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I = [a, b] ⊂ R f : I → R

(1) f

(2) f

(3) f I

(Pn;n ∈ Z>0) ‖f − Pn‖∞ = sup{|f(x)− Pn(x)|; x ∈ I} → 0(n → ∞)

(4) f I

(Qn;n ∈ Z>0) ‖f −
n∑

j=1

Qj‖∞ = sup{|f(x) −
n∑

j=1

Qj(x)|; x ∈ I} → 0(n → ∞)

(4) f I c an(x− c)n
∞∑
n=0

an(x − c)n

f IntI C∞

(1) ⇔ (2)

(3) ⇒ (1) (4) ⇒ (3)

Q1 = P1, Qj = Pj − Pj−1(j ≥ 2) (3) ⇒ (4) (2) ⇒ (3)

ε > 0 δ > 0 |x−y| < δ x, y ∈ I |f(x)−f(y)| < ε

0 < |Δ| ≡ max
1≤j≤m

(xj − xj−1) < δ I Δ : a = x0 < x1 < · · · < xm = b

Ij = [xj−1, xj],

fm(x) = f(a) +
m−1∑
j=0

(dj − dj−1)max(x− xj, 0), x ∈ I,

dj = (f(xj+1)− f(xj))/(xj+1 − xj), j ≥ 0; d−1 = 0
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x ∈ Ik

fm(x) = f(a) +
k−1∑
j=0

(dj − dj−1)(x− xj)

= f(a) +
k−1∑
j=0

dj(x− xj)−
k−2∑
j=0

dj(x− xj+1)

= f(a) +
k−2∑
j=0

dj(xj+1 − xj) + dk−1(x− xk−1)

= f(x0) +
k−2∑
j=0

(f(xj+1)− f(xj)) + dk−1(x− xk−1)

= f(xk−1) +
f(xk)− f(xk−1)

xk − xk−1

(x− xk−1)

x ∈ Ik

f(x)− fm(x) = f(x)−
[
x− xk−1

xk − xk−1

f(xk) +
xk − x

xk − xk−1

f(xk−1)

]

=
x− xk−1

xk − xk−1

(f(x)− f(xk)) +
xk − x

xk − xk−1

(f(x)− f(xk−1))

|f(x)− fm(x)| ≤ sup
0≤θ≤1

(θ|f(x)− f(xk)|+ (1− θ)|f(x)− f(xk−1)|)

≤ sup
0≤θ≤1

(θ sup
ξ,η∈Ik

|f(ξ)− f(η)|+ (1− θ) sup
ξ,η∈Ik

|f(ξ)− f(η)|)

= sup
ξ,η∈Ik

|f(ξ)− f(η)|

‖f − fm‖∞ = max
1≤k≤m

sup
x∈Ik

|f(x)− fm(x)|

≤ max
1≤k≤m

sup
ξ,η∈Ik

|f(ξ)− f(η)| ≤ ε

max(x− xj, 0) =
1

2
((x− xj) + |x− xj|)

j ‖τxj
| · | − Qn

j ‖∞ → 0(n → ∞) (Qn
j ;n ∈ Z>0)

τxj
|x| = |x− xj|, x ∈ I

Pn(x) = f(a) +
m−1∑
j=1

(dj − dj−1)
1

2
((x− xj) +Qn

j (x))

= fm(x) +
m−1∑
j=1

(dj − dj−1)(Q
n
j (x)− |x− xj|)
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Pn

‖f − Pn‖∞ ≤ ‖f − fm‖∞ +
m−1∑
j=1

|dj − dj−1‖Qn
j − τxj

| · |‖∞

lim sup
n→∞

‖f − Pn‖∞ ≤ ‖f − fm‖∞ ≤ ε

(2) ⇒ (3)

x �→ |x| [−1, 1]

(Pn;n ∈ Z>0)

‖| · | − Pn‖∞ = sup{||x| − Pn(x)| ; |x| ≤ 1} → 0(n → ∞)

Pn Qn
j (x) = (b − a)Pn

(x−xj

b−a

)
ξ =

x−xj

b−a

|ξ| ≤ 1 x = xj + (b− a)ξ

‖τxj
| · | −Qn

j ‖∞ =sup{||x− xj| −Qn
j (x)|; a ≤ x ≤ b}

≤ sup{||(b− a)ξ| −Qn
j (xj + (b− a)ξ)|; |ξ| ≤ 1}

= (b− a) sup{‖ξ| − Pn(ξ)|; |ξ| ≤ 1} → 0 (n → ∞)

|t| ≤ 1 t (1− t)1/2

(1− t)1/2 = 1−
∞∑
n=1

(2n− 3)!!

(2n)!!
tn = 1 +

∞∑
n=1

(
−1

2

)(
1

2

)
· · ·

(
2n− 3

2

)
tn

n!

an = (2n−3)!!
(2n)!!

an
an−1

= (2n−3)!!
(2n−5)!!

(2n−2)!!
(2n)!!

= 2n−3
2n

= 1− 3
2n

[−1, 1] t = 1− x2 [−1, 1]

|x| = 1−
∞∑
n=1

(2n− 3)!!

(2n)!!
(1− x2)n

[−1, 1]

(pn;n ∈ Z≥0) p0(x) = 0, n ≥ 1 pn(x) =

pn−1(x)+
1
2
(x−pn−1(x)

2) x ∈ [−1, 1] n ∈ Z≥0

0 ≤ |x| − pn(x
2) ≤ 2|x|

2 + n|x|
n n = 0

n− 1

0 ≤ |x| − pn−1(x
2) ≤ 2|x|

2 + (n− 1)|x|
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|x| − pn(x
2) = |x| − pn−1(x

2)− 1

2
(x2 − pn−1(x

2)2)

= (|x| − pn−1(x
2))(1− 1

2
(|x|+ pn−1(x

2)))

= (|x| − pn−1(x
2))(1− |x|+ 1

2
(|x| − pn−1(x

2)))

|x| −
pn(x

2) ≥ 0

|x| − pn(x
2) ≤ 2|x|

2 + (n− 1)|x| ·
(
1− |x|+ |x|

2 + (n− 1)|x|
)

=
2|x|

2 + (n− 1)|x| ·
2 + (n− 2)|x| − (n− 1)x2

2 + (n− 1)|x|

≤ 2|x|(2 + (n− 2)|x|)
(2 + (n− 1)|x|)2 ≤ 2|x|(2 + (n− 2)|x|)

(2 + (n− 1)|x|)2 − |x|2 =
2|x|

2 + n|x|
Pn(x) = pn(x

2) ‖| · | −Pn‖∞ ≤ 2/n

(pn;n ∈ Z≥0) [0, 1]  x �→ √
x ∈ R (Φ(p))(x) =

p(x) + 1
2
(x− p(x)2)

Φ : C([0, 1];R) → C([0, 1];R)

x �→ √
x

Kuhn Pn(x) = x
(
1− 2(1− (

x+1
2

)2n)
(1 + x)n ≥ 1 + nx(x ≥ −1, n ∈ Z>0)

Qn(x) = (1− xn)2
n

x ∈ (0, 1]

|x| − Pn(x) = x− Pn(x) = x

(
1−

(
1− 2Qn

(
x+ 1

2

)))
= 2xQn

(
x+ 1

2

)
≥ 0

‖x| − Pn(x)| = 2xQn

(
x+ 1

2

)

x ∈ [−1, 0)

|x|−Pn(x) = −x−Pn(x) = −x

(
1 +

(
1− 2Qn

(
x+ 1

2

)))
= 2|x|

(
1−Qn

(
x+ 1

2

))
≥ 0
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‖x| − Pn(x)| = 2|x|
(
1− 2Qn

(
x+ 1

2

))

0 < δ < 1 δ x ∈ [−1,−δ] 0 ≤ (
x+1
2

)n ≤ (
1−δ
2

)n

1 ≥ Qn

(
x+ 1

2

)
=

(
1−

(
x+ 1

2

)n)2n

≥ 1− 2n
(
x+ 1

2

)n

≥ 1− (1− δ)n

sup{||x| − Pn(x)|; x ∈ [−1, δ]} = sup{2|x|
(
1−Qn

(
x+ 1

2

))
; x ∈ [−1,−δ]}

≤ 2(1− δ)n

x ∈ [δ, 1]

0 ≤ Qn

(
1 + x

2

)
=

1

(1 + x)n

(
1−

(
1 + x

2

)n)2n

(1 + x)n

≤ 1

(1 + x)n

(
1−

(
1 + x

2

)n)2n (
1 + 2n

(
1 + x

2

)n)

≤ 1

(1 + x)n

(
1−

(
1 + x

2

)n)2n (
1 +

(
1 + x

2

)n)2n

≤ 1

(1 + x)n

(
1−

(
1 + x

2

)2n
)2n

≤ 1

(1 + x)n
≤ 1

(1 + δ)n

sup{||x| − Pn(x)|; x ∈ [δ, 1]} = sup{2xQn

(
1 + x

2

)
; x ∈ [δ, 1]}

≤ 2(1 + δ)−n

sup{||x| − Pn(x)|; x ∈ [0, δ]} = sup{2xQn

(
1 + x

2

)
; x ∈ [0, δ]} ≤ 2δ,

sup{||x| − Pn(x)|; x ∈ [−δ, 0]} = sup{2|x|
(
1−Qn

(
1 + x

2

))
; x ∈ [−δ, 0]} ≤ 2δ

‖| · | − Pn‖∞ ≤ 4δ + 2(1− δ)n + 2(1 + δ)−n

lim sup
n→∞

‖| · | − Pn‖∞ ≤ 4δ

δ > 0
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f ∈ C([0, 1];R) n Bn(f)

(Bn(f))(x) =
n∑

k=0

f

(
k

n

)(
n

k

)
xk(1− x)n−k

I = [0, 1]

f ∈ C(I;R) (Bn(f);n ∈ Z≥0) I

‖f − Bn(f)‖∞ = sup{|f(x)− (Bn(f))(x)|; x ∈ I} → 0 (n → ∞)

(1)
n∑

k=0

(
n

k

)
xk(1− x)n−k = 1

(2)
n∑

k=0

k

(
n

k

)
xk(1− x)n−k = nx

(3)
n∑

k=0

k2

(
n

k

)
xk(1− x)n−k = n(n− 1)x2 + nx

(1) x 1 − x
n∑

k=0

(
n

k

)
xk(1 − x)n−k =

(x+ (1− x))n = 1 (2)

n∑
k=0

k

(
n

k

)
xk(1− x)n−k =

n∑
k=1

k

(
n

k

)
xk(1− x)n−k =

n∑
k=1

k
n!

k!(n− k)!
xk(1− x)n−k

=
n∑

k=1

n · (n− 1)!

(k − 1)!(n− k)!
xk(1− x)n−k = nx

n∑
k=1

(n− 1)!

(k − 1)!(n− k)!
xk−1(1− x)n−k

= nx

n∑
k=1

(
n− 1

k − 1

)
xk−1(1− x)n−1−(k−1) = nx

n−1∑
k=0

(
n− 1

k

)
xk(1− x)n−1−k

= nx(x+ (1− x))n−1 = nx

6



n∑
k=0

k(k − 1)

(
n

k

)
xk(1− x)n−k =

n∑
k=2

k(k − 1)

(
n

k

)
xk(1− x)n−k

=
n∑

k=2

k(k − 1)
n!

k!(n− k)!
xk(1− x)n−k = n(n− 1)x2

n∑
k=2

(n− 2)!

(k − 2)!(n− k)!
xk−n(1− x)n−k

= n(n− 1)x2

n∑
k=2

(
n− 2

k − 2

)
xk−2(1− x)n−2−(k−2) = n(n− 1)x2

n−2∑
k=0

(
n− 2

k

)
xk(1− x)n−2−k

= n(n− 1)x2(x+ (1− x))n−2 = n(n− 1)x2

(2) (3)

t ∈ R

(xet + (1− x))n =
n∑

k=0

(
n

k

)
ektxk(1− x)n−k

t

nxet(xet + (1− x))n−1 =
n∑

k=0

k

(
n

k

)
ektxk(1− x)n−k

n(n− 1)x2e2t(xet + (1− x))n−2 + nxet(xet + (1− x))n−1 =
n∑

k=0

k2

(
n

k

)
ektxk(1− x)n−k

t = 0

0 < δ < 1 δ

|f(x)− (Bn(f))(x)| =
∣∣∣∣∣

n∑
k=0

(
f(x)− f

(
k

n

))(
n

k

)
xk(1− x)n−k

∣∣∣∣∣
≤

n∑
k=0

∣∣∣∣f(x)− f

(
k

n

)∣∣∣∣
(
n

k

)
xk(1− x)n−k

=
( ∑

0≤k≤n
|x−k/n|<δ

+
∑

0≤k≤n
|x−k/n|≥δ

) ∣∣∣∣f(x)− f

(
k

n

)∣∣∣∣
(
n

k

)
xk(1− x)n−k

∑
|x−k/n|<δ

sup{|f(ξ)− f(η)|; ξ, η ∈ I, |ξ − η| < δ}
(
n

k

)
xk(1− x)n−k

≤ sup{|f(ξ)− f(η)|; ξ, η ∈ I, |ξ − η| < δ}
n∑

k=0

(
n

k

)
xk(1− x)n−k

=sup{|f(ξ)− f(η)|; ξ, η ∈ I, |ξ − η| < δ}
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2‖f‖∞
∑

|x−k/n|≥δ

(
n

k

)
xk(1− x)n−k

≤ 2‖f‖∞
n2δ2

∑
|nx−k|≥nδ

(nx− k)2
(
n

k

)
xk(1− x)n−k

n∑
k=0

(nx− x)2
(
n

k

)
xk(1− x)n−k

=n2x2

n∑
k=0

(
n

k

)
xk(1− x)n−k − 2nx

n∑
k=0

k

(
n

k

)
xk(1− x)n−k +

n∑
k=0

k2

(
n

k

)
xk(1− x)n−k

=n2x2 − 2n2x2 + n(n− 1)x2 + nx = −nx2 + nx = n

(
1

4
−
(
x− 1

2

)2
)

≤ n

4

‖f − Bn(f)‖∞ ≤ sup{|f(ξ)− f(η)|; ξ, η ∈ I, |ξ − η| < δ}+ ‖f‖∞
2nδ2

lim sup
n→∞

‖f − Bn(f)‖∞ ≤ sup{|f(ξ)− f(η)|; ξ, η ∈ I, |ξ − η| < δ}

δ ↓ 0 f 2

f �→ Bn(f)

(B1) Bn : C([0, 1];R)  f �→ Bn(f) ∈ C([0, 1];R)

(B2) Bn

f ∈ C([0, 1];R), f ≥ 0 ⇒ Bn(f) ≥ 0

(B3) f ‖Bn(f)− f‖∞ → 0(n → ∞)

2 (B1)(B2) (B3) 3 ek(x) ≡ xk

Bn(ek) = ek, k = 0, 1

Bn(e2) =

(
1− 1

n

)
e2 +

1

n
e1

x ∈ I = [0, 1] dx(y) = |x − y| I  y �→ dx(y) ∈ R

dx ∈ C(I;R)
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I = [0, 1]

C(I;R) (Kn;n ∈ Z≥0)

(1) f ‖Kn(f)− f‖∞ → 0 (n → ∞)

(2) 0 ≤ k ≤ 2 k ‖Kn(ek)− ek‖∞ → 0 (n → ∞)

(3) sup{|(Kn(d
2
x))(x)|; x ∈ I} → 0 (n → ∞) ‖Kn(e0)− e0‖∞ → 0 (n → ∞)

(4) f ∈ C(I;R) ‖Kn(f)− f‖∞ → 0 (n → ∞)

(4) ⇒ (1) ⇔ (2) (2) ⇒ (3) ⇒ (4)

(2) ⇒ (3) dx(y)
2 = |x − y|2 = x2 − 2xy + y2 d2x = x2e0 − 2xe1 + e2

Kn

Kn(d
2
x) = x2Kn(e0)− 2xKn(e1) +Kn(e2)

(Kn(d
2
x))(y) = x2(Kn(e0))(y)− 2x(Kn(e1))(y) + (Kn(e2))(y)

(Kn(d
2
x))(x) = x2(Kn(e0))(x)− 2x(Kn(e1))(x) + (Kn(e2))(x)

= x2((Kn(e0))(x)− 1)− 2x((Kn(e1))(x)− x) + ((Kn(e2))(x)− x2)

= x2(Kn(e0)− e0)(x)− 2x(Kn(e1)− e1)(x) + ((Kn(e2)− e2)(x)

sup{|(Kn(d
2
x))(x)|; x ∈ I}

≤ ‖Kn(e0)− e0‖∞ + 2‖Kn(e1)− e1‖∞ + ‖Kn(e2)− e2‖∞

(3)

(3) ⇒ (4) |x− y| < δ x, y ∈ I

|f(x)− f(y)| ≤ sup{|f(ξ)− f(η)|; ξ, η ∈ I, |ξ − η| < δ}

|x− y| ≥ δ x, y ∈ I

|f(x)− f(y)| ≤ 2‖f‖∞ ≤ 2‖f‖∞
δ2

|x− y|2

x, y ∈ I

|f(x)− f(y)| ≤ sup{|f(ξ)− f(η)|; ξ, η ∈ I, |ξ − η| < δ}+ 2‖f‖∞
δ2

|x− y|2
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y x ∈ I

|f(x)e0 − f | ≤ sup{|f(ξ)− f(η)|; ξ, η ∈ I, |ξ − η| < δ}e0 + 2‖f‖∞
δ2

d2x

Kn

|(Kn(f))(y)− f(x)(Kn(e0))(y)|
= |(Kn(f − f(x)e0))(y)|
≤ (Kn(|f − f(x)e0|))(y)

≤ sup{|f(ξ)− f(η)|; ξ, η ∈ I, |ξ − η| < δ}Kn(e0)(Y ) +
2‖f‖∞
δ2

(Kn(d
2
x))(y)

‖(Kn(f)− f‖∞
≤ sup{|(Kn(f))(x)− f(x)(Kn(e0))(x)|; x ∈ I}

+ sup |f(x)(Kn(e0))(x)− f(x)e0(x)|; x ∈ I}

≤ sup{|f(ξ)− f(η)|; ξ, η ∈ I, |ξ − η| < δ}‖Kn(e0)‖∞ +
2‖f‖∞
δ2

sup{|(Kn(d
2
x))(x)|; x ∈ I}

+ ‖f‖∞‖Kn(e0)− e0‖∞
(3)

lim sup
n→∞

‖Kn(f)− f‖∞ ≤ sup{|f(ξ)− f(η)|; ξ, η ∈ I, |ξ − η| < δ}

f δ ↓ 0 (4)

Lomeĺı-Garćıa [0, 1]

d2x bounding function

X C(X;R) X

f ∈ C(X;R) X ×X

γ γ−1({0}) ⊂ Diag(f)

Diag(f) = {(x, y) ∈ X ×X; f(x) = f(y)}

f γ : X ×X → R x ∈ X γx ∈ C(X;R) γx(y) = γ(x, y)

X C(X : R)

(Ln;n ∈ Z≥0)
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(1) f ∈ C(X;R) γ ∈ C(X ×X;R)

sup{|(Ln(γx))(x)|; x ∈ X} → 0

‖Ln(1)− 1‖∞ → 0 (n → ∞)

1

(2) f ∈ C(X;R) ‖Ln(f)− f‖∞ → 0 (n → ∞)

4

Y α β Y β−1({0}) ⊂ α−1({0})
ε > 0 M(ε) > 0 α ≤ ε+M(ε)β

ε > 0 Vε ≡ α−1([0, ε)) = α−1((−ε, ε)) Y

Y \Vε β Y \Vε x0 ∈ Y \Vε

β(x0) = 0 α(x0) = 0 x0 ∈ Vε

β(x0) > 0 x ∈ Y \ Vε β(x) ≥ β(x0) > 0

x ∈ Y \Vε α(x) ≤ ‖α‖∞ ≤ (‖α‖∞/β(x0))β(x) x ∈ Vε

α(x) < ε ≤ ε+ β(x)

M(ε) = max(‖α‖∞/β(x0), 1) = max(‖α‖∞/min
x/∈Vε

β(x), 1)

(1) ⇒ (2) Y = X×X α α(x, y) =

|f(x)− f(y)| α−1({0}) = Diag(f) γ−1({0}) ⊂ Diag(f)

3 ε > 0 M(ε) > 0

(x, y) ∈ X ×X

|f(x)− f(y)| ≤ ε+M(ε)γ(x, y)

x ∈ X (Y )

|f(x) · 1− f | ≤ ε · 1 +M(ε)γx

Ln y ∈ X

|f(x)(Ln(1))(y)− (Ln(f))(y)| ≤ ε(Ln(1))(y) +M(ε)(Ln(γx))(y)

‖Ln(f)− f‖∞ ≤ sup{|(Ln(f))(x)− f(x)(Ln(1))(x)|; x ∈ X}
+ sup{|f(x)(Ln(1)− 1)(x)|; x ∈ X}
≤ ε‖Ln(1)− 1‖∞ + ε+M(ε) sup{|(Ln(γx))(x)|; x ∈ X}
+ ‖f‖∞‖Ln(1)− 1‖∞
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lim sup
n→∞

‖Ln(f)− f‖∞ ≤ ε

ε > 0 (2)

X C(X;R)

algebra

lattice

C(X;R) A

A ⇔
def

A

f, g ∈ A fg ∈ A

A ⇔
def

A

A f, g ∈ A

f ∨ g, f ∧ g ∈ A (f ∨ g)(x) = max(f(x), g(x)),

(f ∧ g)(x) = min(f(x), g(x))

A ⇔
def

x, y ∈ X

f ∈ A f(x) �= f(y)

A ⇔
def

x, y ∈ X α, β ∈ R

f ∈ A f(x) = α, f(y) = β

A ⇔
def

x, y ∈ X α, β ∈ R, ε > 0

f ∈ A |f(x)− α| < ε, |f(y)− β| < ε

X

C(X;R) A

(1) A C(X;R) Ā = C(X;R))

(2) A f ∈ C(X;R)

f ∈ C(X;R), x, y ∈ X, ε > 0 g ∈ A

|f(x)− g(x)| < ε, |f(y)− g(y)| < ε

(1) ⇒ (2): f ∈ C(X;R) g ∈ A ||f − g‖∞ < ε

(2)

12



(2) ⇒ (1): f ∈ C(X;R) ε > 0 x, y ∈ X

gx,y ∈ A |f(x)− gx,y(x)| < ε, |f(y)− gx,y(y)| < ε x ∈ X

Ux,y ≡ {ξ ∈ X; f(ξ)− gx,y(ξ) < ε} Ux,y = (f − gx,y)
−1((−∞, ε)) Ux,y y ∈ Ux,y

X (Ux,y; y ∈ X) X X

F (x) ⊂ X (Ux,y; y ∈ F (x)) X

gx = max{gx,y; y ∈ F (x)} gx ∈ A ξ ∈ X f(ξ)− gx(ξ) <

ε Ux ≡ {ξ ∈ X; f(ξ) − gx(ξ) > −ε} = (f − gx)
−1((−ε,∞))

f(x)− gx(x) = f(x)− max
y∈F (x)

gx,y(x) = − min
y∈F (x)

(f(x)− gx,y(x)) ≥ − min
y∈F (x)

|f(x)− gx,y(x)| > −ε

x ∈ Ux (Ux; x ∈ X) X X

F ⊂ X (Ux; x ∈ F ) X g = min{gx; x ∈ F} g ∈ A

ξ ∈ X −ε < f(ξ)− g(ξ) = f(ξ)−min
x∈F

gx(ξ) = max
x∈F

(f(ξ)− gx(ξ)) < ε

‖f − g‖∞ ≤ ε

C(X;R) A

(1) A

(2) A f ∈ C(X;R)

|f | = f+ − f−, f+ = f ∨ 0, f− = f ∧ 0

(1) ⇒ (2) f ∈ A 0 ∈ A (1) f± ∈ A

|f | ∈ A

(2) ⇒ (1) : − (f ∧ 0) = (−f) ∨ 0 |f | = (f ∨ 0) + ((−f) ∨ 0)

|f | ≥ f |f | ≥ −f |f | ≥ f ∨ (−f) f ∨ (−f) ≥ f,−f, 0

f ∨ (−f) ≥ f ∨ 0, (−f) ∨ 0 supp(f ∨ 0) ∩ supp((−f) ∨ 0) = ∅
f ∨ (−f) ≥ (f ∨ 0) + ((−f) ∨ 0) |f | = f ∨ (−f) |f − g| =
(f − g) ∨ (g − f), (f + g) + |f − g| = (f + g) + ((f − g) ∨ (g − f)) = 2(f ∨ g)

f ∨ g = 1
2
((f + g) + |f − g|) ∈ A f ∧ g = −((−f) ∨ (−g)) =

1
2
((−f − g) + | − f + g|) = 1

2
((f + g)− |f − g|) ∈ A

1 ∈ A A ⊂ C(X;R)

(1) A

(2) A

(3) A

13



(2) ⇒ (3) ⇒ (1) (1) ⇒ (2) x �= y

x, y ∈ X f ∈ A f(x) �= f(y) α, β ∈ R

g ∈ C(X;R)

g(ξ) =
(α− β)f(ξ)− αf(y) + βf(x)

f(x)− f(y)
, ξ ∈ X

A 1 g ∈ A g(x) = α, g(y) = β

X

C(X;R) A

(1) A C(X;R) Ā = C(X;R)

(2) A f ∈ C(X;R)

f ∈ C(X;R), x, y ∈ X, ε > 0 g ∈ A

|f(x)− g(x)| < ε, |f(y)− g(y)| < ε

(1) ⇒ (2) 5 (1) ⇒ (2)

(2) ⇒ (1) (2) A Ā Ā 5

(2) ⇒ (1) A C(X;R) Ā 6 Ā

f ∈ Ā ε > 0 1

sup{||x| − P (x)|; |x| ≤ 1} < ε/(||f ||∞ + 1) P : R → R

Q(f) ≡ ‖f‖∞P (f/‖f‖∞) ∈ Ā

‖|f | −Q(f)‖∞ =‖f‖∞‖|f/‖f‖∞| − P (f/‖f‖∞)‖∞
=‖f‖∞ sup{‖x| − P (x)|; |x| ≤ 1} < ε

|f | ∈ Ā

A ⊂ C(X;R)

7 A 8 Ā = C(X;R)

8 A A A

5

Brosowski Deutsch

4 x0 ∈ X U V ⊂ U x0 V

ε > 0 ϕε ∈ A

14



(i) x ∈ X 0 ≤ ϕε(x) ≤ 1

(ii) x ∈ V 0 ≤ ϕε(x) ≤ ε

(iii) x ∈ X\U 1− ε ≤ ϕε(x) ≤ 1

x ∈ X\U A fx ∈ A fx(x) �= fx(x0)

gx(ξ) = fx(ξ) − fx(x0), ξ ∈ X gx : X  ξ �→ gx(ξ) ∈ R A gx(x) �=
gx(x0) = 0 hx ≡ g2x/‖gx‖2∞ hx(x0) = 0, hx(x) > 0, 0 ≤ hx ≤ 1

A U(x) = {ξ ∈ X;hx(ξ) > 0} x ∈ U(x) = h−1
x ((0,∞))

(U(x) ∩ (X\U); x ∈ X\U) X\U X\U
{xj ∈ X\U ; 1 ≤ j ≤ m} X\U ⊂

n⋃
j=1

U(xj)

h = 1
m

m∑
j=1

hxj
h ∈ A 0 ≤ h ≤ 1, h(x0) = 0 ξ ∈ X\U

h(ξ) > 0 h X\U 0 < δ < 1

ξ ∈ X\U h(ξ) ≥ δ V = {ξ ∈ X;h(ξ) < δ/2} V

x0 ∈ V X\U ⊂ X\V V ⊂ U k = min{� ∈ Z; 1/δ < �}
k − 1 ≤ 1/δ < k k ≤ 1 + 1/δ < 2/δ kδ/2 < 1 < kδ

n ∈ Z>0 ψn : X → R

ψn(ξ) = (1− h(ξ)n)k
n

, ξ ∈ X

1, h ∈ A ψn ∈ A 0 ≤ h ≤ 1, h(x0) = 0 0 ≤ ψn ≤ 1, ψn(x0) = 1

ξ ∈ V 0 ≤ kh(ξ) ≤ kδ/2 < 1

sup{|1− ψn(ξ)|; ξ ∈ V } = sup{1− ψn(ξ); ξ ∈ V }
≤ sup{(kh(ξ))n; ξ ∈ V } ≤ (kδ/2)n → 0(n → ∞)

x ∈ X\U kh(ξ) ≥ kδ > 1

sup{|ψn(ξ)|; ξ ∈ X\U} = sup{ 1

(kh(ξ))n
ψn(ξ)(kh(ξ))

n; ξ ∈ X\U}

≤ sup{ 1

(kh(ξ))n
(1− h(ξ)n)k

n

(1 + (kh(ξ))n); ξ ∈ X\U}

≤(kδ)−n sup{(1− h(ξ)n)k
n

(1 + k(ξ))n)k
n

; ξ ∈ X\U}
≤(kδ)−n sup{(1− h(ξ)2n)k

n

; ξ ∈ X\U} ≤ (kδ)−n → 0(n → ∞)

ε > 0 (kδ)−n < ε n ϕε = 1− ψn 4

M N X 0 < ε < 1 ε

ψε ∈ A

15



(i) x ∈ X 0 ≤ ψε(x) ≤ 1

(ii) x ∈ M 1− ε < ψε(x) ≤ 1

(iii) x ∈ N 0 ≤ ψε(x) ≤ ε

U = X\M x ∈ N ⊂ X\M = U 4 x

V (x) ⊂ U (V (x); x ∈ N) N {xj ∈ N ; 1 ≤ j ≤ m}
N ⊂

m⋃
j=1

V (xj) 4 j ϕj ∈ A 0 ≤ εj ≤ 1, V (xj)

0 ≤ ϕj < ε/m,M = T\U 1 − ε/m < ϕj ≤ 1 ψε =
m∏
j=1

ϕj

ψε ∈ A N(⊂
m⋃
j=1

V (xj)) 0 ≤ ψε =
m∏
j=1

ϕj =
m∏
j=1

(ε/m) = ε M

ψε =
m∏
j=1

ϕj > (1− ε/m)m ≥ 1− ε

4 5 9 2 f ∈ C(X;R)

ε > 0 ε ε < 1/3

f ≥ 0 n ≥ ‖f‖∞
ε

+ 1 n j ∈ {0, 1, · · · , n}
Mj, Nj

Mj = {x ∈ X; f(x) ≥
(
j +

1

3

)
ε} = f−1

(
[

(
j +

1

3

)
ε, ∞)

)
,

Nj = {x ∈ X; f(x) ≤
(
j − 1

3

)
ε} = f−1

(
(−∞,

(
j − 1

3

)
ε]

)

Mj Nj X

M0 ⊃ M1 ⊃ · · · ⊃ Mn = ∅,

∅ = N0 ⊂ N1 ⊂ · · · · ⊂ Nn = X

5 j ψj ∈ A X 0 ≤ ψj ≤ 1, Mj

1 − ε
n
< ψj ≤ 1, Nj 0 ≤ ψj ≤ ε

n
g = ε

n∑
j=0

ψj x ∈ X

1 ≤ j ≤ n j xj ∈ Nj\Nj−1(
j − 4

3

)
ε =

(
(j − 1)− 1

3

)
ε < f(x) ≤

(
j − 1

3

)
ε,

0 ≤ max
j

ψj(x) ≤ ε

n

16



g(x) = ε

j−1∑
i=0

ψj(x) + ε
n∑

i=j

ψj(x) ≤ εj + ε(n− j + 1)
ε

n
≤ (j + ε)ε,

g(x)− f(x) ≤ (j + ε)ε−
(
j − 1

3

)
ε =

(
ε+

1

3

)
ε < ε

x ∈ Nj\Nj−1, j ≥ 1 f(x) > ((j − 1)− 1
3
)ε = (j − 4

3
)ε

j ≥ 2 x ∈
j−2⋃
i=0

Mi

g(x) = ε
n∑

i=0

ψi(x) ≥ ε

j−2∑
i=0

ψi(x) ≥ ε

j−2∑
i=0

(
1− ε

n

)
= (j − 1)

(
1− ε

n

)
ε

j = 1 0 x ∈ Nj\Nj−1

g(x) ≥ (j − 1)
(
1− ε

n

)
ε

x ∈ Nj

f(x)− g(x) ≤
(
j − 1

3

)
ε− (j − 1)

(
1− 2

n

)
ε =

(
2

3
+

j − 1

n
ε

)
ε <

(
2

3
+ ε

)
ε < ε

|f(x)− g(x)| < ε

x ∈ X

‖f − g‖∞ ≤ ε

f ∈ C(X;R) f + ‖f‖∞ g ∈ A

‖(f + ‖f‖∞)− g‖∞ < ε g − ‖f‖∞ ∈ A

9 R C

X = {z ∈ C; |z| ≤ 1} f : X  z �→ z̄ ∈ C (anj; j ∈ Jn)

Jn ⊂ Z≥0, �Jn < ∞, n ∈ Z≥0 pn(x) =
∑
j∈Jn

anjz
j (pn;n ∈ Z≥0)

f D = IntX = {z ∈ C; |z| < 1} (pn;n ∈ Z≥0)

17



D

π

2
= 2π

∫ 1

0

r3dr =

∫
X

(x2 + y2)dxdy =

∫
X

zz̄dxdy =

∫
X

ff̄

=

∫
X

(f − pn)f̄ +

∫
X

pnf̄ =

∫
X

(f − pn)f̄

≤ ‖f − pn‖∞
∫
X

|f | = ‖f − pn‖∞
∫
X

rdxdy = ‖f − pn‖∞ · 2π
∫ 1

0

r2dr

=
2π

3
‖f − pn‖∞

‖f − pn‖∞ ≥ 3/4∫
X

pnf̄ =

∫
X

pn(z)zdxdy =
∑
j∈Jn

anj

∫ 1

0

rj+1

∫ 2π

0

eijθeiθdθdr = 0

X C(X;C)

A

A ⇔
def.

A

A ⇔
def.

x, y ∈ X f ∈ A f(x) �= f(y)

A ⇔
def.

f ∈ A f̄ ∈ A

A ⊂ C(X;C)

k = 0, 1, 2 Ak

A0 = {f ∈ A ; f(X) ⊂ R},
A1 = {u ∈ C(X;R); f ∈ A u = Ref},
A2 = {u ∈ C(X;R); f ∈ A v = Imf}

A0 ⊂ A1 A A1 = A2

A A1 = A2 ⊂ A0 A0 = A1 = A2

A A0 x, y ∈ X f ∈ A

f(x) �= f(y) Ref(x) �= Ref(y) Imf(x) �= Imf(y) Ref

Imf A A0 = A1 = A2

18



9 A0 = C(X;R) A = A1 + iA2 = A0 + iA0

C(X;C)

T = {z ∈ C; |z| = 1} ϕ, ϕ̄ ϕ(z) = z, ϕ̄(z) = z̄ A ϕ, ϕ̄

10 A C(T;C) z ∈ T z̄ = z−1

A

pn(z) =
n∑

k=−n

ckz
k =

n∑
k=−n

cke
ikθ (ck ∈ C, 0 ≤ θ < 2π)
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