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Amann Zeidler

( )

X (O1)-(O3) ≤ ( )

((partially) orderd set) ≤ X (order on X)

(O1) x ∈ X x ≤ x

(O2) x, y ∈ X x ≤ y y ≤ x x = y

(O3) x, y, z ∈ X x ≤ y y ≤ z x ≤ z

(O1) (O2) (O3) ≤ (reflexive) (antisymmetric)

(transitive) x < y x ≤ y x �= y x ≤ y

y ≥ x x < y y > x X x, y

x ≤ y y ≤ x ≤ X (total order)

(linear order) (totally ordered

set) (linearly ordered set)

X x

(1) x X (greatest element)⇔
def.

y ∈ X y ≤ x

(2) x X (maximal element)⇔
def.

x < y y ∈ X

(3) x X (least element)⇔
def.

y ∈ X x ≤ y

(4) x X (minimal element)⇔
def.

y < x y ∈ X

X
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(1) X ( )

(2) X ( )

(3) X ( )

(4) X ( )

(5) X ( )

(6) X ( )

(7) x X

x ≤ y y ∈ X y = x

(8) x X

y ≤ x y ∈ X y = x

(9) X

( ) (1) x x′ x X

x′ ∈ X x′ ≤ x x′ X x ∈ X x ≤ x′

(O2) x = x′

(2) (1)

(3) x x′ ∈ X \ {x} x < x′ x′ < x

x′ x

(4) (3)

(5) x y ∈ X y ≤ x ( )x < y

y ∈ X x

(6) (5)

(7) x X

⇐⇒ x < y y ∈ X

⇐⇒ x ≤ y y ∈ X x = y

(8) (7)

X A x ∈ X

(1) x A (an upper bound for A) ⇔
def.

a ∈ A a ≤ x
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(2) x A (an lower bound for A) ⇔
def.

a ∈ A x ≤ a

(3) A (bound from above) ⇔
def.

A

(4) A (bound from below) ⇔
def.

A

(5) x A (the supremum of A) ⇔
def.

x A (

)

(6) x A (the infimum of A) ⇔
def.

x A ( )

A supA inf A

X A x ∈ X

(1) x = supA

⇔

⎧⎪⎪⎨
⎪⎪⎩
(i) a ∈ A a ≤ x

(ii) x′ ∈ X a ∈ A a ≤ x′

x ≤ x′

(2) x = inf A

⇔

⎧⎪⎪⎨
⎪⎪⎩
(i) a ∈ A x ≤ a

(ii) x′ ∈ X a ∈ A x′ ≤ a

x′ ≤ x

( ) (1) (i) x (ii) x

(2) (1)

X x0 ∈ X

X+(x0) = {x ∈ X; x ≥ x0}

x0 (the right section at x0)

X−(x0) = {x ∈ X; x ≤ x0}

x0 (the left section at x0) a, b ∈ X

[a, b] = X+(a) ∩X−(b) = {x ∈ X; a ≤ x ≤ b}

a, b (order interval between a and b)
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. [a, b] �= ∅ ⇐⇒ a ≤ b

X Y f : X −→ Y

x ≤ y x, y ∈ X f(x) ≤ f(y)

(monotone) (monotone increasing)

. X f : X −→ X

• x0 ≤ f(x0) x0 ∈ X f(X+(x0)) ⊂ X+(x0)

• f(x0) ≤ x0 x0 ∈ X f(X−(x0)) ⊂ X−(x0)

• x0 ≤ f(x0), x ∈ X+(x0)

⇐⇒ x0 ≤ f(x0), x0 ≤ x

=⇒ x0 ≤ f(x0), f(x0) ≤ f(x)

=⇒ x0 ≤ f(x)

⇐⇒ f(x) ∈ X+(x0)

• f(x0) ≤ x0, x ∈ X−(x0)

⇐⇒ f(x0) ≤ x0, x ≤ x0

=⇒ f(x0) ≤ x0, f(x) ≤ f(x0)

=⇒ f(x) ≤ x0

⇐⇒ f(x) ∈ X−(x0)

a ≤ f(a) f(b) ≤ b f([a, b]) ⊂ [a, b]

X x, y ∈ X {x, y} sup{x, y}
sup{x, y} (X ) (lattice) X

(X ) (complete)

. X X

( ) X

(i)X
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X f

(ii) x ∈ X x ≤ f(x)

f x ∈ X ψ(x) = sup
⋂

F (x)

F (x) = {M ⊂ X;M x f

M M }

ψ(x) X f (f(ψ(x)) = ψ(x))

x ∈ X x ≤ ψ(x)

( ) X x0 X F (x0)

M ∈ F (x0) (a)(b)(c)

(a) x0 ∈ M

(b) f(M) ⊂ M

(c) ∅ �= C ⊂ M C supC ∈ M

(i) X ∈ F (x0) F (x0) �= ∅ N =
⋂

F (x0) =
⋂

M∈F (x0)

M

x0 ∈ N N �= ∅ F (x0) F

N ∈ F

(a) M ∈ F x0 ∈ M x0 ∈ N

(b) x ∈ N ⇔ ∀M ∈ F , x ∈ M

⇒ ∀M ∈ F , f(x) ⊂ f(M) ⊂ M

⇒ f(x) ∈ N

(c) ∅ �= C ⊂ N C M ∈ F N ⊂ M C

M C supC M M

supC ∈ N

N ⊂ X+(x0) X+(x0) ∈ F

(a) x0 ∈ X+(x0)

(b) x ∈ X+(x0) ⇒ x0 ≤ x ≤ f(x) ⇒ f(x) ∈ X+(x0)

(c) ∅ �= C ⊂ X+(x0) C C X

supC ∈ X x ∈ C x0 ≤ x ≤ supC

supC ∈ X+(x0)
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N O

O = {x ∈ N ; f(N (x) \ {x}) ⊂ N (x)}
= {x ∈ N ; y ∈ N, y < x ⇒ f(y) ≤ x}

x ∈ O

Nx = N (x) ∪N+(f(x))

= {y ∈ N ; y ≤ x f(x) ≤ y}

x ∈ O Nx = N Nx ∈ F

(a) x0 ∈ N x ∈ O ⊂ N N ⊂ X+(x0)

x0 ≤ x x0 ∈ Nx

(b) y ∈ Nx y ∈ Nx ⊂ N f(N) ⊂ N f(y) ∈ N f(y) ∈ Nx

f(y) ≤ x f(x) ≤ f(y)

y ∈ Nx y

(i) y = x (ii) y < x (iii) f(x) ≤ y

(i) f(x) = f(y) f(x) ≤ f(y)

(ii) x ∈ O y < x f(y) ≤ x

(iii) f y ≤ f(y) f(x) ≤ y ≤ f(y)

(c) ∅ �= C ⊂ Nx C C N

N ∈ F C supC N supC ∈ N

supC ∈ Nx y ∈ C ⊂ Nx

y ≤ x f(x) ≤ y

(i) ∀y ∈ C, y ≤ x (ii) ∃y ∈ C : y > x

(i) supC ≤ x supC ∈ Nx

(ii) y > x y ∈ C f(x) ≤ y y ∈ C

f(x) ≤ y ≤ supC supC ∈ Nx

O = N O ∈ F

6



(a) x0 ∈ N x ∈ N x0 ≤ x

x < x0 x ∈ N x0 ∈ O

(b) x ∈ O O ⊂ N f(N) ⊂ N f(x) ∈ N y < f(x)

y ∈ N f(y) ≤ f(x) x ∈ O, y ∈ N = Nx(

) y ≤ x f(x) ≤ y y ∈ N y < f(x)

f(x) ≤ y y ≤ x y = x f(y) = f(x) ≤ f(x) y < x

x ∈ O, y ∈ N O f(y) ≤ x f x ≤ f(x)

f(y) ≤ f(x) y < f(x) y ∈ N f(y) ≤ f(x)

f(x) ∈ O

(c) ∅ �= C ⊂ O C C N N ∈ F

( ) C N supC ∈ N

supC ∈ O y < supC y ∈ N f(y) ≤ supC

y ≤ x1 x1 ∈ C x ∈ C ⊂ O y ≤ x

f(x) ≤ y x ∈ C f(x) ≤ y x ≤ f(x)

x ≤ y supC ≤ y y < supC

x ∈ C f(x) ≤ y f(x1) > y x1 ∈ C

x1 (f(x1) ≤ y )y ≤ x1

(i) y = x1 (ii) y < x1

(i) y = x1 y < x2 x2 ∈ C

C y = x1 ∈ C x ∈ C

x ≤ y supC ≤ y y < supC

y < x2 x2 ∈ C x2 ∈ C ⊂ O y = x1 ∈ C ⊂ N (O

)y < x2 f(y) ≤ x2 x2 ≤ supC f(y) ≤ supC

(ii) y < x1 x1 ∈ C ⊂ O y < x1 (O )f(y) ≤ x1

x1 ≤ supC f(y) ≤ supC

N

N = O x, y ∈ N y ≤ x f(x) ≤ y

f(x) ≤ y x ≤ f(x) x ≤ y x, y ∈ N y ≤ x

x ≥ y

u := supN f
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N ∈ F N N u = supN ∈ N

f(N) ⊂ N f(u) ∈ N f(u) ≤ supN = u

f u ≤ f(u) f(u) = u u f

x0 ∈ N x0 ≤ u

( ) X

(i) X

X f

(ii) f ( x ≤ y f(x) ≤ f(y))

(iii) x0 ≤ f(x0) x0 ∈ X

f X+(x0)

( ) ( )

M = {x ∈ X; x ≤ f(x), x0 ≤ x} (iii) x0 ∈ M M �= ∅

f(M) ⊂ M x ∈ M x ≤ f(x) x0 ≤ x

(ii) f(x) ≤ f(f(x)) f(x0) ≤ f(x) (iii) x0 ≤ f(x0) ≤ f(x)

f(x) ∈ M

M M

∅ �= C ⊂ M C C ⊂ X (i) u := supC ∈ X

x ∈ C x ≤ u (ii) f(x) ≤ f(u) x ∈ C ⊂ M

x ≤ f(x) x ≤ f(u) x u ≤ f(u)

C ⊂ M x0 ≤ x x ≤ u x0 ≤ u u ∈ C

f |M : M −→ M

f |M M f

(X+(x0) )

M∗ = {x ∈ M ; f(x) = x, x0 ≤ x}, N = {y ∈ M ; ∀x ∈ M∗, y ≤ x}
M∗ �= ∅ x0 ∈ N N �= ∅

f(N) ⊂ N y ∈ N N ⊂ M f(y) ∈ f(N) ⊂ f(M) ⊂
M y ∈ N x ∈ M∗ y ≤ x (ii) f(y) ≤ f(x)

x ∈ M∗ f(x) = x x ∈ M∗ f(y) ≤ x

f(y) ∈ N
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N N

∅ �= C ⊂ N C N ⊂ M C M

u := supC ∈ M

y ∈ C C ⊂ N x ∈ M∗ y ≤ x

u ≤ x u ∈ N

f |N : N −→ N

x∗ ∈ N N ⊂ M x0 ≤ x∗ x∗ ∈ M∗ x∗ ∈ N

x ∈ M∗ x∗ ≤ x x∗ X+(x0)

( ) X

(i) X

X

(ii) f ( x ≤ y f(x) ≤ f(y))

(iii) f(x0) ≤ x0 x0 ∈ X

f X (x0)

.

( )

X

( ) u = minX = infX v = maxX = supX

f(u), f(v) ∈ X u ≤ f(u) f(v) ≤ v

.

( ) (X, d) f (diametric

contraction) 0 ≤ k < 1 k ∈ R f(M) ⊂ M M ⊂ X

diam(f(M)) ≤ k diam(M)
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diam(M) M (diameter of M)

diam(M) = sup{d(x, y); x, y ∈ M}

k ∈ [0, 1) (contraction) f : X −→ X x, y ∈ X

d(f(x), f(y)) ≤ kd(x, y)

k ∈ [0, 1) (quasi-contraction) f : X −→ X

x, y ∈ X

d(f(x), f(y)) ≤ kmax(d(x, y), d(x, f(x)), d(y, f(y)), d(x, f(y)), d(y, f(x)))

( )

( )

( ) f : X −→ X X Ff f

Ff = {x ∈ X; f(x) = x}

f(Ff ) = Ff x ∈ Ff f(f(x)) = f(x) f(x) ∈ Ff

x ∈ f(Ff ) y ∈ Ff x = f(y) f(x) = f(f(y)) = f(y) = x x ∈ Ff

diam(Ff ) = diam(f(Ff )) ≤ k diam(Ff )

0 ≤ (1− k)diam(Ff ) ≤ 0

diam(Ff ) = 0 Ff x, y diam(Ff ) ≥
d(x, y) > 0 Ff

X X

X = {M ⊂ X;M f }
= {M ⊂ X; ∅ �= M = M f(M) ⊂ M}

≤
M ≤ N ⇔

def.
M = N M ⊂ f(N)

(X ,≤)
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M = N M ≤ M

M ≤ N N ≤ M

(i) M = N N = M (ii) M = N N ⊂ f(M)

(iii) M ⊂ f(N) N = M (iv) M ⊂ f(N) N ⊂ f(M)

(i)-(iii) M = N (iv)

• M ⊂ f(N) f(N) ⊂ N = N M ⊂ N

• N ⊂ f(M) f(M) ⊂ M = M N ⊂ M

M = N

L ≤ M M ≤ N

(i) L = M M = N (ii) L = M M ⊂ f(N)

(iii) L ⊂ f(M) M = N (iv) L ⊂ f(M) M ⊂ f(N)

(i) L = N (ii) (iii) L ⊂ f(N)

(iv)

f(M) ⊂ M = M L ⊂ f(M) ⊂ M ⊂ f(N)

L ≤ N

X

C X C

C C ∈ C D ∈ C

D < C C ⊂ X D ⊂ f(C)

diam(D) ≤ diamf(C) = diamf(C) ≤ k diam(X)

D ∈ X ∅ �= D ⊂ f(C) ⊂ C ⊂ C (Cn;n ≥ 1) ⊂ C

Cn �= ∅,
C ⊃ C1 ⊃ C2 ⊃ · · · ⊃ Cn,

diam(Cn) ≤ kndiam(X)

(xn;n ≥ 1) ⊂ X xn ∈ Cn

m > n −→ ∞

d(xm, xn) ≤ diam(Cn) ≤ kndiam(X) → 0
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X (xn) x x x ∈
⋂
n≥1

Cn C

x ∈ C C x ∈
⋂

C y ∈
⋂

C

y ∈
⋂
n≥1

Cn

d(x, y) ≤ d(x, xn) + d(xn, y) ≤ 2kndiam(X) → 0

x = y
⋂

C = {x}

{f(x)} = f(
⋂

C ) ⊂
⋂

{f(C);C ∈ C } ⊂
⋂

{C;C ∈ C } =
⋂

C = {x}

f(
⋂

C ) =
⋂

C ∈ X⋂
C C C ∈ C D ∈ C

D < C C ⊂ X D ⊂ f(C)⋂
C ⊂ D ⊂ f(C)

⋂
C ≤ C C ∈ C B ≤ C B ∈ X B = C

B ⊂ f(C) B ⊂ C ∪ f(C) ⊂ C C ∈ C

B ⊂
⋂

C = f(
⋂

C ) ⊂ f(C )

B ≤
⋂

C
⋂

C = inf C

f

M ∈ X ϕ(M) = f(M) f(M) ⊂ M f(M) ⊂ M = M

f(ϕ(M)) = f(f(M)) ⊂ f(M) ⊂ f(M) = ϕ(M)

ϕ(M) ϕ(M) ∈ X ϕ X

M < N ⇐⇒ M ⊂ f(N)

=⇒ ϕ(M) = f(M) ⊂ f(f(N)) = f(ϕ(N))

=⇒ ϕ(M) ≤ ϕ(N)

M = N =⇒ ϕ(M) = ϕ(N) ϕ

ϕ(X) = f(X) ⊂ f(X) ϕ(X) ≤ X ϕ : X −→ X

ϕ M∗ ∈ X ϕ(M∗) = M∗ f(M∗) = M∗

diam(M∗) = diam(f(M∗)) = diam(f(M∗)) ≤ kdiam(M∗)
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diam(M∗) = 0 M∗ {x∗} {x∗} = M∗ =
f(M∗) = f({x∗}) = {f(x∗)} = {f(x∗)} x∗ = f(x∗) x∗ ∈ X f

.

(X, d) ( ) X M

κ(M) = inf{ε > 0;M ε }
= inf{ε > 0;M ⊂

⋃
i∈I

Mi, �I < ∞, diam(Mi) ≤ ε}

( ) ((Kuratowski) measure of noncompactness)

(X, d) ( ) X

(1) 0 ≤ κ(M) ≤ diam(M)

(2) κ(M) = 0 ⇐⇒ M

(3) M ⊂ N =⇒ κ(M) ≤ κ(N)

(4) κ(M) = κ(M)

(5) κ(M ∪N) = κ(M) ∨ κ(N)

( ) (1) M M

(2) M

⇐⇒ ∀ε > 0 ∃(xi; i ∈ I) ⊂ M : �I < ∞,M ⊂
⋃
i∈I

B(xi; ε)

⇐⇒ κ(M) = 0

(3) N M M (

) κ(M) ≤ κ(N)

(4) M ⊂ M (3) κ(M) ≤ κ(M)

M ⊂
⋃
i∈I

Mi, �I < ∞ M ⊂
⋃
i∈I

Mi, diam(Mi) = diam(Mi)

κ(M) ≤ κ(M)

(5) M,N ⊂ M ∪N (3) κ(M) ∨ κ(N) ≤ κ(M ∪N)

ε > 0 (Mi; i ∈ I) (Nj; j ∈ J)

M ⊂
⋃
i∈I

Mi, N⊂
⋃
j∈J

Nj, �I <∞, �J <∞,

max
i∈I

diam(Mi)< κ(M) + ε, max
j∈J

diam(Nj)< κ(N) + ε
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M ∪N ⊂
⋃

(i,j)∈I×J

(Mi ∪Nj)

κ(M ∪N) ≤ max
(i,j)∈I×J

(diam(Mi) ∨ diam(Nj))

≤ (κ(M) ∨ κ(N)) + ε

ε > 0 κ(M ∪N) ≤ κ(M) ∨ κ(N)

X X

(1) κ(M +N) ≤ κ(M) + κ(N)

(2) κ(αM) = |α|κ(M), α ∈ C

(3) κ(M) = κ(co(M)) = κ(co(M))

co(M) κ(co(M)) M

( ) (1) M ⊂
⋃
i∈I

Mi, N ⊂
⋃
j∈J

Nj, �I < ∞, �J < ∞

M +N

M +N ⊂
⋃

(i,j)∈I×J

(Mi +Nj)

diam(Mi +Nj) = sup{‖x− y‖; x, y ∈ Mi +Nj}
= sup{‖(x′ + y′′)− (y′ + y′′)‖; x′, y′ ∈ Mi, x

′′, y′′ ∈ Nj}
≤ sup{‖x′ + y′‖; x′, y′ ∈ Mi}+ sup{‖x′′ − y′′‖; x′′, y′′ ∈ Nj}
= diam(Mi) + diam(Nj)

(2) diam(αMj) = sup{‖x− y‖; x, y ∈ αMi}
= sup{‖αx′ − αy′‖; x′, y′ ∈ Mi}
= |α| sup{‖x′ − y′‖; x′, y′ ∈ Mi} = |α|diam(Mi)

(3) M ⊂ co(M) κ κ(M) ≤ κ(co(M)) = κ(co(M))

κ(co(M)) ≤ κ(M) X N

diam(N) = diam(co(N)) N ⊂ co(N) diam(N) ≤ diam(co(N))

diam(co(N)) ≤ diam(N) ( δ := diam(N) <

diam(co(N))) x, y ∈ co(N) δ < ‖x − y‖

(i) N ⊂ B(x; δ) (ii) N �⊂ B(x; δ)
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(i) co(N) ⊂ B(x; δ) y ∈ B(x; δ) ‖x− y‖ ≤ δ

(ii) x0 ∈ N ‖x−x0‖ > δ x0 ∈ N δ N ⊂ B(x0; δ)

co(N) ⊂ B(x0; δ) x ∈ B(x0; δ) ‖x − x0‖ ≤ δ

x0

(i)(ii) diam(co(N)) ≤ diam(N)

ε > 0 (Mi; i ∈ I) �I < ∞, M ⊂
⋃
i∈I

Mi,

max
i∈I

diam(Mi) < κ(M) + ε diam(Mi) = diam(co(Mi)) Mi

Λ = {λ = (λi; i ∈ I);λi ≥ 0 ∀i ∈ I,
∑
i∈I

λi = 1},

M(λ) =
∑
i∈I

λiMi ⊂ X, λ ∈ Λ

(1)(2)

κ(M(λ)) ≤
∑
i∈I

λiκ(Mi) ≤
∑
i∈I

λidiam(Mi) ≤ max
i∈I

diam(Mi) < κ(M) + ε

⋃
λ∈Λ

M(λ)

x, y ∈
⋃
λ∈Λ

M(λ), 0 ≤ t ≤ 1 =⇒ tx+ (1− t)y ∈
⋃
λ∈Λ

M(λ)

x ∈ M(λ), y ∈ M(μ) λ, μ ∈ Λ

(λi; i ∈ I), (xi; i ∈ I), (μi; i ∈ I), (yi; i ∈ I)

x =
∑
i∈I

λixi, y =
∑
i∈I

μiyi

ζ

ζ = tλ+ (1− t)μ

ζ = (ζi; i ∈ I) = (tλi + (1− t)μi; i ∈ I)

tλi + (1− t)μi ≥ 0(∀i ∈ I)∑
i∈I

(tλi + (1− t)μi) = t
∑
i∈I

λi + (1− t)
∑
i∈I

μi = t+ (1− t) = 1
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ζ ∈ Λ ρi

ρi =

{
tλi/ζi, ζi > 0

0, ζi = 0

tλi ≤ tλi + (1− t)μi = ζi 0 ≤ ρi ≤ 1 ζi �= 0 i ∈ I

ζi(1− ρi) = ζi(1− tλi

ζi
)

= ζi − tλi

= (1− t)μi

tx+ (1− t)y =
∑
i∈I

(tλixi + (1− t)μiyi)

=
∑
i∈I

ζi(ρixi + (1− ρi)yi)

Mi ρixi + (1− ρi)yi ∈ Mi

tx+ (1− t)y ∈ M(ζ) ⊂
⋃
λ∈Λ

M(λ)

M ⊂
⋃
i∈I

Mi ⊂
⋃
λ∈Λ

M(λ)

co(M) ⊂
⋃
λ∈Λ

M(λ)

⋃
i∈I

Mi ⊂ B(0;R) R > 0 ε > 0 λ ∈ Λ∑
i∈I

|λi−μi| < ε/R μ ∈ Λ M(μ) ⊂ M(λ)+B(0; ε) y ∈ M(μ)

y =
∑
i∈I

μiyi(yi ∈ Mi) x =
∑
i∈I

λiyi x ∈ M(λ) y = x+(y−x)

y− x =
∑
i∈I

(μi −λi)yi ‖y− x‖ ≤
∑
i∈I

|μi −λi|‖yi‖ ≤
∑
i∈I

|μi −λi|R < ε

ε > 0 δ > 0 Λ ⊂
⋃
λ∈Λ

B(λ; δ) |λ− μ| <

δ μ ∈ Λ M(μ) ⊂ M(λ) + B(0; ε) Λ

(λ(j); j ∈ J) Λ ⊂
⋃
i∈J

B(λ(j); δ)

co(M) ⊂
⋃
j∈J

(M(λ(j)) + B(0; ε))
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(3) (1)

κ(co(M)) ≤ max
j∈J

(κ(M(λ(j))) + κ(B(0; ε))

≤ κ(M) + ε+ 2ε

ε > 0 κ(co(M)) ≤ κ(M)

X, d f : X → X 0 < k < 1 k

M ⊂ X

κ(f(M)) ≤ kκ(M)

(set contraction map) f : X → X κ(M) > 0

M ⊂ X

κ(f(M)) < κ(M)

(condensing map)

M (Mi; i ∈ I)

f(M) ⊂ f(
⋃
i∈I

Mi) =
⋃
i∈I

f(Mi) (f(Mi); i ∈ I) f(M) f

d(f(x), f(y)) ≤ kd(x, y), x, y ∈ Mi

diam(f(Mi)) ≤ k diam(Mi)

κ(f(M)) = inf{ε > 0; f(M) ⊂
⋃
j∈J

Nj, �J < ∞, diam(Nj) ≤ ε}

≤ inf{ε > 0;M ⊂
⋃
i∈I

Mi, �I < ∞, diam(f(Mi)) ≤ ε}

≤ inf{ε > 0;M ⊂
⋃
i∈I

Mi, �I < ∞, diam(Mi) ≤ ε/k}

= k inf{ε > 0;M ⊂
⋃
i∈I

Mi, �I < ∞, diam(Mi) ≤ ε}

= kκ(M)

X f : X → X g

h( )

17



f = g+h f M f(M) =

g(M) + h(M)

κ(g(M)) ≤ kκ(M)

(2)(4)

κ(h(M)) = κ(h(M)) = 0

(1)

κ(f(M)) ≤ κ(g(M)) + κ(h(M)) ≤ kκ(M)

( )

X

( ) M f : M → M

K K ⊂ M f |K : K → K

x0 ∈ M

N = {(f ◦ · · · ◦ f︸ ︷︷ ︸
k

)(x0) ∈ M ; k ∈ Z≥0}

N = f(N) ∪ {x0}

κ(N) = κ(f(N)) ∨ κ({x0}) = κ(f(N)) ∨ 0 = κ(f(N))

κ(N) > 0 κ(f(N)) < κ(N) κ(N) = 0 N

f(N) ⊂ N f f(N) ⊂ N

M F0

F0 = {F ⊂ M ; ∅ �= F = F ⊂ N}

F0 ⊂ N ∈ F0 F0 �= ∅ N

F0 C
⋂

C

F ∈ F0 ϕ(F ) = f(F ) ϕ F0

F ≤ F ′ ⇐⇒ F ⊂ F ′ =⇒ f(F ) ⊂ f(F ′)

=⇒ f(F ) ⊂ f(F ′) ⇐⇒ ϕ(F ) ≤ ϕ(F ′)

18



ϕ ϕ(F ) = f(F ) = f(F ) ⊂ F ϕ(F ) ≥ F

ϕ F0 F0 F0 ∅ �= F0 = F0 =

f(F0) = f(F0) ⊂ N

M F

F = {F ⊂ M ;F0 ⊂ F = F}

F ⊂ F0 ∈ F F �= ∅ F

F C
⋂

C

F ∈ F ψ(F ) = co(f(F )) ψ F

F ≤ F ′ ⇐⇒ F ⊂ F ′ =⇒ f(F ) ⊂ f(F ′)

=⇒ co(f(F )) ⊂ co(f(F ′)) ⇐⇒ ψ(F ) ≤ ψ(F ′)

ψ

ψ(F0) = co(f(F0)) ≥ f(F0) = F0 = F0

ψ F K

K = ψ(K) = co(f(K))

κ(K) = κ(co(f(K))) = κ(f(K))

κ(K) > 0 κ(f(K)) < κ(K) κ(K) = 0 K

f(K) ⊂ co(f(K)) ⊂ K f |K : K → K K

f |K

19



.

X M f : M → X x, y ∈ M

‖f(x)− f(y)‖ ≤ ‖x− y‖
(nonexpansive map)

X = c0(Z≥0) 0 x = (xn;n ≥ 0)

‖x‖ = sup{|xn|;n ≥ 0}
M

M = {x ∈ X; ‖x‖ ≤ 1}

x ∈ M y = f(x)

y0 = 1− ‖x‖, yn = xn−1 (n ≥ 1)

‖f(x)‖ = sup{|yn|;n ≥ 0} ≤ (1− ‖x‖) ∨ ‖x‖ ≤ 1,

‖f(x)− f(x′)‖ = sup{|yn − yn
′|;n ≥ 0}

≤ ∣∣‖x‖ − ‖x′‖∣∣ ∨ ‖x− x′‖ ≤ ‖x− x′‖

f M f x ∈ M

x = f(x)

x0 = 1− ‖x‖, xn = xn−1(n ≥ 1)

n ≥ 0

xn = 1− ‖x‖
xn → 0(n → ∞) ‖x‖ = 1 n ≥ 0

xn = 0 x = 0

X M

ρ(M) := inf
y∈M

sup
x∈M

‖x− y‖ < diam(M)

(normal structure)

20



( ) M d := diam(M) > 0 x, y ∈ M x �= y

ε = ‖x− y‖/d η0 = (x+ y)/2 η0 ∈ M ξ ∈ M

ξ − η0
d

=
1

2

(
ξ − x

d
+

ξ − y

d

)

∥∥ξ − x

d

∥∥ ≤ 1,
∥∥ξ − y

d

∥∥ ≤ 1,
∥∥ξ − x

d
− ξ − y

d

∥∥ =
∥∥x− y

d

∥∥ = ε

δ(ε) > 0

1

d
‖ξ − η0‖ =

∥∥1
2

(
ξ − x

d
+

ξ − y

d

)∥∥ ≤ 1− δ(ε)

‖ξ − η0‖ ≤ d(1− δ(ε))

ξ ∈ M

inf
η∈M

sup
ξ∈M

‖ξ − η‖ ≤ sup
ξ∈M

‖ξ − η0‖ ≤ d(1− δ(ε)) < d

( )

( ) X f : X → X

M M ⊂ X M Ceb(M)

Ceb(M) := {x ∈ M ; sup
y∈M

‖x− y‖ = ρ(M)}

Ceb(M) M (xn;n ≥ 1)

sup
x∈M

‖x− xn‖ < ρ(M) +
1

n

M M X

M

(xnj
; j ≥ 1) x∗ ∈ M (xnj

) x∗ x ∈ M

(x− xnj
; j ≥ 1) x− x∗

‖x− x∗‖ ≤ lim inf
j→∞

‖x− xnj
‖ ≤ lim inf

j→∞
(ρ(M) +

1

nj

) = ρ(M)

21



x ∈ M

sup
x∈M

‖x− x∗‖ ≤ ρ(M)

sup
x∈M

‖x− x∗‖ = ρ(M)

x∗ ∈ Ceb(M)

Ceb(M) = {x ∈ M ; sup
y∈M

‖x− y‖ = inf
ξ∈M

sup
η∈M

‖ξ − η‖ = ρ(M)}

= {x ∈ M ; sup
y∈M

‖x− y‖ ≤ ρ(M)}

= {x ∈ M ; ∀y ∈ M, ‖x− y‖ ≤ ρ(M)}
=

⋂
y∈M

{x ∈ M ; ‖x− y‖ ≤ ρ(M)}

Ceb(M) diam(M) > 0

diam(Ceb(M)) < diam(M)

diam(Ceb(M)) = sup{‖x− y‖; x, y ∈ Ceb(M)}
≤ ρ(M) < diam(M)

X F

F = {F ⊂ X; ∅ �= F = co(F ), f(F ) ⊂ F}

⊂ X ∈ F F �= ∅
C ∈ F (X C )

⋂
C F

F ∈ F

ϕ(F ) = Ceb(co(f(F )))

= {x ∈ co(f(F )); sup
y∈co(f(F ))

‖x− y‖ = ρ(co(f(F )))}

F ∈ F ∅ �= f(F ) ⊂ X ∅ �= co(f(F )) ⊂ X

∅ �= Ceb(co(f(F ))) = Ceb(co(f(F ))) F ∅ �= F = co(F ), f(F ) ⊂ F

co(f(F )) ⊂ co(F ) = F

f(co(f(F ))) ⊂ f(F ) ⊂ co(f(F ))

x ∈ Ceb(co(f(F ))) y ∈ co(f(F )) y ∈ co(f(F ))

ε > 0 (λi; i ∈ I) ⊂ R, (xi; i ∈ I) ⊂ F (�I < ∞)
∑
i∈I

λi = 1,

22



λi ≥ 0(∀i ∈ I), ‖y −
∑
i∈I

λif(xi)‖ < ε f

‖f(x)− y‖ ≤ ‖f(x)−
∑
i∈I

λif(xi)‖ − ‖
∑
i∈I

λif(xi)− y‖

= ‖
∑
i∈I

λi(f(x)− f(xi))‖+ ‖
∑
i∈I

λif(xi)− y‖

≤
∑
i∈I

λi‖f(x)− f(xi)‖+ ε

≤
∑
i∈I

λi‖x− xi‖+ ε

≤
∑
i∈I

λiρ(co(f(F ))) + ε = ρ(co(f(F ))) + ε

ε > 0

‖f(x)− y‖ ≤ ρ(co(f(F )))

sup
y∈co(f(F ))

‖f(x)− y‖ ≤ ρ(co(f(F )))

f(x) ∈ ϕ(F )

f(ϕ(F )) ∈ ϕ(F )

ϕ(F ) ∈ F ϕ F

F ∈ F f(F ) ⊂ F

ϕ(F ) = Ceb(co(f(F )))

⊂ Ceb(co(F )) = Ceb(F ) ⊂ F

ϕ(F ) ≥ F ϕ F

K ∈ F

K = Ceb(co(f(K))).

diam(f(K)) > 0

diam(K) = diam(Ceb(co(f(K))))

< diam(co(f(K))) ( )

= diam(f(K))

≤ diam(K) (f )

diam(K) = 0 f(K) f(K) = {x∗}
co(f(K)) = {x∗},Ceb(co(f(K))) = {x∗}, K = Ceb(co(f(K))) = {x∗}

f(x∗) = x∗
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