α̃±(t′, T̃±
t′ (x))(∂T̃

±
t′ (x)− ∂T±

t′ (y))dt
′

+

∫ t

0

∫ 1

0

∂2α±(t′, θT̃±
t′ (y) + (1− θ)T±

t′ (y))dθ(T̃
±
t′ (y)− T±

t′ (y))∂T
±
t′ (y)dt

′

|∂T̃±
t (x)− ∂T±

t (y)|

≤ 3

2

∫ t

0

(∑
±

‖∂ṽ±(t′)‖∞
)
|∂T̃±

t′ (x)− ∂T±
t′ (y)|dt′

+
3

2

∫ t

0

(∑
±

‖∂2v±(t′)‖∞ + 5
∑
±

‖∂v±(t)‖2∞
)
‖T̃±

t′ − T±
t′ ‖∞‖∂T±

t′ ‖∞dt′
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(4.2)±-(4.3)±

|∂T̃±
t (x)− ∂T±

t (y)|

≤ 3

2

∫ t

0

exp

(
3

2

∑
±

∫ t

t′
‖∂ṽ±(t′′)‖∞dt′′

)(∑
±

‖∂2v±(t′)‖∞ + 5
∑
±

‖∂v±(t′)‖2∞
)

· ∥∥∂T±
t′
∥∥
∞

∥∥∥T̃±
t′ − T±

t′

∥∥∥
∞
dt′

≤ 9

4

∑
±

∫ t

0

exp

(
3

2

∑
±

∫ t

t′
‖∂ṽ±‖∞

)(∑
±

‖∂2v±(t′)‖∞ + 5
∑
±

‖∂v±(t′)‖2∞
)

· exp
(
3

2

∑
±

∫ t′

0

‖∂v±‖∞
)∫ t′

0

exp

(
3

2

∑
±

∫ t′

t′′
‖∂v±‖∞

)
‖ṽ±(t′′)− v±(t′′)‖∞dt′′dt′

≤ 12 exp

(
3

2

∑
±

∫ t

0

(‖∂ṽ±(t′)‖∞ + ‖∂v±(t′)‖∞)dt′
)

·
∑
±

∫ t

0

(‖∂2v±(t′)‖∞ + ‖∂v±(t′)‖2∞)dt′ ·
∑
±

∫ t

0

‖ṽ±(t′)− v±(t′)‖∞dt′

(4.12)±

∂(T±
t )−1 =

1

∂T±
t ◦ ∂(T±

t )−1

∂2(T±
t )−1 = −(∂2T±

t ◦ (T±
t )−1) · ∂(T±

t )−1

(∂T±
t ◦ (T±

t )−1)2

= −(∂2T±
t ◦ (T±

t )−1) · (∂(T±
t )−1)3

(4.13)± (4.10)± (4.4)±

(4.21)± β±
t β±(t) = β±

t (t) (4.25)±

∂(T±
t )−1 − ∂(T̃±

t )−1 =
β̃±(t)− β±(t)

(1 + β±(t))(1 + β̃±(t))

17



β̃±(t)− β±(t)

=

∫ t

0

(
∂α̃±(t′, T̃±

t′ ◦ (T̃±
t )−1(·))− ∂α̃±(t′, T±

t′ ◦ (T±
t )−1(·))

)
∂T̃±

t′ ◦ (T̃±
t )−1(·)dt′

+

∫ t

0

(
∂α̃±(t′, T±

t′ ◦ (T±
t )−1(·))− ∂α±(t′, T±

t′ ◦ (T±
t )−1(·))) ∂T̃±

t′ ◦ (T̃±
t )−1(·)dt′

+

∫ t

0

∂α±(t′, T±
t′ ◦ (T±

t )−1(·))(∂T̃±
t′ ◦ (T̃±

t )−1 − ∂T±
t′ ◦ (T±

t )−1)(·)dt′

=

∫ t

0

∫ 1

0

∂2α±(t′, θT̃±
t′ ◦ (T̃±

t )−1(·) + (1− θ)T±
t′ ◦ (T±

t )−1(·))dθ

· (T̃±
t′ ◦ (T̃±

t )−1 − T±
t′ ◦ (T±

t )−1)(·)∂T̃±
t′ ◦ (T̃±

t )−1(·)dt′

± 3

2

∫ t

0

[(1 + ṽ2)−7/4ṽ∂ṽ − (1 + v2)−7/4v∂v](t′, T±
t′ ◦ (T±

t )−1(·))∂T̃±
t′ ◦ (T̃±

t )−1(·)dt′

+

∫ t

0

∂α±(t′, T±
t′ ◦ (T±

t )−1(·))(∂T̃±
t′ ◦ (T̃±

t )−1 − ∂T±
t′ ◦ (T̃±

t )−1)(·)dt′

=: I±(t)± II±(t) + III±(t)

I±(t) (4.8)±

‖I±(t)‖∞ ≤
∫ t

0

‖∂2α±(t′)‖∞‖T̃±
t′ ◦ (T̃±

t )−1 − T±
t′ ◦ (T±

t )−1‖∞‖∂T̃±
t′ ‖∞dt′

≤ 9

2

eM+˜M

1−N

∑
±

∫ t

0

(‖∂2v±(t′)‖∞ + 5‖∂v±(t′)‖2∞)dt′

·
∑
±

∫ t

0

‖ṽ±(t′)− v±(t′)‖∞dt′

II±(t)

II±(t)

=
3

2

∫ t

0

[
(
(1 + ṽ2)−7/4ṽ − (1 + v2)−7/4v

)
∂ṽ + (1 + v2)−7/4v(∂ṽ − ∂v)](t′, T±

t′ ◦ (T±
t )−1(·))

· ∂T̃±
t′ ◦ (T̃±

t )−1(·)dt′

=
3

2

∫ t

0

[∫ 1

0

(1 + (θṽ + (1− θ)v)2)−11/4

(
(1 + (θṽ + (1− θ)v)2)− 7

2
(θṽ + (1− θ)v)

)
dθ(ṽ − v)∂ṽ

+ (1 + v2)−7/4v(∂ṽ − ∂v)

]
(t′, T±

t′ ◦ (T±
t )−1(·))∂T̃±

t′ ◦ (T̃±
t )−1(·)dt′
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‖II±(t)‖∞
≤ 3

2

∫ t

0

((
1 +

7

4

)
‖ṽ(t′)− v(t′)‖∞‖∂ṽ(t′)‖∞ + ‖∂ṽ(t′)− ∂v(t′)‖∞

)
‖∂T̃±

t′ ‖∞dt′

≤ 33

8

∑
±

‖∂ṽ±‖L∞(L∞) · exp
(
3

2

∑
±

∫ t

0

‖∂ṽ±(t′)‖∞dt′
)∑

±

∫ t

0

‖ṽ±(t′)− v±(t′)‖∞dt′

+
3

2
exp

(
3

2

∑
±

∫ t

0

‖∂ṽ±(t′)‖∞dt′
)∑

±

∫ t

0

‖∂ṽ±(t′)− ∂v±(t′)‖∞dt′

III±(t) (4.12)±

‖III±(t)‖∞
≤
∫ t

0

‖∂α±(t′)‖∞‖∂T̃±
t′ ◦ (T̃±

t )−1 − ∂T±
t′ ◦ (T±

t )−1‖∞dt′

≤ 18 exp

(
3

2

∑
±

∫ t

0

(‖∂v±(t′)‖∞ + ‖∂ṽ±(t′)‖∞)dt′
)

·
∫ t

0

(∑
±
(‖∂2v±(t′)‖∞ + ‖∂v±(t′)‖2∞)

)(∑
±

‖∂v±(t′)‖∞
)
dt′

·
∑
±

∫ t

0

‖v±(t′)− ṽ±(t′)‖∞dt′

(4.14)

( 2 )

ρ > 0 (∑
±

‖v0±;W 1
∞‖

)
∨
(∑

±
‖w0

±;W
1
∞‖

)
≤ ρ

(v0±, w
0
±) ∈ (C1 ∩ W 1

∞)(R;R4)
3

2
TR exp

(
3

2
TR

)
<

1

2
R, T > 0

(v±, w±) ∈ X1
R(I) Φ(v±, w±) = (Φ

(1)
± (v±, w±),Φ

(2)
± (v±, w±)) (3.2)±-(3.3)±

(Φ
(1)
± (v±, w±))(t) = (Φ

(1)
± (v±, w±))(t, ·)

= v0± ◦ (T±
t )−1 +

∫ t

0

F
(1)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds, (5.1)±

(Φ
(2)
± (v±, w±))(t) = (Φ

(2)
± (v±, w±))(t, ·)

= w0
± ◦ (T±

t )−1 +

∫ t

0

F
(2)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds (5.2)±
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F
(1)
± , F

(2)
± (3.4)±,(3.5)±

ρ,R, T C

Φ(v±, w±) F
(1)
± (v±, w±), F

(2)
± (v±, w±)

|F (1)
± (v±, w±)| ≤ 3

2
|v+ − v−||w±| ≤ 3

2

(∑
±

|v±|
)
|w±|, (5.3)±

|F (2)
± (v±, w±)| ≤ 3

2

(|w±|2 + 3|w+||w−|
) ≤ 15

4

∑
±

|w±|2 (5.4)±

‖(Φ(1)
± (v±, w±))(t)‖∞

≤ ‖v0±‖∞ +

∫ t

0

‖F (1)
± (v±, w±)(s)‖∞ds

≤ ‖v0±‖∞ +
3

2
T

(∑
±

‖v±;L∞(L∞)‖∞
)
‖w∓;L∞(L∞)‖, (5.5)±

‖(Φ(2)
± (v±, w±))(t)‖∞

≤ ‖w0
±‖∞ +

∫ t

0

‖F (2)
± (v±, w±)(s)‖∞ds

≤ ‖w0
±‖∞ +

15

4
T
∑
±

‖w±;L∞(L∞)‖2 (5.6)±

Φ(v±, w±) ∂Φ(v±, w±)

∂(Φ
(1)
± (v±, w±))(t)

= ∂v0± ◦ (T±
t )−1 · ∂(T±

t )−1

+

∫ t

0

∂(F
(1)
± (v±, w±))

(
s, T±

s ◦ (T±
t )−1(·)) ∂T±

s ◦ (T±
t )−1(·)ds ∂(T±

t )−1,

∂(F
(1)
± (v±, w±))

=− 21

4
(1 + v2)−11/4 v2∂v(v+ − v−)w± + 3(1 + v2)−7/4 (v+∂v+ − v−∂v−)w±

+
3

2
(1 + v2)−7/4 (v2+ − v2−)∂w± (5.7)±
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∂(Φ
(2)
± (v±, w±))(t)

= ∂w0
± ◦ (T±

t )−1 · ∂(T±
t )−1

+

∫ t

0

∂(F
(2)
± (v±, w±))

(
s, T±

s ◦ (T±
t )−1(·)) ∂T±

s ◦ (T±
t )−1(·)ds ∂(T±

t )−1,

∂(F
(2)
± (v±, w±))

=∓ 21

4
(1 + v2)−11/4 v2∂v(w2

± + 3w+w−)± 3

2
(1 + v2)−7/4 ∂v(w2

± + 3w+w−)

± 3

2
(1 + v2)−7/4 v(2w±∂w± + 3w+∂w− + 3w−∂w+)

=∓ 3

4
(1 + v2)−11/4 (5v2 − 2)∂v(w2

± + 3w+w−)

± 3

2
(1 + v2)−7/4 v(2w±∂w± + 3w+∂w− + 3w−∂w+)

∂(F
(1)
± (v±, w±)), ∂(F

(2)
± (v±, w±))

|∂(F (1)
± (v±, w±))|

≤ 21

4
|∂v||v+ − v−||w±|+ 3(|v+||∂v+|+ |v−||∂v−|)|w∓|+ 3

2
(v2+ + v2−)|∂w∓|

≤ 33

4

(∑
±

|v±|
)(∑

±
|∂v±|

)
|w±|+ 3

2

(∑
±

|v±|2
)
|∂w±|, (5.8)±

|∂(F (2)
± (v±, w±))|

≤ 15

4
|∂v|(w2

± + 3|w+w−|) + 3

2
|v|(2|w±∂w±|+ 3|w+∂w−|+ 3|w−∂w+|)

≤ 15

2

(∑
±

|w±|
)2 (∑

±
|∂v±|

)
+ 6

(∑
±

|v±|
)(∑

±
|w±|

)(∑
±

|∂w±|
)

(5.9)±

(4.1)±,(4.4)±

‖∂(Φ(1)
± (v±, w±))(t)‖∞

≤ ‖∂v0±‖∞‖∂(T±
t )−1‖∞ +

∫ t

0

‖∂(F (1)
± (v±, w±))(s)‖∞‖∂T±

s ‖∞ds‖∂(T±
t )−1‖∞

≤ 1

1−N
‖∂v0±‖∞ +

33

4
T

eM

1−N

(∑
±

‖v±;L∞(W 1
∞)‖2

)
‖w∓;L∞(W 1

∞)‖, (5.10)±

‖∂(Φ(2)
± (v±, w±))(t)‖∞

≤ ‖∂w0
±‖∞‖∂(T±

t )−1‖∞ +

∫ t

0

‖∂(F (2
± (v±, w±))(s)‖∞‖∂T±

s ‖∞ds‖∂(T±
t )−1‖∞

≤ 1

1−N
‖∂w0

±‖∞ +
15

2
T

eM

1−N

(∑
±

‖w±;L∞(W 1
∞)‖2

)(∑
±

‖v∓;L∞(W 1
∞)‖

)
(5.11)±
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(5.5)±, (5.6)±, (5.10)±, (5.11)±

‖Φ(v±, w±)‖ ≤ 1

1−N
ρ+

9

2
TR2 +

33

4
T

eM

1−N
R3 (5.12)

ρ > 0 R, T > 0{
R = 3ρ,

10T (R + 10R2) ≤ 1
(5.13)

M = M(T ) ≤ 1/6, eM ≤ 3/2, N = MeM ≤ 1/4 (5.12)

‖Φ(v±, w±)‖ ≤ 4

3
· R
3
+

9

2
TR2 +

33

4
· 4
3
· 3
2
TR3

≤ R

2
+

1

2
(10TR + 100TR2)R ≤ R (5.14)

Φ X1
R(I)

(v±, w±), (ṽ±, w̃±) ∈ X1
R(I) Φ

(1)
±

(Φ
(1)
± (v±, w±)− Φ

(1)
± (ṽ±, w̃±))(t, ·)

= v0± ◦ (T±
t )−1 − v0± ◦ (T̃±

t )−1 +

∫ t

0

[F
(1)
± (v±, w±)− F

(1)
± (ṽ±, w̃±)](s, T±

s ◦ (T±
t )−1(·))ds

+

∫ t

0

(
F

(1)
± (ṽ±, w̃±)(s, T±

s ◦ (T±
t )−1(·))− F

(1)
± (ṽ±, w̃±)(s, T̃±

s ◦ (T̃±
t )−1(·))

)
ds (5.15)±

(5.15)±

v0± ◦ (T±
t )−1 − v0± ◦ (T̃±

t )−1

=

∫ t

0

∂v0± ◦
(
θ(T±

t )−1 + (1− θ)(T̃±
t )−1

)
dθ ·

(
(T±

t )−1 − (T̃±
t )−1

)
(3.27)±

‖v0± ◦ (T±
t )−1 − v0± ◦ (T̃±

t )−1‖∞
≤ ‖∂v0±‖∞‖(T±

t )−1 − (T̃±
t )−1‖∞

≤ 3

2

1 +N

1−N
‖∂v0±‖∞

∑
±

∫ t

0

‖v±(t′)− ṽ±(t′)‖∞dt′

≤ 3

2

1 +N

1−N
‖∂v0±‖∞T

∑
±

‖v± − ṽ±;L∞(I;L∞)‖
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(5.15)±

F
(1)
± (v±, w±)− F

(1)
± (ṽ±, w̃±)

=
3

2

(
(1 + v2)−7/4 − (1 + ṽ2)−7/4

)
(v2+ − v2−)w±

+
3

2
(1 + ṽ2)−7/4

(
(v2+ − v2−)− (ṽ2+ − ṽ2−)

)
w±

+
3

2
(1 + ṽ2)−7/4(ṽ2+ − ṽ2−)(w± − w̃±)

= − 21

4

(∫ 1

0

(1 + (θv + (1− θ)ṽ)2)−11/4(θv + (1− θ)ṽ)dθ

)
(v − ṽ)v(v+ − v−)w±

+
3

2
(1 + ṽ2)−7/4 ((v+ + ṽ+)(v+ − ṽ+)− (v− + ṽ−)(v− − ṽ−))w±

+
3

2
(1 + ṽ2)−7/4ṽ(ṽ+ − ṽ−)(w± − w̃±)

∣∣∣F (1)
± (v±, w±)− F

(1)
± (ṽ±, w̃±)

∣∣∣
≤ 21

4
|v − ṽ||v||v+ − v−||w±|

+
3

2
(|v+ + ṽ+||v+ − ṽ+|+ |v− + ṽ−||v− − ṽ−|) |w±|

+
3

2
|ṽ||ṽ+ − ṽ−||w± − w̃±|

≤ 21

4

(∑
±

|v±|
)2

|w±|
∑
±

|v± − ṽ±|

+
3

2

(∑
±

|v±|+
∑
±

|ṽ±|
)
|w±|

∑
±

|v± − ṽ±|

+
3

2

(∑
±

|ṽ|±
)2

|w± − w̃±|

≤
(
21

4
R3 + 3R2

)
d ((v±, w±), (ṽ±, w̃±))

≤ 6(R2 +R3)d ((v±, w±), (ṽ±, w̃±))

(5.14)± (5.8)± (4.8)±∣∣∣F (1)
± (ṽ±, w̃±)(s, T±

s ◦ (T±
t )−1(·))− F

(1)
± (ṽ±, w̃±)(s, T̃±

s ◦ (T̃±
t )−1(·))

∣∣∣
=

∣∣∣∣∫ 1

0

∂F
(1)
± (ṽ±, w̃±)(s, θT±

s ◦ (T±
t )−1(·) + (1− θ)T̃±

s ◦ (T̃±
t )−1(·))dθ(T±

s ◦ (T±
t )−1 − T̃±

s ◦ (T̃±
t )−1)

∣∣∣∣
≤
⎛⎝99

4

(∑
±

|ṽ±|
)(∑

±
|∂ṽ±|

)
|w̃±|+ 9

2

(∑
±

|ṽ±|
)2

|∂w̃±|
⎞⎠ eM

1−N

∑
±

∫ t

0

‖v±(t′)− ṽ±(t′)‖∞dt′

≤ 25
eM

1−N
TR3d ((v±, w±), (ṽ±, w̃±))
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(5.15)±∥∥∥Φ(1)
± (v±, w±)− Φ

(1)
± (ṽ±, w̃±);L∞(L∞)

∥∥∥
≤
(
3

2

1 +N

1−N
Tρ+ 6T (R2 +R3) + 25

eM

1−N
T 2R3

)
d ((v±, w±), (ṽ±, w̃±)) (5.16)±

Φ
(2)
±

F
(2)
± (v±, w±)− F

(2)
± (ṽ±, w̃±)

=∓ 21

4

(∫ 1

0

(1 + (θv + (1− θ)ṽ)2)−11/4(θv + (1− θ)ṽ)dθ

)
(v − ṽ)v(w2

± + 4w+w−)

± 3

2
(1 + ṽ2)−7/4(v − ṽ)(w2

± + 4w+w−)

± 3

2
(1 + ṽ2)−7/4ṽ ((w± + w̃±)(w± − w̃±) + 4w−(w+ − w̃+) + 4w+(w− − w̃−))

∣∣∣F (2)
± (v±, w±)− F

(2)
± (ṽ±, w̃±)

∣∣∣
≤ 21

4
|v − ṽ||v|(|w±|2 + 4|w+||w−|) + 3

2
|v − ṽ|(|w±|2 + 4|w+||w−|)

+
3

2
|ṽ|(|w±|+ |w̃±|)|w± − w̃±|+ 3|ṽ||w−||w+ − w̃+|+ 3|ṽ||w̃+||w− − w̃−|

≤ 21

2

(∑
±

|v±|
)(∑

±
|w±|

)2 ∑
±

|v± − ṽ±|+ 3

(∑
±

|w±|
)2 ∑

±
|v± − ṽ±|

+ 3

(∑
±

|ṽ±|
)(∑

±
|w+|+

∑
±

|w̃+|
)∑

±
|w± − w̃±|

≤ (12R3 + 6R2)d((v±, w±), (ṽ±, w̃±))

≤ 12(R2 +R3)d ((v±, w±), (ṽ±, w̃±))

∥∥∥Φ(2)
± (v±, w±)− Φ

(2)
± (ṽ±, w̃±);L∞(L∞)

∥∥∥
≤
(
3

2

1 +N

1−N
Tρ+ 12T (R2 +R3) + 25

eM

1−N
T 2R3

)
d ((v±, w±), (ṽ±, w̃±)) (5.17)±

(5.16)±, (5.17)±

d (Φ(v±, w±),Φ(ṽ±, w̃±))

≤
(
3

2

1 +N

1−N
Tρ+ 12T (R2 +R3) + 25

eM

1−N
T 2R3

)
d ((v±, w±), (ṽ±, w̃±))

(5.13) {
R = 3ρ,

50T (1 +R +R3) ≤ 1
(5.18)
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3

2

1 +N

1−N
Tρ+ 12T (R2 +R3) + 25

eM

1−N
T 2R3

≤ 3

2
· 4
3
· 5
4
· 1
3
TR + 12TR2 + 12TR3 + 25 · 3

2
· 4
3
T 2R3

≤ 5

6
TR + 6T (R +R3) + 12TR3 + 50T 2R3

≤ 7TR + 18TR3 + TR3

≤ 20T (R +R3) ≤ 1

2

Φ X1
R(I) X1

R(I)

(3.18)±-(3.19)± X1(I)

(v±, w±) ∈ X1(I) (3.18)±-(3.19)± (ṽ±, w̃±) ∈ X1(I)

ṽ±(t) = v0± ◦ (T̃±
t )−1 +

∫ t

0

F
(1)
± (ṽ±, w̃±)(s, T̃±

s ◦ (T̃±
t )−1(·))ds, (5.19)±

w̃±(t) = w0
± ◦ (T̃±

t )−1 +

∫ t

0

F
(2)
± (ṽ±, w̃±)(s, T̃±

s ◦ (T̃±
t )−1(·))ds (5.20)±

I R > 0, t0 > 0

R ≥
(∑

±
‖v±;L∞(I;W 1

∞)‖
)

∨
(∑

±
‖ṽ±;L∞(I;W 1

∞)‖
)

∨
(∑

±
‖w±;L∞(I;W 1

∞)‖
)

∨
(∑

±
‖w̃±;L∞(I;W 1

∞)‖
)
,

t0 =
1

4R

b− a = t0 J = [a, b] ⊂ I

M = M(J) :=
3

2

∑
±

∫
J

‖∂v±(t′)‖∞dt ≤ 3

8
,

N = N(J) := MeM ≤ 3

4

t ∈ [0, t0]

ϕ(t) =

(∑
±

‖v±(t)− ṽ±(t)‖∞
)

∨
(∑

±
‖w±(t)− w̃±(t)‖∞

)
(3.2)±-(3.3)± (5.19)±-(5.20)±

ϕ(t) ≤
(
3

2

1 +N

1−N

((∑
±

‖∂v0±‖∞
)

∨
(∑

±
‖∂w0

±‖∞
))

+ 12(R2 +R3) +
eM

1−N
R2

)

·
∫ t

0

ϕ(t′)dt′ (5.21)±
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(5.21) ϕ [0, t0]

t ∈ [0, t0]

(v±(t), w±(t)) = (ṽ±(t), w̃±(t)) , (5.22)±

T±
t = T̃±

t (5.23)±

(v±, w±), (ṽ±, w̃±) t ∈ [0, 2t0]

v±
(
t0, T

±
t0
◦ (T±

t )−1(·))
=
(
v0± ◦ (T±

t0
)−1

) ◦ ((T±
t0
) ◦ (T±

t )−1
)

+

∫ t0

0

F
(1)
± (v±, w±)

(
s, T±

s ◦ (T±
t0
)−1(T±

t0
◦ (T±

t )−1(·))) ds
= v0± ◦ (T±

t )−1 +

∫ t0

0

F
(1)
± (v±, w±)

(
s, T±

s ◦ (T±
t )−1(·)) ds

v±(t) = v0±
(
t0, T

±
t0
◦ (T±

t )−1(·))+ ∫ t

t0

F
(1)
± (v±, w±)

(
s, T±

s ◦ (T±
t )−1(·)) ds,

w±(t) = w0
±
(
t0, T

±
t0
◦ (T±

t )−1(·))+ ∫ t

t0

F
(2)
± (v±, w±)

(
s, T±

s ◦ (T±
t )−1(·)) ds,

ṽ±(t) = v0±
(
t0, T

±
t0
◦ (T̃±

t )−1(·)
)
+

∫ t

t0

F
(1)
± (ṽ±, w̃±)

(
s, T̃±

s ◦ (T̃±
t )−1(·)

)
ds,

w̃±(t) = w0
±
(
t0, T

±
t0
◦ (T̃±

t )−1(·)
)
+

∫ t

t0

F
(2)
± (ṽ±, w̃±)

(
s, T̃±

s ◦ (T̃±
t )−1(·)

)
ds

(v0±, w
0
±)

(
v0±(t0, T

±
t0 (·)), w0

±(t0, T
±
t0 (·))

)
[t0, 2t0] (5.22)±-(5.23)± [t0, 2t0]

I =
⋃
n≥1

([(n− 1)t0, nt0] ∩ I)

( 3 )

(5.17) T T (ρ) ρ > 0

T (ρ) =
1

50(1 + (ρ/3) + (ρ/3)3)

(v0±, w
0
±) ∈ (C1 ∩W 1

∞)(R;R4)
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t0 = T

((∑
±

‖v0±;W 1
∞‖

)
∨
(∑

±
‖v0±;W 1

∞‖
))

(3.2)±-(3.3)± [0, t0]

(v±, w±) ∈ X1([0, t0])
(
v±(t0, T±

t0 (·)), w±(t0, T±
t0 (·))

) ∈ (C1∩W 1
∞)(R;R4)

v±(t) = v±(t0, T±
t0
◦ (T±

t )−1(·)) +
∫ t

t0

F
(1)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds, (6.1)±

w±(t) = w±(t0, T±
t0
◦ (T±

t )−1(·)) +
∫ t

t0

F
(2)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds (6.2)±

T0 = T

((∑
±

‖v±(t0, T±
t0
(·));W 1

∞‖
)

∨
(∑

±
‖w±(t0, T±

t0
(·));W 1

∞‖
))

> 0

(6.1)±-(6.2)± [t0, t0 + T0] (v±, w±) ∈ X1([t0, t0 + T0])

(v±, w±) t0 (6.1)±-(6.2)±

v±(t0) = v±(t0, T±
t0
◦ (T±

t0
)−1(·)) +

∫ t0

t0

F
(1)
± (v±, w±)(s, T±

s ◦ (T±
t0
)−1(·))ds = v±(t0),

w±(t0) = w±(t0, T±
t0
◦ (T±

t0
)−1(·)) +

∫ t0

t0

F
(2)
± (v±, w±)(s, T±

s ◦ (T±
t0
)−1(·))ds = w±(t0)

(v±, w±) ∈ X1([t0, t0 + T0]) t0
(v±, w±) ∈ X1([0, t0]) t0 (v±, w±) ∈ X1([0, t0]) (6.1)±-
(6.2)± [0, t0 + T0] t ∈ [t0, t0 + T0]

(v±, w±)

v±(t) = v±(t0, T±
t0
◦ (T±

t )−1(·)) +
∫ t

t0

F
(1)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds

= v0± ◦ (T±
t0
)−1 ◦ (T±

t0
◦ (T±

t )−1) +

∫ t0

0

F
(1)
± (v±, w±)(s, T±

s ◦ (T±
t0
)−1 ◦ (T±

t0
◦ (T±

t )−1)(·))ds

+

∫ t

t0

F
(1)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds

= v0± ◦ (T±
t )−1 +

∫ t

0

F
(1)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds,

w±(t) = w±(t0, T±
t0
◦ (T±

t )−1(·)) +
∫ t

t0

F
(2)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds

= w0
± ◦ (T±

t0
)−1 ◦ ((T±

t0
) ◦ (T±

t )−1) +

∫ t0

0

F
(2)
± (v±, w±)(s, T±

s ◦ (T±
t0
)−1 ◦ (T±

t0
◦ (T±

t )−1)(·))ds

+

∫ t

t0

F
(2)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds

= w0
± ◦ (T±

t )−1 +

∫ t

0

F
(2)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds
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(3.2)±-(3.3)± [0, t0 + T0] t1 = t0 + T0

n ≥ 1

v±(t) = v±(tn, T±
tn ◦ (T±

t )−1(·)) +
∫ t

tn

F
(1)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds, (6.3)±

w±(t) = w±(tn, T±
tn ◦ (T±

t )−1(·)) +
∫ t

tn

F
(2)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))ds (6.4)±

Tn = T

((∑
±

‖v±(tn, T±
tn(·));W 1

∞‖
)

∨
(∑

±
‖w±(tn, T±

tn(·));W 1
∞‖

))
> 0

(6.3)±-(6.4)± [tn, tn + Tn] (v±, w±) ∈ X1([tn, tn + Tn])

[0, tn+1] := [tn, tn + Tn] (3.2)±-(3.3)±

(a)
∞∑
n=0

Tn = ∞, (b)
∞∑
n=0

Tn < ∞

(a) (v±, w±) [0,∞) (b)

T ∗ := t0 +
∞∑
n=0

Tn

T ∗ = sup{T > 0; (3.2)±-(3.3)± (v±, w±) ∈ X1([0, T ]) }

T ∗ < ∞

lim
t↑T ∗

(∑
±

‖v±(t);W 1
∞‖

)
∨
(∑

±
‖w±(t);W 1

∞‖
)

= ∞

lim inf
t↑T ∗

(∑
±

‖v±(t);W 1
∞‖

)
∨
(∑

±
‖w±(t);W 1

∞‖
)

< ∞

r0 > 0

lim inf
t↑T ∗

(∑
±

‖v±(t);W 1
∞‖

)
∨
(∑

±
‖w±(t);W 1

∞‖
)

< r0

t0 < sn < T ∗, sn ↑ T ∗ (sn)(∑
±

‖v±(sn);W 1
∞‖

)
∨
(∑

±
‖w±(sn);W 1

∞‖
)

≤ r0

28



S0 = T (r0 exp(
3
2
r0)) > 0

T

(∑
±

‖v±(sn, T±
sn(·));W 1

∞‖
)

∨
(∑

±
‖w±(sn, T±

sn(·));W 1
∞‖

)
≤ S0

(v±, w±)
[0, T ∗) ∪

⋃
n≥1

[sn, sn + S0] = [0, T ∗ + S0)

[0, T ∗ +S0/2] T ∗

((v0±n, w
0
±n);n ≥ 1) ⊂ C1 ∩ W 1

∞ W 1
∞ L∞

(v0±, w
0
±)

ρ := sup
n≥1

(∑
±

‖v0±n;W
1
∞‖

)
∨
(∑

±
‖w0

±n;W
1
∞‖

)
< ∞

v±n(t) = v0±n ◦ (T±n
t )−1 +

∫ t

0

F
(1)
± (v±n, w±n)(s, T

±n
s ◦ (T±n

t )−1(·))ds,

w±n(t) = w0
±n ◦ (T±n

t )−1 +

∫ t

0

F
(2)
± (v±n, w±n)(s, T

±n
s ◦ (T±n

t )−1(·))ds

(v±n, w±n) ∈ X1(I) (T±n
t ; t ∈ I) v±n

I = [0, T (ρ)] (v±n, w±n) R = 3ρ X1
R(I)

v±n(t)− v±(t)

=
(
v0±n ◦ (T±n

t )−1 − v0± ◦ (T±n
t )−1

)
+
(
v0± ◦ (T±n

t )−1 − v0± ◦ (T±
t )−1

)
+

∫ t

0

[F
(1)
± (v±n, w±n)− F

(1)
± (v±, w±)](s, T±n

s ◦ (T±n
t )−1(·))ds

+

∫ t

0

(
F

(1)
± (v±, w±)(s, T±n

s ◦ (T±n
t )−1(·))− F

(1)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))

)
ds

‖v±n(t)− v±(t)‖∞
≤ ‖v0±n − v0±‖

+

(
3

2

1 +N

1−N
ρ+ 12(R2 +R3) +

eM

1−N
R2

)
·
∑
±

∫ t

0

(‖v±n(t
′)− v±(t′)‖∞ + ‖w±n(t

′)− w±(t′)‖∞)dt′ (6.5)±
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M,N J ⊂ I

M =
3

2

∑
±

sup
n≥1

∫
J

‖∂v±n(t
′)‖∞dt′ ≤ 3

8
,

N = MeM ≤ 3

4

w±n(t)− w±(t)

=
(
w0

±n ◦ (T±n
t )−1 − w0

± ◦ (T±n
t )−1

)
+
(
w0

± ◦ (T±n
t )−1 − w0

± ◦ (T±
t )−1

)
+

∫ t

0

[F
(2)
± (v±n, w±n)− F

(2)
± (v±, w±)](s, T±n

s ◦ (T±n
t )−1(·))ds

+

∫ t

0

(
F

(2)
± (v±, w±)(s, T±n

s ◦ (T±n
t )−1(·))− F

(2)
± (v±, w±)(s, T±

s ◦ (T±
t )−1(·))

)
ds

‖w±n(t)− w±(t)‖∞
≤ ‖w0

±n − w0
±‖∞

+

(
3

2

1 +N

1−N
ρ+ 12(R2 +R3) +

eM

1−N
R2

)
·
∑
±

∫ t

0

(‖v±n(t
′)− v±(t′)‖∞ + ‖w±n(t

′)− w±(t′)‖∞)dt′ (6.6)±

(6.5)± (6.6)±

sup
t∈I

(∑
±

‖v±n(t)− v±(t)‖∞
)

∨
(∑

±
‖w±n(t)− w±(t)‖∞

)

≤ exp

((
3
1 +N

1−N
ρ+ 24(R2 +R3) +

2eM

1−N
R2

)
T (ρ)

)
·
(∑

±
‖v±n − v±‖∞

)
∨
(∑

±
‖w±n − w±‖∞

)

[0, T (ρ)] L∞ t = T (ρ)

L∞

( 4 )
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(1) ρ > 0 T = T (ρ) > 0(∑
±

‖v0±;W 2
∞‖

)
∨
(∑

±
‖w0

±;W
2
∞‖

)
≤ ρ

(v0±, w
0
±) ∈ (C2 ∩W 2

∞)(R;R4) (3.2)± (3.3)±
I = [−T, T ]

(v±, w±) ∈ X2(I)

(2) ρ > 0 T = T (ρ) > 0(∑
±

‖v0±;W 1
∞ ∩H1‖

)
∨
(∑

±
‖w0

±;W
1
∞ ∩H1‖

)
≤ ρ

(v0±, w
0
±) ∈ (C1 ∩W 1

∞ ∩H1)(R;R4) (3.2)± (3.3)±
I = [−T, T ]

(v±, w±) ∈ Y 1(I)

(3) ρ > 0 T = T (ρ) > 0(∑
±

‖v0±;W 2
∞ ∩H2‖

)
∨
(∑

±
‖w0

±;W
2
∞ ∩H2‖

)
≤ ρ

(v0±, w
0
±) ∈ (C2 ∩W 2

∞ ∩H2)(R;R4) (3.2)± (3.3)±
I = [−T, T ]

(v±, w±) ∈ Y 2(I)

Φ X2
R(I), Y

1
R(I), Y

2
R(I)

ρ R T (ρ) (1) ∂2Φ

L∞ (2) Φ ∂Φ L2

(4.9)± (3) ∂2Φ L2 ∩ L∞

T > 0 (v±, w±) ∈ X1(I) (3.2)±-(3.3)±
I = [0, T ]

(1) (v±, w±) (v±, w±)|[0, T ) ∈ C([0, T );C2 ∩W 2
∞)(R;R4))

C2 ∩W 2
∞ I

(v±, w±) ∈ X2(I)
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(2) (v±, w±) (v±, w±)|[0, T ) ∈ C([0, T );H1(R;R4))

C1 ∩W 1
∞ ∩H1 I

(v±, w±) ∈ Y 1(I)

(3) (v±, w±) (v±, w±)|[0, T ) ∈ C([0, T ); (C2 ∩W 2
∞ ∩H2)(R;R4))

C2 ∩W 2
∞ ∩H2 I

(v±, w±) ∈ Y 2(I)

⇒ (1)

(v±, w±) ∈ X1([0, T0]) (v0±, w
0
±) ∈ C2 ∩W 2

∞

T ∗ = sup{T ′ > 0; (v±, w±)|[0, T ′] ∈ X2([0, T ′])}
T ∗ > 0 T ∗ ≤ T0 T ∗ < T0

ε > 0 (v±, w±)|[0, T ∗ − ε] ⊂ X2([0, T ∗ − ε])

(v±, w±)|[0, T ∗) ∈ C([0, T ∗);C2 ∩ W 2
∞) (v±, w±) ∈ X2([0, T ∗])

(v±(T ∗), w±(T ∗)) ∈ C2 ∩W 2
∞ [0, T ∗]

X2 T ∗ T ∗ = T0

(1) (2)(3)

(v±, w±) ∈ X1([0, T0])

(1) (v±, w±) (v±, w±)|[0, T ) ∈ C([0, T ];W 2
∞) (v∗±, w

∗
±)

v∗±(t) = v±(t) ◦ T±
t , w∗

±(t) = w±(t) ◦ T±
t , t ∈ [0, T )

v∗
±, w

∗
± ∈ L∞(0, T ;W 2

∞)

‖v∗±(t)‖∞ = ‖v±(t)‖∞, ‖w∗
±(t)‖∞ = ‖w±(t)‖∞,

‖∂v∗±(t)‖∞ ≤ ‖∂v±(t)‖∞‖∂T±
t ‖∞, ‖∂w∗

±(t)‖∞ ≤ ‖∂w±(t)‖∞‖∂T±
t ‖∞

(3.22)± v∗±, w
∗
± ∈ L∞(0, T ;W 1

∞) ∂2v±, ∂2w± ∈ L∞(0, T ;L∞)

(v∗±, w
∗
±)

v∗±(t) = v0± +

∫ t

0

F
(1)
± (v∗±, w

∗
±)(s)ds, (7.1)±

w∗
±(t) = w0

± +

∫ t

0

F
(2)
± (v∗±, w

∗
±)(s)ds (7.2)±

(7.1)±-(7.2)± 2

∂2v∗±(t) = ∂2v0± +

∫ t

0

∂2
(
F

(1)
± (v∗±, w

∗
±)
)
(s)ds, (7.3)±

∂2w∗
±(t) = ∂2w0

± +

∫ t

0

∂2
(
F

(2)
± (v∗±, w

∗
±)
)
(s)ds (7.4)±
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L∞

‖∂2
(
F

(1)
± (v∗±, w

∗
±)
)
(t)‖∞ ≤ C0

∑
±
(‖∂2v∗±(t)‖∞ + ‖∂2w∗

±(t)‖∞) (7.5)±

‖∂2
(
F

(2)
± (v∗±, w

∗
±)
)
(t)‖∞ ≤ C0

∑
±
(‖∂2v∗±(t)‖∞ + ‖∂2w∗

±(t)‖∞) (7.6)±

C0

(∑
±

‖v∗±;L∞(L∞)‖
)
∨
(∑

±
‖w∗

±;L
∞(L∞)‖

)

‖∂f‖2∞ ≤ 2‖f‖∞‖∂2f‖2∞, f ∈ W 2
∞(R)

(7.3)±-(7.4)± L∞ (7.5)±-(7.6)±
t ∈ [0, T )∑

±
(‖∂2v∗±(t)‖∞ + ‖∂2w∗

±(t)‖∞)

≤
(∑

±
(‖∂2v0±‖∞ + ‖∂2w0

±‖∞
)
exp(C0T ) (7.7)±

v∗
±, w

∗
± C([0, T ];W 2

∞)

t, s ∈ [0, T ) t, s t, s ↑ T

‖v∗±(t)− v∗±(s);W
2
∞‖ −→ 0,

‖w∗
±(t)− w∗

±(s);W
2
∞‖ −→ 0

(7.3)±-(7.7)±

v±, w± C([0, T ];W 2
∞)

v±(t) = v∗±(t) ◦ (T±
t )−1, w±(t) = w∗

±(t) ◦ (T±
t )−1 t, s ∈ [0, T ) t, s

t, s ↑ T

‖v±(t)− v±(s);W 2
∞‖ −→ 0,

‖w±(t)− w±(s);W 2
∞‖ −→ 0

(4.1)± (4.10)± ∂T±
• ∈ L∞(0, T ;W 1

∞)

(4.16)± (4.32)± ∂T±
• C([0, T ];W 1

∞)

T0 (4.4)± (4.13)± ∂(T±
• )−1 ∈ L∞(0, T0;W

1
∞)

(4.6)± ∂T±
• ◦ (T±

• )−1 ∈ C([0, T0];L
∞) ∂2T±

• ◦ (T±
• )−1 ∈

C([0, T0];L
∞)

∂(T±
t )−1 =

1

∂T±
t ◦ (T±

t )−1
, ∂2(T±

t )−1 = − ∂2T±
t ◦ (T±

t )−1

(∂T±
t ◦ (T±

t )−1)3
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∂(T±
• )−1 ∈ C([0, T0];W

1
∞) t0 T (6.1)±

∂2v± = ∂v±(t0, T±
t0
◦ (T±

t )−1)
(
∂T±

t0
◦ (T±

t )−1 · ∂2(T±
t )−1 + ∂2T±

t0
◦ (T±

t )−1 · (∂(T±
t )−1)2

)
+ ∂2v±(t0, T±

t0
◦ (T±

t )−1)(∂T±
t0
◦ (T±

t )−1 · ∂(T±
t )−1)2

+

∫ t

t0

∂2(F
(1)
± (v±, w±)(t′, T±

t′ ◦ (T±
t )−1))dt′

C([t0, T ];L
∞)

∂2v±(s) L∞

w±

(2) (v±, w±) (v±, w±)|[0, T ) ∈ C([0, T );H1)

(v∗±, w
∗
±) ∈ L∞(0, T ;H1) (7.1)±-(7.2)± H1

(7.1)±-(7.2)± (v∗±, w
∗
±) C([0, T ];H1)

(v±, w±) C([0, T ];H1) (1)

(3) (v±, w±) (v±, w±)|[0, T ) ∈ C([0, T );H2)

(v±, w±) C([0, T ];H2) (1)(2)

(1)

‖∂f‖22 =
∫

|∂f |2 = −
∫

f∂2f ≤ ‖f‖2‖∂2f‖2

(2)
(
(v0±n, w

0
±n);n ≥ 1

) ⊂ C1 ∩ W 1
∞ ∩ H1 W 1

∞ ∩ H1

L∞ ∩ L2 (v0±, w
0
±)

ρ := sup
n≥1

(∑
±

‖v0±n;W
1
∞ ∩H1‖

)
∨
(∑

±
‖w0

±n;W
1
∞ ∩H1‖

)
< ∞

(2)

v±n(t) = v0±n ◦ (T±n
t )−1 +

∫ t

0

F
(1)
± (v±n, w±n)

(
s, T±n

s ◦ (T±n
t )−1)(·))ds, (7.8)±

w±n(t) = w0
±n ◦ (T±n

t )−1 +

∫ t

0

F
(2)
± (v±n, w±n)

(
s, T±n

s ◦ (T±n
t )−1)(·))ds (7.9)±

(v±n, w±n) ∈ Y 1(T0) I0 = [0, T (ρ)] T (ρ) > 0 ρ

n (T±n
t ; t ∈ I0) v±n C > 0

((v±n, w±n);n ≥ 1)

sup
n≥1

|||(v±n, w±n)||| ≤ Cρ =: R
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Y 1(I0) (v±, w±) ∈ Y 1
R(I0) (v±n, w±n) C(I;L∞)

(v±, w±) C(I0;L
2)

v±n v±

v±n(t)− v±(t)

= v0±n ◦ (T±n
t )−1 − v0± ◦ (T±n

t )−1

+

∫ 1

0

∂v0± ◦ (θ(T±
t )−1 + (1− θ)(T±n

t )−1
)
dθ · ((T±

t )−1 − (T±n
t )−1

)
+

∫ t

0

[
F

(1)
± (v±n, w±n)− F

(1)
± (v±, w±)

]
(s, T±n

s ◦ (T±n
t )−1(·))ds

+

∫ t

0

∫ 1

0

∂
(
F

(1)
± (v±, w±)

)(
s, θT±n

s ◦ (T±n
t )−1(·) + (1− θ)T±

s ◦ (T±
t )−1(·))dθ

· (T±n
s ◦ (T±n

t )−1 − T±
s ◦ (T±

t )−1)ds (7.10)±

(4.2)±,(4.5)±,(4.8)±,(4.9)± L2

‖v±n(t)− v±(t)‖2
≤ e

1
2
M‖v0±n − v0±‖2

+
3

2

1 +N

1−N

(
1

1− 2N

)1/2

‖∂v0±‖2
∑
±

∫ t

0

‖v±n(s)− v±(s)‖∞ds

+ C(R2 +R3)

(
eM

1−N

)1/2 ∑
±

∫ t

0

(‖v±n(s)− v±(s)‖2 + ‖w±n(s)− w±(s)‖2)ds

+ CR3

(
1

1− 2N

)1/2

· eM

1−N

∑
±

∫ t

0

‖v±n(s)− v±(s)‖∞ds (7.11)±

M,N η > 0 |J | ≤ η

J ⊂ I

M =
3

2

∑
±

sup
n≥1

∫
J

‖∂v±n(t
′)‖∞ ≤ 1

4

N = MeM ≤ 3

8
(7.12)±

w±n(t)− w±(t)

= w0
±n ◦ (T±n

t )−1 − w0
± ◦ (T±n

t )−1

+

∫ 1

0

∂w0
± ◦ (θ(T±

t )−1 + (1− θ)(T±n
t )−1

)
dθ · ((T±

t )−1 − (T±n
t )−1

)
+

∫ t

0

[F
(2)
± (v±n, w±n)− F

(2)
± (v±, w±)](s, T±n

s ◦ (T±n
t )−1(·))ds

+

∫ t

0

∫ 1

0

∂
(
F

(2)
± (v±, w±)

)(
s, θT±n

s ◦ (T±n
t )−1(·) + (1− θ)T±

s ◦ (T±
t )−1(·))dθ

· (T±n
s ◦ (T±n

t )−1 − T±
s ◦ (T±

t )−1)ds (7.13)±
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L2

‖w±n(t)− w±(t)‖2
≤ e

1
2
M‖w0

±n − w0
±‖2

+
3

2

1 +N

1−N

(
1

1− 2N

)1/2

‖∂v0±‖2
∑
±

∫ t

0

‖v±n(s)− v±(s)‖∞ds

+ C(R2 +R3)

(
eM

1−N

)1/2 ∑
±

∫ t

0

(‖v±n(s)− v±(s)‖2 + ‖w±n(s)− w±(s)‖2)ds

+ CR3

(
1

1− 2N

)1/2

· eM

1−N

∑
±

∫ t

0

‖v±n(s)− v±(s)‖∞ds (7.14)±

(7.11)± (7.14)±
L2 (v0±n, w

0
±n) (v0±, w

0
±) C(I;L∞) (v±n, w±n)

(v±, w±) [0, η] L2

C([0, η], L2) (v±n, w±n) (v±, w±)
C(I;L2)

(1)
(
(v0±n, w

0
±n);n ≥ 1

) ⊂ C2 ∩W 2
∞ W 2

∞ W 1
∞ (v0±, w

0
±)

ρ := sup
n≥1

(∑
±

‖v0±n;W
2
∞‖

)
∨
(∑

±
‖w0

±n;W
2
∞‖

)
< ∞

(1) (7.8)±-(7.9)± (v±n, w±n) ∈ X2(I0)

I0 = [0, T (ρ)] T (ρ) > 0 ρ n

(T±n
t ; t ∈ I0) v±n C > 0 ((v±n, w±n);n ≥ 1)

sup
n≥1

‖(v±n, w±n)‖ ∨ ‖(∂v±n, ∂w±n)‖ ≤ Cρ =: R

X2(I0) (v±, w±) ∈ X2
R(I0) (v±n, w±n) C(I;L∞)

(v±, w±) (∂v±n, ∂w±n) C(I0;L
∞)

(∂v±, ∂w±) (∂v±n, ∂w±n)

∂v±n(t) = ∂v0±n ◦ (T±n
t )−1 · ∂(T±n

t )−1

+

∫ t

0

∂(F
(1)
± (v±n, w±n))

(
s, T±n

s ◦ (T±n
t )−1)(·))∂T±n

s ◦ (T±n
t )−1ds∂(T±n

t )−1, (7.15)±

∂w±n(t) = ∂w0
±n ◦ (T±n

t )−1 · ∂(T±n
t )−1

+

∫ t

0

∂(F
(2)
± (v±n, w±n))

(
s, T±n

s ◦ (T±n
t )−1)(·))∂T±n

s ◦ (T±n
t )−1ds∂(T±n

t )−1, (7.16)±
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∂v±n(t) ∂v±(t)

∂v±n(t)− ∂v±(t)

=

∫ 1

0

∂2v0±n ◦
(
θ(T±n

t )−1 + (1− θ)(T±n
t )−1

)
dθ

(
(T±n

t )−1 − (T±
t )−1

) · ∂(T±n
t )−1

+ ∂v0±n ◦ (T±
t )−1 · (∂(T±n

t )−1 − ∂(T±
t )−1)

+ (∂v0±n ◦ (T±
t )−1 − ∂v0± ◦ (T±

t )−1)∂(T±
t )−1

+

∫ t

0

[
∂(F

(1)
± (v±n, w±n)− F

(1)
± (v±, w±))

]
(s, T±n

s ◦ (T±n
t )−1(·))∂T±n

s ◦ (T±n
t )−1ds∂(T±n

t )−1

+

∫ t

0

∫ 1

0

∂2
(
F

(1)
± (v±, w±)

)(
s, θT±n

s ◦ (T±n
t )−1(·) + (1− θ)T±

s ◦ (T±
t )−1(·))dθ

· (T±n
s ◦ (T±n

t )−1 − T±
s ◦ (T±

t )−1)∂T±n
s ◦ (T±n

t )−1ds∂(T±n
t )−1

+

∫ t

0

∂
(
F

(1)
± (v±, w±)

)(
s, T±

s ◦ (T±
t )−1(·))(∂T±n

s ◦ (T±n
t )−1 − ∂T±

s ◦ (T±
t )−1)ds∂(T±n

t )−1

+

∫ t

0

∂
(
F

(1)
± (v±, w±)

)(
s, T±

s ◦ (T±
t )−1(·))∂T±

s ◦ (T±
t )−1ds(∂(T±n

t )−1 − ∂(T±
t )−1)

(7.17)±

(4.1)±,(4.4)±,(4.5)±,(4.7)±,(4.8)±,(4.12)±,(4.14)± L∞

(2) η > 0 t ∈ [0, η]

‖∂v±n(t)− ∂v±(t)‖∞ ≤ C‖∂v0±n − ∂v0±‖∞
+ C

∑
±

∫ t

0

(‖v±n(t
′)− v±(t′)‖∞ + ‖w±n(t

′)− w±(t′)‖∞)dt′

+ C
∑
±

∫ t

0

(‖∂v±n(t
′)− ∂v±(t′)‖∞ + ‖∂w±n(t

′)− ∂w±(t′)‖∞)dt′ (7.18)±

C T (ρ), R

‖∂w±n(t)− ∂w±(t)‖∞ ≤ C‖∂w0
±n − ∂w0

±‖∞
+ C

∑
±

∫ t

0

(‖v±n(t
′)− v±(t′)‖∞ + ‖w±n(t

′)− w±(t′)‖∞)dt′

+ C
∑
±

∫ t

0

(‖∂v±n(t
′)− ∂v±(t′)‖∞ + ‖∂w±n(t

′)− ∂w±(t′)‖∞)dt′ (7.19)±

(7.18)± (7.19)±
W 1

∞ (v0±n, w
0
±n) (v0±, w

0
±) C(I;L∞) (v±n, w±n)

(v±, w±) C([0, η], L∞) (∂v±n, ∂w±n) (∂v±, ∂w±)
C(I;L∞)

(3)
(
(v0±n, w

0
±n);n ≥ 1

) ⊂ C2 ∩W 2
∞ ∩H2 W 2

∞ ∩H2 W 1
∞ ∩H1

(v0±, w
0
±)

ρ := sup
n≥1

(∑
±

‖v0±n;W
2
∞ ∩H2‖

)
∨
(∑

±
‖w0

±n;W
2
∞ ∩H2‖

)
< ∞
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(3) (7.8)±-(7.9)± (v±n, w±n) ∈ Y 2(I0)

I0 = [0, T (ρ)] T (ρ) > 0 ρ n

(T±n
t ; t ∈ I0) v±n C > 0 ((v±n, w±n);n ≥ 1)

sup
n≥1

|||(v±n, w±n)||| ∨ |||(∂v±n, ∂w±n)||| ≤ Cρ =: R

Y 2(I0) (v±, w±) ∈ Y 2
R(I0) (1)(2) (v±n, w±n)

C(I;W 1
∞∩L2) (v±, w±) (∂v±n, ∂w±n)

C(I0;L
2) (∂v±, ∂w±) (7.17)± ∂w±n(t)−

∂w±(t) L2 (4.9)± (1)

C([0, η];L2) (∂v±n, ∂w±n) (∂v±, ∂w±)
C(I;L2)

(DHS)

(HS) - (DHS)

(v±, w±) (HS) (u, v) (DHS) (v±, w±)
(1.7) (u, v)

u = (1 + v2)−3/4(v− − v+) = (1 + (v+ + v−)2)−3/4(v− − v+),

v = v+ + v−

}
(8.1)

(u, v) (8.1)

(8.1) (u, v) v

(8.1) (DHS)

∂tv = ∂t(v+ + v−)

=− (1 + v2)−3/4∂v+ +
3

2
(1 + v2)−7/4(v2+ − v2−)w−

+ (1 + v2)−3/4∂v− +
3

2
(1 + v2)−7/4(v2+ − v2−)w+

= (1 + v2)−3/4∂(v− − v+) +
3

2
(1 + v2)−7/4(v2+ − v2−)(w+ + w−)

= ∂
(
(1 + v2)−3/4(v− − v+)

)
+

3

2
(1 + v2)−7/4

(
v∂v(v− − v+) + (v2+ − v2−)(w+ + w−)

)
= ∂u+

3

2
(1 + v2)−7/4v(v− − v+) (∂v − (w+ + w−))

= ∂u+
3

2
(1 + v2)−1uv (∂v − (w+ + w−)) (8.2)

u (8.1)±-(8.2)± (DHS)

∂tu = −3

2
(1 + v2)−7/4v∂tv(v− − v+) + (1 + v2)−3/4∂t(v− − v+)

=− 3

2
(1 + v2)−1vu

(
∂u+

3

2
(1 + v2)−1uv

(
∂v − (w+ + w−)

))
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+ (1 + v2)−3/4
(
(1 + v2)−3/4∂v− +

3

2
(1 + v2)−7/4(v2+ − v2−)w+

+ (1 + v2)−3/4∂v+ − 3

2
(1 + v2)−7/4(v2+ − v2−)w−

)
=− 3

2
(1 + v2)−1vu∂u− 9

4
(1 + v2)−2u2v2 (∂v − (w+ + w−))

+ (1 + v2)−3/2∂v +
3

2
(1 + v2)−5/2(v2+ − v2−)(w+ − w−)

=− 3

2
(1 + v2)−7/4uv((1 + v2)3/4∂u+ (w+ − w−))

− 9

4
(1 + v2)−2u2v2 (∂v − (w+ + w−)) + (1 + v2)−3/2∂v (8.3)

(u, v) (HS) u, v, w±

∂v = w+ + w−,
(1 + v2)3/4∂u = w− − w+

}
(8.4)

(DHS) (v0±, w
0
±)

(8.1) (8.4)

u0 = (1 + (v0+ + v0−)
2)−3/4(v0− − v0+),

v0 = v0+ + v0−

}
(8.1)0

(u0, v0)

∂v0 = w0
+ + w0

−,
(1 + v20)

3/4∂u0 = w0
− − w0

+

}
(8.4)0

(DHS) (v±, w±) (8.1) (u, v)

(T ∗
−, T

∗
+) (8.4)

I = [0, T ∗
+)

(v0±, w
0
±) ∈ C2 ∩W 2

∞ (v±, w±) ∈ X2(I) (8.1) (u, v) ∈
X2(I) (8.2), (8.3), (DHS) (u, v) (w+ + w−, w+ − w−)

∂tu = (1 + v2)−3/2∂v − 3

2
(1 + v2)−7/4uv

(
(1 + v2)3/4∂u+ (w+ − w−)

)
− 9

4
(1 + v2)−2u2v2 (∂v − (w+ + w−)) , (8.5)

∂tv = ∂u+
3

2
(1 + v2)−1uv (∂v − (w+ + w−)) , (8.6)

∂t(w+ + w−)

= −(1 + v2)−3/4∂(w+ − w−) +
3

2
(1 + v2)−7/4v(w+ + w−)(w+ − w−), (8.7)

∂t(w+ − w−)

= −(1 + v2)−3/4∂(w+ + w−) +
3

2
(1 + v2)−7/4v

(
2(w+ + w−)2 − (w+ − w−)2

)
, (8.8)
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(ϕ, ψ) ∈ X1(I)

ϕ = (1 + v2)3/4∂u+ (w+ − w−), (8.9)

ψ = ∂v − (w+ + w−) (8.10)

(8.5) (8.6)

∂tu = (1 + v2)−3/2∂v − 3

2
(1 + v2)−7/4uvϕ− 9

4
(1 + v2)−2u2v2ψ, (8.11)

∂tv = ∂u+
3

2
(1 + v2)−1uvψ (8.12)

w+ ± w−

w+ + w− = ∂v − ψ, (8.13)

w+ − w− = ϕ− (1 + v2)3/4∂u (8.14)

(8.7), (8.8), (8.11)-(8.14) (ϕ, ψ) (8.9)

t

∂tϕ = (1 + v2)3/4∂∂tu+
3

2
(1 + v2)−1/4v∂tv∂u+ ∂t(w+ − w−)

= (1 + v2)3/4∂

(
(1 + v2)−3/2∂v − 3

2
(1 + v2)−7/4uvϕ− 9

4
(1 + v2)−2u2v2ψ

)
+

3

2
(1 + v2)−1/4v∂u

(
∂u+

3

2
(1 + v2)−1uvψ

)
− (1 + v2)−3/4∂(w+ + w−) +

3

2
(1 + v2)−7/4v

(
2(w+ + w−)2 − (w+ − w−)2

)
= − 3(1 + v2)−7/4v(∂v)2 + (1 + v2)−3/4∂2v

− 3

2
(1 + v2)3/4∂

(
(1 + v2)−7/4uv

)
ϕ− 3

2
(1 + v2)−1uv∂ϕ

− 9

4
(1 + v2)3/4∂

(
(1 + v2)−2u2v2

)
ψ − 9

4
(1 + v2)−5/4u2v2∂ψ

+
3

2
(1 + v2)−1/4v(∂u)2 +

9

4
(1 + v2)−5/4uv2∂uψ

− (1 + v2)−3/4∂(∂v − ψ) +
3

2
(1 + v2)−7/4v

(
2(∂v − ψ)2 − (ϕ− (1 + v2)−3/4∂u)2

)
= − 3

2
(1 + v2)−1uv∂ϕ+

(
(1 + v2)−3/4 − 9

4
(1 + v2)−5/4u2v2

)
∂ψ

+

(
3(1 + v2)−1v∂u− 3

2
(1 + v2)3/4∂

(
(1 + v2)−7/4uv

))
ϕ

−
(
6(1 + v2)−7/4v∂u+

9

4
(1 + v2)3/4∂

(
(1 + v2)2u2v2

)− 9

4
(1 + v2)−5/4uv2∂u

)
ψ

− 3

2
(1 + v2)−7/4vϕ2 + 3(1 + v2)−7/4vψ2
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= − 3

2
(1 + v2)−1uv∂ϕ+

(
(1 + v2)−3/4 − 9

4
(1 + v2)−5/4u2v2

)
∂ψ

+

(
3

2
(1 + v2)−1v∂u− 3

4
(1 + v2)−2(2− 5v2)u∂v

)
ϕ

−
(
6(1 + v2)−7/4v∂v +

9

2
(1 + v2)−9/4u2v(1− v2)∂v +

9

4
(1 + v2)−5/4uv2∂u

)
ψ

− 3

2
(1 + v2)−7/4vϕ2 + 3(1 + v2)−7/4vψ2 (8.15)

(8.10) t

∂tψ = ∂∂tv − ∂(w+ + w−)

= ∂

(
∂u+

3

2
(1 + v2)−1uvψ

)
+ (1 + v2)−3/4∂(w+ − w−)− 3

2
(1 + v2)−7/4v(w+ + w−)(w+ − w−)

= ∂2u+
3

2
(1 + v2)−1uv∂ψ +

3

2
∂
(
(1 + v2)−1uv

)
ψ

+ (1 + v2)−3/4∂
(
ϕ− (1 + v2)3/4∂u

)− 3

2
(1 + v2)−7/4v(∂v − ψ)

(
ϕ− (1 + v2)3/4∂u

)
=

3

2
(1 + v2)−1uv∂ψ + (1 + v2)−3/4∂ϕ+

3

2
∂
(
(1 + v2)−1uv

)
ψ

− (1 + v2)−3/4∂
(
(1 + v2)3/4

)
∂u

− 3

2
(1 + v2)−7/4v

(
∂vϕ− (1 + v2)3/4∂v∂u− ψϕ+ (1 + v2)3/4∂uψ

)
= (1 + v2)−3/4∂ϕ+

3

2
(1 + v2)−1uv∂ψ − 3

2
(1 + v2)−7/4v∂vϕ

+
3

2

(
∂
(
(1 + v2)−1uv

)− (1 + v2)−1v∂u
)
ψ +

3

2
(1 + v2)−7/4vϕψ

= (1 + v2)−3/4∂ϕ+
3

2
(1 + v2)−1uv∂ψ − 3

2
(1 + v2)−7/4v∂vϕ

+
3

2
(1 + v2)−2(1− v2)u∂vψ +

3

2
(1 + v2)−7/4vϕψ (8.16)

(8.15) (8.16)

∂tϕ = − 3

2
(1 + v2)−1uv∂ϕ+

(
(1 + v2)−3/4 − 9

4
(1 + v2)−5/4u2v2

)
∂ψ

+ γ1
1ϕ+ γ1

2ψ + γ1
3ϕ

2 + γ1
4ψ

2, (8.17)

∂tψ = (1 + v2)−3/4∂ϕ+
3

2
(1 + v2)−1uv∂ψ

+ γ2
1ϕ+ γ2

2ψ + γ2
3ϕψ (8.18)
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γ1
1 =

3

2
(1 + v2)−1v∂u− 3

4
(1 + v2)−2(2− 5v2)u∂v,

γ1
2 = −6(1 + v2)−7/4v∂v − 9

2
(1 + v2)−9/4u2v(1− v2)∂v − 9

4
(1 + v2)−5/4uv2∂u,

γ1
3 = −3

2
(1 + v2)−7/4v,

γ1
4 = 3(1 + v2)−7/4v,

γ2
1 = −3

2
(1 + v2)−7/4v∂v,

γ2
2 =

3

2
(1 + v2)−2(1− v2)u∂v,

γ2
3 =

3

2
(1 + v2)−7/4v

(8.17) (8.18) (ϕ, ψ)(
ϕ

ψ

)
: I × R � (t, x) �−→

(
ϕ(t, x)

ψ(t, x)

)
∈ R

2

(8.17)-(8.18)

∂t

(
ϕ

ψ

)
+ A(u, v)∂

(
ϕ

ψ

)
= F (ϕ, ψ), (8.19)

A(u, v) =

(
3
2
(1 + v2)−1uv 9

4
(1 + v2)−5/4u2v2 − (1 + v2)−3/4

−(1 + v2)−3/4 −3
2
(1 + v2)−1uv

)
,

F (ϕ, ψ) =

(
γ1
1ϕ+ γ1

2ψ + γ1
3ϕ

2 + γ1
4ψ

2

γ2
1ϕ+ γ2

2ψ + γ2
3ϕψ

)

(8.19)

A(u, v) A(U) λ± = ±(1 + v2)−3/4

det (λI − A(u, v)) = det

(
λ− 3

2
(1 + v2)−1uv (1 + v2)−3/4 − 9

4
(1 + v2)−5/4u2v2

(1 + v2)−3/4 λ+ 3
2
(1 + v2)−1uv

)

=

(
λ2 − 9

4
(1 + v2)−2u2v2

)
−

(
(1 + v2)−3/2 − 9

4
(1 + v2)−2u2v2

)
= λ2 − (1 + v2)−3/2

e±(u, v)

e±(u, v) =
(∓1− 3

2
(1 + v2)−1/4uv

1

)
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A(u, v)e±(u, v) =
( 3

2
(1 + v2)−1uv 9

4
(1 + v2)−5/4u2v2 − (1 + v2)−3/4

−(1 + v2)−3/4 −3
2
(1 + v2)−1uv

)(∓1− 3
2
(1 + v2)−1/4uv

1

)

=

(∓3
2
(1 + v2)−1uv − 9

4
(1 + v2)−5/4u2v2 + 9

4
(1 + v2)−5/4u2v2 − (1 + v2)−3/4

±(1 + v2)−3/4 + 3
2
(1 + v2)−1uv − 3

2
(1 + v2)−1uv

)

=

(∓3
2
(1 + v2)−1uv − (1 + v2)−3/4

±(1 + v2)−3/4

)

= ±(1 + v2)−3/4

(∓1− 3
2
(1 + v2)−1/4uv

1

)
= λ±e±(u, v)

Re±(u, v) R
2 =

⊕
±

Re±(u, v)(
ϕ

ψ

)
ϕ±

(
ϕ

ψ

)
=

∑
±

ϕ±e±(u, v) =
(−(ϕ+ − ϕ−)− 3

2
(1 + v2)−1/4uv(ϕ+ + ϕ−)
ϕ+ + ϕ−

)

{
ϕ = −(ϕ+ − ϕ−)− 3

2
(1 + v2)−1/4uv(ϕ+ + ϕ−)

ψ = ϕ+ + ϕ−

⇐⇒
{

ϕ+ − ϕ− = −ϕ− 3
2
(1 + v2)−1/4uvψ

ϕ+ + ϕ− = ψ

⇐⇒
{

ϕ+ = −1
2
ϕ+ 1

2

(
1− 3

2
(1 + v2)−1/4uv

)
ψ

ϕ− = 1
2
ϕ+ 1

2

(
1 + 3

2
(1 + v2)−1/4uv

)
ψ

δ±

δ± := 1± 3

2
(1 + v2)−1/4uv

{
ϕ = −δ−ϕ+ + δ+ϕ−
ψ = ϕ+ + ϕ−

⇐⇒ ϕ± = ∓1

2
ϕ+

1

2
δ∓ψ
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(∂t + λ±∂)ϕ±

=
1

2
(∂t + λ±∂)(∓ϕ+ δ∓ψ)

= ∓ 1

2
∂tϕ+

1

2
δ∓∂tψ ∓ 3

4
∂t
(
(1 + v2)−1/4uv

)
ψ

− 1

2
λ+

(
∂ϕ∓ δ∓∂ψ +

3

2
∂
(
(1 + v2)−1/4uv

)
ψ

)
= ∓ 1

2

(
− 3

2
(1 + v2)−1uv∂ϕ+

(
(1 + v2)−3/4 − 9

4
(1 + v2)−5/4u2v2

)
∂ψ

+ γ1
1ϕ+ γ1

2ψ + γ1
3ϕ

2 + γ1
4ψ

2

)
+

1

2
δ∓

(
(1 + v2)−3/4∂ϕ+

3

2
(1 + v2)−1uv∂ψ + γ2

1ϕ+ γ2
2ψ + γ2

3ϕψ

)
− 3

4

(±∂t
(
(1 + v2)−1/4uv

)
+ (1 + v2)−3/4∂

(
(1 + v2)−1/4uv

))
ψ

− λ+∂ψ ± 1

2
λ+δ∓∂ψ

=
1

2

(
±3

2
(1 + v2)−1uv + δ∓(1 + v2)−3/4 − λ+

)
∂ϕ

∓ 1

2

(
(1 + v2)−3/4 − 9

4
(1 + v2)−5/4u2v2 ∓ 3

2
δ∓(1 + v2)−1uv − λ+δ∓

)
∂ψ

+
1

2
(∓γ1

1 + δ∓γ2
1)ϕ

+
1

2

(
∓γ1

2 + δ∓γ2
2 ∓

3

2
∂t
(
(1 + v2)−1/4uv

)− 3

2
(1 + v2)−3/4∂

(
3

2
(1 + v2)−1/4uv

))
ψ

∓ 1

2
γ1
3ϕ

2 ∓ 1

2
γ1
4ψ

2 +
1

2
δ∓γ2

3ϕψ

=
1

2
(∓γ1

1 + δ∓γ2
1)ϕ

+
1

2

(
∓ γ1

2 + δ∓γ2
2 ∓

3

4
(1 + v2)−5/4(2 + v2)u∂u∓ 3

2
(1 + v2)−7/4v∂v ± 9

4
(1 + v2)−2uv2ϕ

∓ 9

4
(1 + v2)−9/4(1− v2)u2vψ − 3

4
(1 + v2)−2(2 + v2)u∂v − 3

2
(1 + v2)−1v∂u

)
ψ

∓ 1

2
γ1
3ϕ

2 ∓ 1

2
γ1
4ψ

2 +
1

2
δ∓γ2

3ϕψ

=
1

2
(∓γ1

1 + δ∓γ2
1)ϕ

+
1

2

(
∓ γ1

2 + δ∓γ2
2 ∓

3

4
(1 + v2)−5/4(2 + v2)u∂u∓ 3

2
(1 + v2)−7/4v∂v − 3

4
(1 + v2)−2(2 + v2)u∂v

− 3

2
(1 + v2)−1v∂u

)
ψ

∓ 1

2
γ1
3ϕ

2 ∓ 1

2

(
γ1
4 +

9

4
(1 + v2)−9/4(1− v2)u2v

)
ψ2 +

1

2

(
δ∓γ2

3 +
9

4
(1 + v2)−2uv2

)
ϕψ
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=
1

2
(∓γ1

1 + δ∓γ2
1)(−δ−ϕ+ + δ+ϕ−)

+

(
∓ 1

2
γ2
1 +

1

2
δ∓γ2

2 ∓
3

8
(1 + v2)−5/4(2 + v2)u∂u∓ 3

4
(1 + v2)−7/4v∂v

− 3

8
(1 + v2)−2(2 + v2)u∂v − 3

4
(1 + v2)−1v∂u

)
(ϕ+ + ϕ−)

∓ 1

2
γ1
3(−δ−ϕ+ + δ+ϕ−)2 ∓ 1

2

(
γ1
4 +

9

4
(1 + v2)−9/4(1− v2)u2v

)
(ϕ+ + ϕ−)2

+
1

2

(
δ∓γ2

3 ±
9

4
(1 + v2)−2uv2

)
(−δ−ϕ+ + δ+ϕ−)(ϕ+ + ϕ−)

(∂t + λ±∂)ϕ± = γ±
1 ϕ+ + γ±

2 ϕ− + γ±
11ϕ

2
+ + γ±

22ϕ
2
− + γ±

12ϕ+ϕ−

γ±
1 =± 1

2
(γ1

1 ± γ2
1δ∓)δ− ∓ 1

2
(γ1

2 ∓ γ2
2δ∓)∓

3

8
(1 + v2)−5/4(2 + v2)u∂u

∓ 3

4
(1 + v2)−7/4v∂v − 3

8
(1 + v2)−2(2 + v2)u∂v − 3

4
(1 + v2)−1v∂u,

γ±
2 =∓ 1

2
(γ1

1 ± γ2
1δ∓)δ+ ∓ 1

2
(γ1

2 ∓ γ2
2δ∓)∓

3

8
(1 + v2)−5/4(2 + v2)u∂u

∓ 3

4
(1 + v2)−7/4v∂v − 3

8
(1 + v2)−2(2 + v2)u∂v − 3

4
(1 + v2)−1v∂u,

γ±
11 =∓ 1

2
γ1
3δ

2
− ± 1

2
γ1
4 −

1

2
γ2
3δ∓δ− ∓ 9

8
(1 + v2)−9/4(1− v2)u2v ∓ 9

8
(1 + v2)−2uv2δ−,

γ±
22 =∓ 1

2
γ1
3δ

2
+ ∓ 1

2
γ1
4 +

1

2
γ2
3δ∓δ+ ∓ 9

8
(1 + v2)−9/4(1− v2)u2v ± 9

8
(1 + v2)−2uv2δ+,

γ±
12 =± γ1

3δ+δ− ∓ γ1
4 +

1

2
γ2
3δ∓(δ+ − δ−)∓ 9

8
(1 + v2)−9/4(1− v2)u2v

± 9

8
(1 + v2)−2uv2(δ+ − δ−)

s ∈ R 0 < s < T ∗
+ a, b ∈ R b − a > 2s

ξ± : [0, s] � t �→ ξ±(t) ∈ R{
ξ̇+(t) = −(1 + v(t, ξ+(t))

2)−3/4, t ∈ [0, s]

ξ+(0) = b

{
ξ̇−(t) = (1 + v(t, ξ−(t))2)−3/4, t ∈ [0, s]

ξ−(0) = a

t ∈ [0, s] ξ̇+(t) ≥ −1 ξ̇−(t) ≤ 1

ξ+(t) ≥ ξ+(0)− t = b− t

ξ−(t) ≤ ξ−(0) + t = a+ t
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b− a > 2s t ∈ [0, s]

ξ−(t) ≤ a+ t < b− t ≤ ξ+(t)

C1 Ds

Ds := {(t, x) ∈ (0, s)× R; ξ−(t) < x < ξ+(t)}

ϕ±(dx− λ±dt)

d(ϕ±(dx− λ±dt))

= (∂tϕ±dt+ ∂ϕ±dx) ∧ (dx− λ±dt)− ϕ±dλ± ∧ dt

= (∂tϕ± + λ±∂ϕ±)dt ∧ dx− ϕ±(∂tλ±dt+ ∂λ±dx) ∧ dt

=(∂tϕ± + λ±∂ϕ± + ϕ±∂λ±) dt ∧ dx

= ψ± dt ∧ dx,

ψ+ =

(
γ+
1 − 3

2
(1 + v2)−7/4v∂v

)
ϕ+ + γ+

2 ϕ− + γ+
11ϕ

2
+ + γ+

22ϕ
2
− + γ+

12ϕ+ϕ−,

ψ− = γ−
1 ϕ+ +

(
γ−
2 +

3

2

(
1 + v2

)−7/4
v∂v

)
ϕ− + γ−

11ϕ
2
+ + γ−

22ϕ
2
− + γ−

12ϕ+ϕ−

ε > 0 ϕ±(dx− λ±dt) (|ϕ±|2 + ε2)1/2(dx− λ±dt)

d
(
(|ϕ±|2 + ε2)1/2(dx− λ±dt)

)
=
(
(|ϕ±|2 + ε2)−1/2ϕ±(∂tϕ± + λ±∂ϕ) + (|ϕ±|2 + ε2)1/2∂λ±

)
dt ∧ dx

= ψε
± dt ∧ dx,

ψε
+ =(|ϕ+|2 + ε2)−1/2ϕ+(γ

+
1 ϕ+ + γ+

2 ϕ− + γ+
11ϕ

2
+ + γ+

22ϕ
2
− + γ+

12ϕ+ϕ−)

− 3

2
(1 + v2)−7/4v∂v(|ϕ+|2 + ε2)1/2,

ψε
− =(|ϕ−|2 + ε2)−1/2ϕ−(γ−

1 ϕ+ + γ−
2 ϕ− + γ−

11ϕ
2
+ + γ−

22ϕ
2
− + γ−

12ϕ+ϕ−)

+
3

2
(1 + v2)−7/4v∂v(|ϕ−|2 + ε2)1/2
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0 < s0 < T ∗
+ s0 s ∈ (0, s0)

M(s) :=
∑
±

M±(s), Mε(s) :=
∑
±

M±
ε (s),

M±(s) :=
∫
Ds

|ϕ±|

=

∫ s

0

(∫ ξ+(s)

ξ−(s)

|ϕ±(t, x)|dx
)
dt,

M±
ε (s) :=

∫
Ds

(|ϕ±|2 + ε2
)1/2

=

∫ s

0

(∫ ξ+(s)

ξ−(s)

(|ϕ±(t, x)|2 + ε2
)1/2

dx

)
dt

(8.4)0 ϕ(0) = ψ(0) ϕ±(0) = 0∫ ξ+(0)

ξ−(0)

(|ϕ±(0)|2 + ε2
)1/2

=

∫ b

a

ε = (b− a)ε

t ∈ (0, s)

ξ̇±(t)− λ∓(t, ξ±(t)) = 0,

∓
(
ξ̇±(t)− λ± (t, ξ±(t))

)
= 2λ+(t, ξ±(t)) ≥ 0

M±
ε : (0, s0) � s �→ M±

ε (s) ∈ R
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0 ≤ Ṁ+
ε (s) =

∫ ξ+(s)

ξ−(s)

(|ϕ+(s, x)|2 + ε2
)1/2

dx

= (b− a)ε−
∫ ξ+(0)

ξ−(0)

(|ϕ+(0, x)|2 + ε2
)1/2

dx

+

∫ s

0

(|ϕ+(t, ξ−(t))|2 + ε2
)1/2 (

ξ̇−(t)− λ+(t, ξ−(t))
)
dt

+

∫ ξ+(s)

ξ−(s)

(|ϕ+(s, x)|2 + ε2
)1/2

dx

≤ (b− a)ε−
∫ ξ+(0)

ξ−(0)

(|ϕ+(0, x)|2 + ε2
)1/2

dx

+

∫ s

0

(|ϕ+(t, ξ−(t))|2 + ε2
)1/2 (

ξ̇−(t)− λ+(t, ξ−(t))
)
dt

+

∫ ξ+(s)

ξ−(s)

(|ϕ+(s, x)|2 + ε2
)1/2

dx

−
∫ s

0

(|ϕ+(t, ξ+(t))|2 + ε2
)1/2 (

ξ̇+(t)− λ+(t, ξ+(t))
)
dt

= (b− a)ε+

∫
∂Ds

(|ϕ+|2 + ε2)1/2(dx− λ+dt)

= (b− a)ε+

∫
Ds

d
(
(|ϕ+|2 + ε2)1/2(dx− λ+dt)

)
= (b− a)ε+

∫
Ds

ψε
+ ≤ (b− a)ε+

∫
Ds

|ψε
+|

0 ≤ Ṁ−
ε (s) =

∫ ξ+(s)

ξ−(s)

(|ϕ−(s, x)|2 + ε2
)1/2

dx

= (b− a)ε−
∫ ξ+(0)

ξ−(0)

(|ϕ−(0, x)|2 + ε2
)1/2

dx

+

∫ ξ+(s)

ξ−(s)

(|ϕ−(s, x)|2 + ε2
)1/2

dx

−
∫ s

0

(|ϕ−(t, ξ+(t))|2 + ε2
)1/2 (

ξ̇+(t)− λ−(t, ξ+(t))
)
dt

≤ (b− a)ε−
∫ ξ+(0)

ξ−(0)

(|ϕ−(0, x)|2 + ε2
)1/2

dx

+

∫ s

0

(|ϕ−(t, ξ−(t))|2 + ε2
)1/2 (

ξ̇−(t)− λ−(t, ξ−(t))
)
dt

+

∫ ξ+(s)

ξ−(s)

(|ϕ−(s, x)|2 + ε2
)1/2

dx

−
∫ s

0

(|ϕ−(t, ξ+(t))|2 + ε2
)1/2 (

ξ̇+(t)− λ−(t, ξ+(t))
)
dt
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= (b− a)ε+

∫
∂Ds

(|ϕ−|2 + ε2)1/2(dx− λ−dt)

= (b− a)ε+

∫
Ds

d
(
(|ϕ−|2 + ε2)1/2(dx− λ−dt)

)
= (b− a)ε+

∫
Ds

ψε
− ≤ (b− a)ε+

∫
Ds

|ψε
−|

M±
ε [0, s]

0 ≤ M±
ε (s) ≤ (b− a)εs+

∫ s

0

(∫
Dσ

ψε
±

)
dσ

ε ↓ 0

0 ≤ M±(s) ≤
∫ s

0

(∫
Dσ

ψ±

)
dσ

ψ±
|ψ±| ≤ Cs0 |ϕ±|

Cs0∑
±
(‖v±;L∞ (

0, s0;W
1
∞)‖ ∨ ‖w±;L∞(0, s0;W

1
∞)

)

M±(s) ≤ Cs0

∫ s

0

M±(σ)dσ

s ∈ (0, s0) M±(s) = 0

s0 b− a > 2s0 a, b ∈ R [0, T ∗
+]

M± = 0 ⇔ ϕ± ⇔ ϕ = ψ = 0

(HS)

W 2
∞

(u0, v0) ∈ (C2 ∩W 2
∞)(R;R2) (HS)

(u(0), v(0)) = (u0, v0)

(u, v) ∈ C
(
(T ∗

−, T
∗
+); (C

2 ∩W 2
∞)(R;R2)

) ∩ C1
(
(T ∗

−, T
∗
+); (C

1 ∩W 1
∞)(R;R2)

)
(T ∗

−, T
∗
+) 0
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• T ∗
+<+∞

lim
t↑T ∗

+

∑
±

(∥∥∥v(t)± (
1 + v(t)2

)3/4
u(t);W 1

∞
∥∥∥ ∨

∥∥∥∂v(t)± (
1 + v(t)2

)3/4
∂u(t);W 1

∞
∥∥∥) = +∞

• T ∗
−>−∞

lim
t↓T ∗

−

∑
±

(∥∥∥v(t)± (
1 + v(t)2

)3/4
u(t);W 1

∞
∥∥∥ ∨

∥∥∥∂v(t)± (
1 + v(t)2

)3/4
∂u(t);W 1

∞
∥∥∥) = +∞

L. Hörmander, “Lectures on Nonlinear Hyperbolic Differential Equations,” Springer, 1997

T. Kato, Nonlinear Schrödinger equations, in “Schrödinger Operators (Eds. A. Jensen

and H. Holden), ” 218-263, Lecture Notes in Phys., 345, Springer, 1989.

, ,

http://www.ozawa.phys.waseda.ac.jp/pdf/1d longitudinal wave.pdf
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