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I = [a, b] ⊂ R f : I → R I

I (partition) I (subintervals)

Ij Δ = {Ij; j ∈I (Δ)} I (Δ) Δ (index set of

Δ)

I =
⋃

j∈I (Δ)

Ij, IntIj �= ∅ (∀j ∈ I (Δ)), IntIj ∩ IntIk = ∅ (j �= k)

(n+ 1)

a = x0 < x1 < · · · < xn = b (1)

n Ij = [xj−1, xj], j ∈I (Δ) = {1, · · · , n} Δ

(n + 1) xj Δ J = [c, d] (length) |J |
|J | = d− c Δ (width)

|Δ| = max {|Ij|; j∈I (Δ)}
(1)

|Δ| = max {|Ij|; 1 ≤ j ≤ n} = max
1≤j≤n

(xj − xj−1)

I Δ = {Ij; j∈I (Δ)},Δ′ = {I ′k; k∈I (Δ′)} Δ′ Δ (refine-

ment) j ∈ I (Δ) k ∈ I (Δ′) I ′k ⊂ Ij
Δ ⊂ Δ′ Δ Δ′
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Δ ⊂ Δ′ ⇐⇒ ∀j ∈ I (Δ) ∃k ∈ I (Δ′) : I ′k ⊂ Ij

⇐⇒
⋃

i∈I (Δ)

∂Ij ⊂
⋃

k∈I (Δ′)

∂I ′k

I Δ = {Ij ; j∈I (Δ)}, Δ′ = {I ′k ; k∈I (Δ′)}

Δ ∪Δ′ = {Ij ∩ I ′k ; (j, k) ∈ I (Δ)×I (Δ′)}

Δ Δ′ (common refinement)

Δ ⊂ Δ ∪Δ′ Δ′ ⊂ Δ ∪Δ′

I P(I)

P(I) = {Δ;Δ I }

P(I) ⊂ (partially ordered set)

(PO 1) Δ ⊂ Δ

(PO 2) Δ ⊂ Δ′,Δ′ ⊂ Δ =⇒ Δ = Δ′

(PO 3) Δ ⊂ Δ′,Δ′ ⊂ Δ′′ =⇒ Δ ⊂ Δ′′

P(I)

Δ,Δ′ ∈ P(I) =⇒ Δ ∪Δ′ ∈ P(I), Δ ⊂ Δ ∪Δ′, Δ′ ⊂ Δ ∪Δ′

I Δ = {Ij; j ∈I (Δ)} Ij ξj ξ =

(ξj; j∈I (Δ)) (representative points) I f : I → R
I Δ ξ

R(f ; Δ, ξ) =
∑

j∈I (Δ)

f(ξj)|Ij|

f (Δ, ξ) (Riemann sum) f : I → R I

(Riemann integrable over I) S

lim
|Δ|→0

R(f ; Δ, ξ) = S

ε > 0 δ > 0 |Δ| < δ I Δ

ξ

|R(f ; Δ, ξ)− S| < ε
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S∫
I

f,

∫ b

a

f,

∫
I

fdx,

∫ b

a

fdx,

∫
I

f(x)dx,

∫ b

a

f(x)dx

1.1

ε = 1 δ > 0 |Δ| < δ I

Δ ξ

|R(f ; Δ, ξ)− S| < 1

Δ

a = x0 < x1 < · · · < xn = b,

Ij = [xj−1, xj], j ∈ I (Δ) = {1, · · · , n}

1 ≤ j ≤ n j ξ k �= j ξk = xk Ik
ξj ∈ Ij

| f(ξj)|Ij| |
= |R(f ; Δ, ξ)−

∑
k �=j

f(xk)|Ik| |

≤ |R(f ; Δ, ξ)− S|+ |S −
∑
k �=j

f(xk)|Ik| |

≤ 1 + S +
∑
k �=j

|f(xk)||Ik|

≤ 1 + S + |Δ|
∑

k∈I (Δ)

|f(xk)|

|f(ξj)| ≤ (1 + S + |Δ|
∑

k∈I (Δ)

|f(xk)|)
/ |Ij|

ξj ∈ Ij

sup
ξj∈Ij

|f(ξj)| ≤ (1 + S + |Δ|
∑

k∈I (Δ)

|f(xk)|)
/ |Ij|

‖f‖∞ ≡ sup
x∈I

|f(x)| ≤ (1 + S + |Δ|
∑

k∈I (Δ)

|f(xk)|)
/
( min
j∈I (Δ)

|Ij|)

f
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I R(I;R)

1.1 (1) R(I;R) I L∞(I;R)

f, g ∈ R(I;R), a, b ∈ R ⇒ af + bg ∈ R(I;R)

(2) I ∫
I

: R(I;R) � f �−→
∫
I

f ∈ R

(positive (nonnegative) linear functional)

• f ≥ 0 x ∈ I f(x) ≥ 0 ⇒ ∫
I
f ≥ 0

• f, g ∈ R(I;R), a, b ∈ R ⇒ ∫
I
(af + bg) = a

∫
I
f + b

∫
I
g

1.1 R(I;R) ⊂ L∞(I;R)
f, g ∈ R(I;R), a, b ∈ R I Δ ξ

R(af + bg; Δ, ξ) =
∑

j∈I (Δ)

(af + bg)(ξj)|Ij|

=
∑

j∈I (Δ)

(af(ξj) + bg(ξj))|Ij|

= a
∑

j∈I (Δ)

f(ξj)|Ij|+ b
∑

j∈I (Δ)

g(ξj)|Ij|

= aR(f ; Δ, ξ) + bR(g; Δ, ξ)

|Δ| → 0 f, g ∈ R(I;R) a
∫
I
f +

b
∫
I
g af + bg ∈ R(I;R)

∫
I
: R(I;R) → R∫

I

(af + bg) = a

∫
I

f + b

∫
I

g

(|Δ| → 0)

R(f ; Δ, ξ) ≥ 0 ⇒ lim
|Δ|→0

R(f ; Δ, ξ) ≥ 0

f ∈ L∞(I;R) I Δ S(f ; Δ) S(f ; Δ)

S(f ; Δ) =
∑

j∈I (Δ)

inf {f(x); x ∈ Ij} |Ij|

S(f ; Δ) =
∑

j∈I (Δ)

sup {f(x); x ∈ Ij} |Ij|
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Δ f (lower sum of f with respect to Δ) (upper

sum of f with respect to Δ)

f I (lower integral of f over I) (upper integral of f over I)∫
I

−

f = sup {S(f ; Δ);Δ ∈ P(I)}

−∫
I

f = inf {S(f ; Δ);Δ ∈ P(I)}

1.2 (1) I Δ ξ

inf{f(x); x ∈ I} |I| ≤ S(f ; Δ) ≤ R(f ; Δ, ξ) ≤ S(f ; Δ) ≤ sup{f(x); x ∈ I} |I|

(2) Δ ⊂ Δ′ S(f ; Δ) ≤ S(f ; Δ′) ≤ S(f ; Δ′) ≤ S(f ; Δ)

(3) Δ,Δ′ S(f ; Δ) ≤ S(f ; Δ′)

(4)

∫
I

−

f ≤
−∫
I

f

(5) f ≤ g

S(f ; Δ) ≤ S(g; Δ), S(f ; Δ) ≤ S(g; Δ),∫
I

−

f ≤
∫
I

−

g,

−∫
I

f ≤
−∫
I

g

(1) j ∈ I (Δ)

inf{f(x); x ∈ I}|Ij| ≤ inf{f(x); x ∈ Ij}|Ij| ≤ f(ξj)|Ij|
≤ sup{f(x); x ∈ Ij}|Ij| ≤ sup{f(x); x ∈ I}|Ij|

j ∈ I (Δ)

(2) Δ′ = {I ′k; k∈I (Δ′)} Δ = {Ij; j∈I (Δ)} j ∈ I (Δ)

Ij(Δ) = {k∈I (Δ′); I ′k ⊂ Ij}

I (Δ′) =
∐

j∈I (Δ)

Ij(Δ)

Ij =
⋃

k∈Ij(Δ)

I ′k, IntI ′l ∩ IntI ′m = ∅ (l �= m)
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S(f ; Δ) =
∑

j∈I (Δ)

inf{f(x); x ∈ Ij}|Ij|

=
∑

j∈I (Δ)

inf{f(x); x ∈ Ij}
∑

k∈Ij(Δ)

|I ′k|

=
∑

j∈I (Δ)

∑
k∈Ij(Δ)

inf{f(x); x ∈ Ij}|I ′k|

≤
∑

j∈I (Δ)

∑
k∈Ij(Δ)

inf{f(x); x ∈ I ′k}|I ′k|

=
∑

k∈I (Δ′)

inf{f(x); x ∈ I ′k}|I ′k|

= S(f ; Δ′) ≤ S(f ; Δ′)

=
∑

k∈I (Δ′)

sup{f(x); x ∈ I ′k}|I ′k|

=
∑

j∈I (Δ)

∑
k∈Ij(Δ)

sup{f(x); x ∈ I ′k}|I ′k|

≤
∑

j∈I (Δ)

∑
k∈Ij(Δ)

sup{f(x); x ∈ Ij}|I ′k|

=
∑

j∈I (Δ)

sup{f(x); x ∈ Ij}
∑

k∈Ij(Δ)

|I ′k|

=
∑

j∈I (Δ)

sup{f(x); x ∈ Ij}|Ij| = S(f ; Δ)

(3) (2)

S(f ; Δ) ≤ S(f ; Δ ∪Δ′) ≤ S(f ; Δ ∪Δ′) ≤ S(f ; Δ′)

(4) (3)

(5) j ∈ I (Δ)

inf{f(x); x ∈ Ij}|Ij| ≤ inf{g(x); x ∈ Ij}|Ij|,
sup{f(x); x ∈ Ij}|Ij| ≤ sup{g(x); x ∈ Ij}|Ij|

j ∈ I (Δ) P(I)

1.2 f ∈ L∞(I;R)

lim
|Δ|→0

S(f ; Δ) =

∫
I

−

f, lim
|Δ|→0

S(f ; Δ) =

−∫
I

f
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) ε > 0 I Δ = {Ii; i∈I (Δ)}

0 ≤
∫
I

−

f − S(f ; Δ) <
ε

2

δ0 = min{|Ii|; i∈I (Δ)} δ = min

(
δ0,

ε

4‖f‖∞�I (Δ)

)
|Δ′| < δ

I Δ′ = {I ′j; j∈I (Δ′)} |Δ′| < δ0 j ∈ I (Δ′)
I ′j Δ

nj = �{i ∈ I; ∂Ii ⊂ I ′j}

nj = 0 1 Δ′′ = Δ ∪Δ′

Δ′′ = {I ′′l ; l ∈ I (Δ′′)} I (Δ′′)

I (Δ′′) =
∐

j∈I (Δ′)

Ij(Δ
′)

Ij(Δ
′)

I ′j =
⋃

l∈I (Δ′)

I ′′l ,

IntI ′′l ∩ IntI ′′m = ∅ (l �= m)

0 ≤ S(f ; Δ′′)− S(f ; Δ′)

=
∑

j∈I (Δ′)

∑
l∈Ij(Δ′)

(inf
I′′l
f − inf

I′j
f)|I ′′l |

=
∑

j∈I (Δ′)
nj �=0

∑
l∈Ij(Δ′)

(inf
I′′l
f − inf

I′j
f)|I ′′l |

≤ 2‖f‖∞
∑

j∈I (Δ′)
nj=1

∑
l∈Ij(Δ′)

|I ′′l |

= 2‖f‖∞
∑

j∈I (Δ′)
nj=1

|I ′j|

≤ 2‖f‖∞|Δ′| �{j∈I (Δ′);nj = 1}
≤ 2‖f‖∞|Δ′| �I (Δ) <

ε

2
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0 ≤
∫
I

−

f − S(f ; Δ′)

= (

∫
I

−

f − S(f ; Δ)) + (S(f ; Δ)− S(f ; Δ′′)) + (S(f ; Δ′′)− S(f ; Δ′))

≤ (

∫
I

−

f − S(f ; Δ)) + (S(f ; Δ′′)− S(f ; Δ′))

<
ε

2
+

ε

2
= ε

.

1.2

f ∈ L∞(I;R), J ⊂ I F J (oscillation of f over J) ω(f ; J)

ω(f ; J) = sup{|f(x)− f(y)|; x, y ∈ J}

ω(f ; J) = sup{f(x); x ∈ J} − inf{f(x); x ∈ J}
x, y ∈ J

f(x)− f(y) ≤ sup{f(ξ); ξ ∈ J} − inf{f(η); η ∈ J}
f(y)− f(x) ≤ sup{f(ξ); ξ ∈ J} − inf{f(η); η ∈ J}

|f(x)− f(y)| ≤ sup{f(ξ); ξ ∈ J} − inf{f(η); η ∈ J}

ω(f ; J) ≤ sup{f(ξ); ξ ∈ J} − inf{f(ξ); ξ ∈ J}
x, y ∈ J

f(x)− f(y) ≤ |f(x)− f(y)| ≤ ω(f ; J)

x ∈ J y ∈ J

sup{f(x); x ∈ J} − inf{f(y); y ∈ J} ≤ ω(f ; J)
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f ∈ L∞(I;R), x ∈ I

ω(f ; x) = lim
δ↓0

ωδ(f ; x),

ωδ(f ; x) = sup{|f(y)− f(x)|; y ∈ I, |x− y| < δ}
= sup{|f(y)− f(x)|; y ∈ B(x; δ) ∩ I}

f x (oscillation of f at x)

. f x

⇐⇒ ∀ε > 0 ∃δ > 0 : ∀y ∈ B(x; δ) ∩ I, |f(x)− f(y)| < ε

⇐⇒ ∀ε > 0 ∃δ > 0 : ωδ(f ; x) < ε

⇐⇒ lim
δ↓0

ωδ(f ; x) = 0 ⇐⇒ ω(f ; x) = 0

f ∈ L∞(I;R), J ⊂ I

ωδ(f ; J) = sup{|f(x)− f(y)|; x, y ∈ J, |x− y| < δ}

f J δ- (δ-modulus of continuity of f over J)

. f J

⇐⇒ [ ∀ε > 0 ∃δ > 0 : x, y ∈ J, |x− y| < δ ⇒ |f(x)− f(y)| < ε ]

⇐⇒ ∀ε > 0 ∃δ > 0 : ωδ(f ; x) < ε

⇐⇒ lim
δ↓0

ωδ(f ; J) = 0

1.3 f ∈ L∞(I;R)

(1) f ∈ R(I;R)

(2) lim
|Δ|→0

(S(f ; Δ)− S(f ; Δ)) = 0

(3) lim
|Δ|→0

∑
j∈I (Δ)

ω(f ; Ij)|Ij| = 0

(4)

∫
I

−

f =

−∫
I

f
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(5) ε > 0 Δ ∈ P(I) S(f ; Δ)− S(f ; Δ) < ε

) (1) ⇒ (2) : ε > 0 δ > 0 |Δ| < δ

Δ = {Ij; j ∈ I (Δ)} ξ = (ξj; j ∈ I (Δ))

−ε < R(f ; Δ, ξ)−
∫
I

f < ε

Δ ξ1 ∈ I1 j ≥ 2

ξj ∈ Ij ξ2 ∈ I2
j = �I (Δ)

−ε < S(f ; Δ)−
∫
I

f ≤ ε, −ε ≤ S(f ; Δ)−
∫
I

f < ε

0 ≤ S(f ; Δ)− S(f ; Δ)

= (S(f ; Δ)−
∫
I

f)− (S(f ; Δ)−
∫
I

f) ≤ 2ε

(2)

(2) ⇔ (3) S(f ; Δ)− S(f ; Δ) =
∑

j∈I (Δ)

ω(f ; Ij)|Ij|

(2) ⇔ (4) 1.2

(2) ⇔ (5) (2) (5)

(5) ⇔ (4) ε > 0

0 ≤
−∫
I

f −
∫
I

−

f ≤ S(f ; Δ)− S(f ; Δ) < ε

(4)

(4) ⇔ (1) Δ ξ

S(f ; Δ) ≤ R(f ; Δ; ξ) ≤ S(f ; Δ)

|Δ| → 0 1.2

∫
I

−

f ,

−∫
I

f (4)

(1)

1.3 1 f ∈ R(I;R)

ε > 0 δ > 0 |Δ| < δ I Δ

ξ ∑
j∈I (Δ)

∣∣ ∫
Ij

f − f(ξj)|Ij|
∣∣ < ε
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∑
j∈I (Δ)

∣∣ ∫
Ij

f − f(ξj)|Ij|
∣∣ = ∑

j∈I (Δ)

|
∫
Ij

(f − f(ξj))|

≤
∑

j∈I (Δ)

∫
Ij

|f − f(ξj)|

≤
∑

j∈I (Δ)

∫
Ij

ω(f ; Ij) =
∑

j∈I (Δ)

ω(f ; Ij)|Ij|

1.3 (3)

1.3 2 f ∈ R(I;R)

|Δn| → 0(n → ∞) I (Δn;n ≥ 1) Δn ξn

lim
n→∞

R(f ; Δn, ξn) =

∫
I

f

1.3 (2)

f ∈ R([a, b];R)

lim
n→∞

n∑
k=0

f(a+ (b− a)
k

n
)
b− a

n

= lim
n→∞

n−1∑
k=0

f(a+ (b− a)
k

n
)
b− a

n

= lim
n→∞

n∑
k=1

f(a+ (b− a)
k

n
)
b− a

n

= lim
n→∞

1

2

n∑
k=1

(f(a+
b− a

n
(k − 1)) + f(a+

b− a

n
k))

b− a

n

=

∫ b

a

f

1.3 3 f ∈ L∞(I;R)

(1) f ∈ R(I;R)

(2) J � I J f |J ∈ R(J ;R)

(1) ⇒ (2) :

0 ≤ S(f |J ; Δ|J)− S(f |J ; Δ|J)
≤ S(f ; Δ)− S(f ; Δ)
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f |J ∈ R(J ;R)

(2) ⇒ (1) : ε > 0 J = [a+ ε, a− ε] 1.3 (5) f |J
Δ|J a b Δ

0 ≤ S(f ; Δ)− S(f |J ; Δ)

≤ S(f |J ; Δ|J) + ε‖f‖∞ − (S(f |J ; Δ|J)− ε‖f‖∞)

≤ S(f |J ; Δ|J)− S(f |J ; Δ|J) + 2ε‖f‖∞
< (1 + 2‖f‖∞)ε

1.3 I (1)

ϕ : I → R (step function) I

Δ = {Ij; j∈I (Δ)} j ∈ I (Δ) ϕ|IntIj

I
⋃

j∈I (Δ)

∂Ij Ĩ = I \
⋃

j∈I (Δ)

∂Ij

ϕ|Ĩ =
∑

k∈I (Δ)

(ϕ|IntIk)χIk |Ĩ

I Step(I;R)

1.3 Step(I;R) R(I;R) ϕ ∈ Step(I;R) I∫
I

ϕ =
∑

j∈I (Δ)

(ϕ|IntIj)|Ij|

Ij = [aj, bj] n

I ′j,n = [aj, aj + 1/n], I ′′j,n = [bj − 1/n, bj]

Ij,l(1 ≤ l ≤ n− 2) Δn = (Ĩk; k∈I (Δn))

n

0 <
2

n
< min{|Ij|; j ∈ I (Δ)}

ω(ϕ; Ij,l)|Ij,l| = 0

ω(ϕ; I ′j,n)|I ′j,n| = |ϕ(aj)− (ϕ|IntIj)| · 1
n
≤ 2

n
‖ϕ‖∞

ω(ϕ; I ′′j,n)|I ′′j,n| = |ϕ(bj)− (ϕ|IntIj)| · 1
n
≤ 2

n
‖ϕ‖∞
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∑
k∈I (Δn)

ω(ϕ; Ĩk)|Ĩk| ≤ 4

n
‖ϕ‖∞�I (Δ)

|Δn| ≤ |Δ|/n 1.3 ϕ ∈ R(I;R) Jn =
⋃

j∈I (Δ)

(I ′j,n ∪ I ′′j,n)

∫
I

ϕ =

∫
I\Jn

ϕ+
∑

j∈I (Δ)

(

∫
I′j,n

ϕ+

∫
I′′j,n

ϕ),

∣∣∣∫
I′j,n

ϕ
∣∣∣ ≤ 2

n
‖ϕ‖∞,

∣∣∣∫
I′′j,n

ϕ
∣∣∣ ≤ 2

n
‖ϕ‖∞,

∫
I\Jn

ϕ =
∑

j∈I (Δ)

(ϕ|IntIj)(|Ij| − 2

n
)

n → ∞ ∫
I

ϕ =
∑

j∈I (Δ)

(ϕ|IntIj)|Ij|

1.4 f ∈ L∞(I;R)

(1)

−∫
I

f = inf{
∫
I

ψ; ψ ∈ Step(I;R), f ≤ ψ}

= inf{
∫
I

ψ; ψ ∈ C(I;R), f ≤ ψ}

(2)

∫
I

−

f = sup{
∫
I

ϕ; ϕ ∈ Step(I;R), ϕ ≤ f}

= sup{
∫
I

ψ; ϕ ∈ C(I;R), ϕ ≤ f}

f ∈ L∞(I;R) Δ ∈ P(I)

Mj = sup{f(x); x ∈ Ij}, mj = inf{f(x); x ∈ Ij}, ψ0 =
∑

j∈I (Δ)

MjχIj , ϕ0 =
∑

j∈I (Δ)

mjχIj

ψ0, ϕ0 ∈ Step(I;R), ϕ0 ≤ f ≤ ψ0

S(f ; Δ) =
∑

j∈I (Δ)

mj|Ij| =
∫
I

ϕ0

≤ sup{
∫
I

ϕ; ϕ ∈ Step(I;R), ϕ ≤ f},

S(f ; Δ) =
∑

j∈I (Δ)

Mj|Ij| =
∫
I

ψ0

≥ inf{
∫
I

ψ; ψ ∈ Step(I;R), f ≤ ψ}
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∫
I

−

f = sup{S(f ; Δ);Δ ∈ P(I)} ≤ sup{
∫
I

ϕ; ϕ ∈ Step(I;R), ϕ ≤ f},

−∫
I

f = inf{S(f ; Δ);Δ ∈ P(I)} ≥ inf{
∫
I

ψ; ψ ∈ Step(I;R), f ≤ ψ}

ϕ ≤ f ≤ ψ ψ, ψ ∈ Step(I;R)

∫
I

ϕ =

∫
I

−

ϕ ≤
∫
I

−

f ≤
−∫
I

f ≤
−∫
I

ψ =

∫
I

ψ

sup{
∫
I

ϕ; ϕ ∈ Step(I;R), ϕ ≤ f} ≤
∫
I

−

f

≤
−∫
I

f ≤ inf{
∫
I

ψ; ψ ∈ Step(I;R), f ≤ ψ}

(1) (2)

(1) 2 1 ε > 0 ψ ∈ Step(I;R)
f ≤ ψ ∫

I

ψ <

−∫
I

f +ε

ψ Δ = {Ij; j∈I (Δ)} ψ I \
⋃

j∈I (Δ)

∂Ij

ψ =
∑

j∈I (Δ)

(ψ|IntIj)χIj

j ∈ I (Δ) Ij [aj, bj] n

0 < 2
n
< min{|Ik|; k∈I (Δ)} I ′j = [aj, aj+

1
n
], I ′′j = [bj− 1

n
, bj]

ψn|Ij : Ij → R

ψn(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

‖ψ‖∞ − (‖ψ‖∞ − (ψ|IntIj))n(x− aj), x ∈ I ′j,

ψ|IntIj, x ∈ Ij \ (I ′j ∪ I ′′j ),

‖ψ‖∞ − (‖ψ‖∞ − (ψ|IntIj))n(bj − x), x ∈ I ′′j

ψn ∈ C(I;R) f ≤ ψ ≤ ψn,∫
I

ψn =
∑

j∈I (Δ)

(ψ|IntIj)|Ij|+
∑

j∈I (Δ)

(‖ψ‖∞ − (ψ|IntIj)) 1
n

=

∫
I

ψ +
∑

j∈I (Δ)

(‖ψ‖∞ − (ψ|IntIj)) 1
n

14



N ≥ 1 n ≥ N∫
I

ψn <

∫
I

ψ + ε

∫
I

ψn <

−∫
I

f +2ε

inf{
∫
I

ψ; ψ ∈ C(I;R), f ≤ ψ} <

−∫
I

f +2ε

ε > 0

inf{
∫
I

ψ; ψ ∈ C(I;R), f ≤ ψ} <

−∫
I

f

f ≤ ψ ψ ∈ C(I;R)

−∫
I

f ≤
−∫
I

ψ =

∫
I

ψ

−∫
I

f ≤ inf{
∫
I

ψ; ψ ∈ C(I;R), f ≤ ψ}

(1) 2

(2) 2 ε > 0 ϕ ∈ Step(I;R) ϕ ≤ f

∫
I

−

f − ε <

∫
I

ϕ

ϕ Δ = {Ij; j∈I (Δ)} ϕ I \
⋃

j∈I (Δ)

∂Ij

ϕ =
∑

j∈I (Δ)

(ϕ|IntIj)χIj

Ij = [aj, bj] n I ′j = [aj, aj +
1
n
],

I ′′j = [bj − 1
n
, bj] ϕn|Ij : Ij → R

ϕn(x) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−‖ϕ‖∞ + ((ϕ|IntIj) + ‖ϕ‖∞)n(x− aj), x ∈ I ′j,

ϕ|IntIj, x ∈ Ij \ (I ′j ∪ I ′′j ),

−‖ϕ‖∞ + ((ϕ|IntIj) + ‖ϕ‖∞)n(bj − x), x ∈ I ′′j
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ϕn ∈ C(I;R) ϕn ≤ ϕ ≤ f,∫
I

ϕn =
∑

j∈I (Δ)

(ϕ|IntIj)|Ij|+
∑

j∈I (Δ)

((ϕ|IntIj)− ‖ϕ‖∞)
1

n

=

∫
I

ϕ+
∑

j∈I (Δ)

(‖ϕ‖∞ − (ϕ|IntIj)) 1
n

N ≥ 1 n ≥ N∫
I

ϕn >

∫
I

ϕ− ε

∫
I

ϕn >

∫
I

−

f − 2ε

sup{
∫
I

ϕ; ϕ ∈ C(I;R), ϕ ≤ f} >

∫
I

−

f − 2ε

ε > 0

sup{
∫
I

ϕ; ϕ ∈ C(I;R), ϕ ≤ f} ≥
∫
I

−

f

ϕ ≤ f ϕ ∈ C(I;R)∫
I

ϕ =

∫
I

−

ϕ =

∫
I

−

f

sup{
∫
I

ϕ; ϕ ∈ C(I;R), ϕ ≤ f} ≤
∫
I

−

f

(2) 2

1.5

)

0 ≤ S(f ; Δ)− S(f ; Δ)

=
∑

j∈I (Δ)

sup{|f(x)− f(y)|; x, y ∈ Ij}|Ij|

≤
∑

j∈I (Δ)

sup{|f(x)− f(y)|; x, y ∈ I, |x− y| < δ}|Ij|

= ωδ(f ; I)
∑

j∈I (Δ)

|Ij|

= ωδ(f ; I)|I|

16



f ∈ L∞(I;R) I (bounded variation on I)

V (f) = sup{V (f ; Δ);Δ ∈ P(I)}

V (f ; Δ) =
n∑

j=1

|f(xj)− f(xj−1)|

Δ f I = [a, b] Δ (n+ 1)

a = x0 < x1 < · · · < xn = b

1.6

) ε > 0 |Δ| < ε
2V (f)

Δ = {Ij; j ∈I (Δ)} ∈ P(I)

0 < δ < ε
2|I| δ {(ξj, ηj) ∈ Ij×Ij; j∈I (Δ)} j ∈ I (Δ)

sup{|f(x)− f(y)|; x, y ∈ Ij} − δ < |f(ξj)− f(ηj)|

{ξj; j∈I (Δ)} ∪ {ηj; j∈I (Δ)} ∪ {a} ∪ {b} I Δ′

0 ≤ S(f ; Δ)− S(f ; Δ)

=
∑

j∈I (Δ)

sup{|f(x)− f(y)|; x, y ∈ Ij}|Ij|

≤
∑

j∈I (Δ)

(δ + |f(ξj)− f(ηj)|)|Ij|

≤ δ
∑

j∈I (Δ)

|Ij|+ |Δ|
∑

j∈I (Δ)

|f(ξj)− f(ηj)|

= δ|I|+ |Δ|V (f ; Δ′)

≤ δ|I|+ |Δ|V (f) <
ε

2
+

ε

2
= ε

f

R(I;R)

1.4 R(I;R) (fn) f ∈ L∞(I;R)

lim
n→∞

‖fn − f‖∞ = 0

17



f ∈ R(I;R)

lim
n→∞

∫
I

fn =

∫
I

f

) ‖f‖∞ ≤ ‖f − fn‖∞ + ‖fn‖∞ f ∈ L∞(I;R)
1) ε > 0

‖fn − f‖∞ ≤ ε

4|I|
n fn ∈ R(I;R) Δ ∈ P(I)

S(fn; Δ)− S(fn; Δ) <
ε

2

δ > 0 {(ξj, ηj) ∈ Ij×Ij; j∈I (Δ)} j ∈ I (Δ)

sup{|f(x)− f(y)|; x, y ∈ Ij} − δ < |f(ξj)− f(ηj)|

|f(ξj)− f(ηj)| ≤ |f(ξj)− fn(ξj)|+ |fn(ξj)− fn(ηj)|+ |fn(ηj)− f(ηj)|
≤ 2‖f − fn‖∞ + |fn(ξj)− fn(ηj)|
<

ε

2|I| + sup{|fn(x)− fn(y)|; x, y ∈ Ij}

sup{|f(x)− f(y)|; x, y ∈ Ij} − δ

<
ε

2|I| + sup{|fn(x)− fn(y)|; x, y ∈ Ij}

δ > 0

sup{|f(x)− f(y)|; x, y ∈ Ij} ≤ ε

2|I| + sup{|fn(x)− fn(y)|; x, y ∈ Ij}

S(f ; Δ)− S(f ; Δ) =
∑

j∈I (Δ)

sup{|f(x)− f(y)|; x, y ∈ Ij}|Ij|

≤ ε

2|I|
∑

j∈I (Δ)

|Ij|+
∑

j∈I (Δ)

sup{|fn(x)− fn(y)|; x, y ∈ Ij}|Ij|

=
ε

2
+ S(fn; Δ)− S(fn; Δ) < ε

f ∈ R(I;R)

∣∣∣∫
I

fn −
∫
I

f
∣∣∣ = ∣∣∣∫

I

(fn − f)
∣∣∣ ≤ ∫

I

|fn − f | ≤ ‖fn − f‖∞ → 0
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2) x ∈ I

|f(x)− fn(x)| ≤ ‖f − fn‖∞

−‖f − fn‖∞ + fn(x) ≤ f(x) ≤ fn(x) + ‖f − fn‖∞
I

−‖f − fn‖∞|I|+
∫
I

fn ≤
∫
I

−

f ≤
−∫
I

f ≤
∫
I

fn + ‖f − fn‖∞|I|

0 ≤
−∫
I

f −
∫
I

−

f ≤ 2|I| ‖f − fn‖∞

∫
I

−

f =

−∫
I

f

f ∈ R(I;R)

f ∈ L∞(I;R) f± ∈ L∞(I;R)

f± =
1

2
(|f | ± f) : I � x �−→ 1

2
(|f(x)| ± f(x)) ∈ R

f

• f± = (±f) ∨ 0 (= max(±f, 0))

• f± ≥ 0

• f = f+ − f−

• |f | = f+ + f−

1.7 f ∈ L∞(I;R)

(1) f ∈ R(I;R)

(2) f± ∈ R(I;R)
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|f | ∈ R(I;R)

∣∣∣∫
I

f
∣∣∣ ≤ ∫

I

|f |

(1) ⇒ (2)
∣∣|f(x)|− |f(y)|∣∣ ≤ |f(x)− f(y)| Δ = {Ij; j ∈ I (Δ)}

ω(|f |; Ij) ≤ ω(f ; Ij)

1.3 |f | ∈ R(I;R) f± = 1
2
(|f | ± f) ∈ R(I;R)

(2) ⇒ (1) f = f+ − f− (2) (1)

|f | ± f ≥ 0 1.1

f ∈ L∞(I;R)

f ∈ R(I;R) ⇒ |f | ∈ R(I;R)

f = χI∩Q − χI\Q

|f | = 1 ∈ R(I;R) f+ = χI∩Q �∈ R(I;R) f− = −χI\Q �∈ R(I;R)

1.8 R M

(1) ε > 0 (In;n ≥ 1)

M ⊂
⋃
n≥1

In,
∞∑
n=1

|In| < ε

(2) ε > 0 (Kn;n ≥ 1)

M ⊂
⋃
n≥1

Kn,
∞∑
n=1

|Kn| < ε

(1) ⇒ (2) Kn = In

(2) ⇒ (1) ε > 0 (2) ε/2

M ⊂
⋃
n≥1

Kn,
∞∑
n=1

|Kn| < ε/2

(Kn;n ≥ 1) n Kn Kn = [an, bn]

In =

(
3an − bn

2
,
3bn − an

2

)
3an − bn

2
< an < bn <

20



3bn − an
2

Kn ⊂ In |In| = 2(bn − an) = 2|Kn| (In;n ≥ 1) (1)

1.8 M ⊂ R (null set)

1.5 f ∈ L∞(I;R)

(1) f ∈ R(I;R)

(2) f

(1) ⇒ (2) f D I \ D

I \D = {x ∈ I;ω(f ; x) = 0}
D

D = {x ∈ I;ω(f ; x) > 0} =
⋃
n≥1

Dn

Dn = {x ∈ I;ω(f ; x) ≥ 1/n}

n Dn ε > 0

1.3 Δ ∈ P(I)

S(f ; Δ)− S(f ; Δ) < ε

Δ = {Ij; j ∈ I (Δ)}

J = {j∈I (Δ);Dn ∩ IntIj �= ∅}
J ′ = {j∈I (Δ);Dn ∩ ∂Ij �= ∅}

j ∈ J x ∈ Dn ∩ IntIj x ∈ IntIj δ > 0

(x− δ, x+ δ) ⊂ Ij ωδ

ω(f ; Ij) ≥ ωδ(f ; x) ≥ ω(f ; x) ≥ 1/n

1

n

∑
j∈J

|Ij| ≤
∑
j∈J

ω(f ; Ij)|Ij| ≤
∑

j∈I (Δ)

ω(f ; Ij)|Ij|

= S(f ; Δ)− S(f ; Δ) < ε

Dn ⊂
(⋃

j∈I

Ij

)
∪
( ⋃

j∈I ′
∂Ij

)
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⋃
j∈I ′

∂Ij Δ I

ε (I ′j; j ∈ I ′)⋃
j∈I ′

∂Ij ⊂
⋃
j∈I ′

I ′j,
∑
j∈I ′

|I ′j| < ε

Dn ⊂
(⋃

j∈I

Ij

)
∪
( ⋃

j∈I ′
I ′j

)
∑
j∈I

|Ij|+
∑
j∈I ′

|I ′j| < nε+ ε = (n+ 1)ε

Dn

(2) ⇒ (1) ε > 0 (Jn;n ≥ 1)

D ⊂
⋃
n≥1

Jn,
∑
n≥1

|Jn| < ε

x ∈ I \D f x δ(x) > 0

ω(f ; (x− δ(x), x+ δ(x)) < ε I

I ⊂
(⋃

n≥1

Jn

)
∪

⋃
x∈I\D

(x− δ(x), x+ δ(x))

I

(Jni
; 1 ≤ i ≤ N), ((xj − δ(xj), xj + δ(xj)); 1 ≤ j ≤ N ′)

(J ′
k; 1 ≤ k ≤ N ′), (J ′′

l ; 1 ≤ l ≤ N ′′)

I Δ = {Ij; j∈I (Δ)}
I (Δ) = J ′ � I ′′,

I ′ = {j∈I (Δ); ∃k : Ij ⊂ J ′
k}, I ′′ = {j∈I (Δ); ∃l : Ij ⊂ J ′′

l }

∑
j∈I ′

ω(f ; Ij)|Ij| ≤ 2‖f‖∞
∑
j∈I ′

|Ij|

≤ 2‖f‖∞
N∑
k=1

|J ′
k|

≤ 2‖f‖∞
∑
n≥1

|Jn| ≤ 2‖f‖∞ε

∑
j∈I ′′

ω(f ; Ij)|Ij| ≤ ε
∑
j∈I ′′

|Ij| ≤ ε|I|
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∑
j∈I (Δ)

ω(f ; Ij)|Ij| ≤ (2‖f‖∞ + |I|)ε

3 f I

.

1.1 (fn) ⊂ L∞(I;R)

(a) (fn) ( x ∈ I n ≥ 1 fn(x) ≥ fn+1(x) ≥ 0)

(b) (fn) 0 ( x ∈ I lim
n→∞

fn(x) = 0)

lim
n→∞

∫
I

−

fn = 0

ε > 0 1.4 n ≥ 1 ϕn ∈ C(I;R)

ϕn ≤ fn,

∫
I

−

fn <

∫
I

ϕn + ε/2n ϕn ∨ 0 ≤ fn ∨ 0 = fn,

∫
I

−

fn <

∫
I

ϕn + ε/2n ≤
∫
I

(ϕn ∨ 0) + ε/2n ϕn ϕn ∨ 0

ϕn ≥ 0

ψ1 = ϕ1, ψn = ϕn ∧ ψn−1, n ≥ 2

(ψn) ⊂ C(I;R) ψn+1 = ϕn+1 ∧ ψn ≤ ψn (ψn)

ψ1 = ϕ1 ≥ 0, ϕn ≥ 0 ψn = ϕn ∧ ψn−1 ≥ 0 (ψn)

0 ≤ ψn ≤ ϕn ≤ fn (ψn) 0

ψn + ϕn ∨ ψn−1 = ϕn ∧ ψn−1 + ϕn ∨ ψn−1 = ϕn + ψn−1

ϕn ∨ ψn−1 ≤ ϕn−1 ≤ fn−1

∫
I

−

fn −
∫
I

ψn <

∫
I

ϕn + ε/2n −
∫
I

ψn

=

∫
I

ϕn + ε/2n +

∫
I

(ϕn ∨ ψn−1 − ϕn − ψn−1)

≤ ε/2n +

∫
I

−

fn−1 −
∫
I

ψn−1
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∫
I

−

fn −
∫
I

ψn <

∫
I

−

f1 −
∫
I

ψ1 +
n∑

k=2

ε/2k

=

∫
I

−

f1 −
∫
I

ϕ1 +
n∑

k=2

ε/2k <
n∑

k=1

ε/2k < ε,

∫
I

−

fn <

∫
I

ψn + ε

(ψn) ⊂ C(I;R) 0 0

lim
n→∞

∫
I

ψn = 0

lim sup
n→∞

∫
I

−

fn ≤ ε

ε > 0

lim sup
n→∞

∫
I

−

fn ≤ 0

fn

lim inf
n→∞

∫
I

−

fn ≥ 0

lim
n→∞

∫
I

−

fn 0

1.6 f, fn ∈ R(I;R)

(a) (fn) f ( x ∈ I lim
n→∞

fn(x) = f(x))

(b) (fn) ( M ≥ 0 sup
n≥1

‖fn‖∞ ≤ M)

lim
n→∞

∫
I

|fn − f | = 0

lim
n→∞

∫
I

fn =

∫
I

lim
n→∞

fn =

∫
I

f
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gn = fn−f gn ∈ R(I;R) (gn) 0 g±n = 1
2
(|gn|±gn)

g±n ≥ 0, gn = g+n − g−n , |gn| = g+n + g−n (g+n ) (g−n ) 0

‖g±n ‖∞ ≤ ‖gn‖∞ ≤ ‖fn‖∞ + ‖f‖∞ ≤ sup
n≥1

‖fn‖∞ + ‖f‖∞

(g±n ) h±
n = sup{g±m; m ≥ n} (h±

n ) I

0 1.1

lim
n→∞

∫
I

−

h±
n = 0

g±n ≤ h±
n , g±n ∈ R(I;R)

lim
n→∞

∫
I

g±n = lim
n→∞

∫
I

−

g±n ≤ lim
n→∞

∫
I

−

h±
n = 0

lim
n→∞

∫
I

|fn − f | = lim
n→∞

∫
I

|gn| = lim
n→∞

∫
I

(g+n + g−n ) = lim
n→∞

∫
I

g+n + lim
n→∞

∫
I

g−n = 0

1.7 f, fn ∈ R(I;R)

(a) (fn) ( x ∈ I n ≥ 1 fn(x) ≤ fn+1(x))

(b) (fn) f ( x ∈ I lim
n→∞

fn(x) = f(x))

lim
n→∞

∫
I

|fn − f | = 0

sup
n≥1

∫
I

|fn| < ∞, lim
n→∞

∫
I

fn =

∫
I

lim
n→∞

fn =

∫
I

f

(f − fn) ⊂ R(I;R) 0

3.1

lim
n→∞

∫
I

−

(f − fn) = 0

f, fn ∈ R(I;R) |f − fn| = f − fn

lim
n→∞

∫
I

|f − fn| = lim
n→∞

∫
I

(f − fn) = lim
n→∞

∫
I

−

(f − fn) = 0
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f1 ≤ fn ≤ f

|fn| ≤ |f | ∨ |f1|,

sup
n≥1

∫
I

|fn| ≤
(∫

I

|f |
)
∨
(∫

I

|f1|
)

1.8 f, fn ∈ R(I;R)

(a) (fn) I

fn ≥ 0, lim inf
n→∞

∫
I

fn < ∞

(b) f (fn) x ∈ I

lim inf
n→∞

fn(x) = f(x)

∫
I

f =

∫
I

lim inf
n→∞

fn ≤ lim inf
n→∞

∫
I

fn

n ≥ 1 gn = inf
j≥n

fj gn ≥ 0 f − gn ≤ f

(f − gn)
+ = (f − gn) ∨ 0 ≤ f ∨ 0 = f

(f − gn)
+ I 0 f I

lim
n→∞

∫
I

(f − gn)
+ = 0

f = (f − gn) + gn ≤ (f − gn)
+ + gn ≤ (f − gn)

+ + fn

∫
I

f ≤
∫
I

(f − gn)
+ +

∫
I

fn

∫
I

f ≤ lim inf
n→∞

(∫
I

(f − gn)
+ +

∫
I

fn

)

= lim
n→∞

∫
I

(f − gn)
+ + lim inf

n→∞

∫
I

fn

= lim inf
n→∞

∫
I

fn

1.8 1 f, g, fn ∈ R(I;R)
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(a) (fn) g I

fn ≥ g, lim inf
n→∞

∫
I

fn < ∞

(b) f (fn)

∫
I

f =

∫
I

lim inf
n→∞

fn ≤ lim inf
n→∞

∫
I

fn

(fn − g) 1.8∫
I

f =

∫
I

(f − g) +

∫
I

g

=

∫
I

lim inf
n→∞

(fn − g) +

∫
I

g

≤ lim inf
n→∞

∫
I

(fn − g) +

∫
I

g

= lim inf
n→∞

(∫
I

fn +

∫
I

g

)
+

∫
I

g

= lim inf
n→∞

∫
I

fn −
∫
I

g +

∫
I

g = lim inf
n→∞

∫
I

fn

1.8 2 f, g, fn ∈ R(I;R)

(a) (fn) g I

fn ≤ g, lim sup
n→∞

∫
I

fn > −∞

(b) f (fn)

lim sup
n→∞

∫
I

fn ≤ lim sup
n→∞

fn =

∫
I

f

(g − fn) 1.8∫
I

f = −
∫
I

(g − f) +

∫
I

g = −
∫
I

(g − lim sup
n→∞

fn) +

∫
I

g

= −
∫
I

(g + lim inf
n→∞

(−fn)) +

∫
I

g

= −
∫
I

lim inf
n→∞

(g − fn) +

∫
I

g

≥ − lim inf
n→∞

∫
I

(g − fn) +

∫
I

g

= − lim inf
n→∞

(∫
I

g −
∫
I

fn

)
+

∫
I

g

= −
∫
I

g − lim inf
n→∞

(
−
∫
I

fn

)
+

∫
I

g = lim sup
n→∞

∫
I

fn
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.

(net) Bear,“A premier of Lebesgue Integration”

(filter)

( ) X F (F1)-(F4) X

(filter)

(F1) F �= ∅

(F2) ∅ �∈ F

(F3) M,N ∈ F M ∩N ∈ F

(F4) M ∈ F ,M ⊂ N ⊂ X N ∈ F

1 x ∈ X x F (x) = {M ⊂ X; x ∈ M} X

x (principal filter at x)

2 X a : Z>0 −→ X

F (a) = {M ⊂ X; n0 ∈ Z>0 {a(n); n ≥ n0} ⊂ M}

X a (elementary filter)

3 (X,O) x ∈ X x V (x) = {V ⊂ X; O ∈ O

x ∈ O ⊂ V } X x (neighborhood filter at x)

X F ,F ′ F ⊂ F ′ F F ′ ( )

F ′ F ( ) F � F ′ F F ′

( ) F ′ F ( )

. ( ) X ( )

X F x ∈ X (V (x) ⊂ F ) x

F −→ x x F

. X a : Z>0 −→ X x ∈ X

F (a) −→ x( a x )

1.9 ( ) X ( ) G

(1) G ⊂ F X F
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(2) G

(Mλ;λ ∈ Λ) ⊂ G , �Λ < ∞ =⇒
⋂
λ∈Λ

Mλ �= ∅

(1) ⇒ (2) Mλ ∈ G ⊂ F (F3)
⋂
λ∈Λ

Mλ ∈ F (F2) ∅ �∈ F

(2)

(2) ⇒ (1) G0 = {
⋂
λ∈Λ

Mλ ⊂ X; (Mλ;λ ∈ Λ) ⊂ G , �Λ < ∞},

F = {M ⊂ X; ∃N ∈ G0 : N ⊂ M}

M ∈ G M ∈ G0 M ⊂ M M ∈ F G ⊂ F

G �= ∅ M ∈ G G ⊂ F M ∈ F F �= ∅ (2) ∅ �∈ G0

∅ ∈ F ∅ ∈ G0 ∅ �∈ F M,N ∈ F

M ′, N ′ ∈ G0 M ′ ⊂ M,N ′ ⊂ N M ′ ∩N ′ ∈ G0 M ′ ∩N ′ ⊂ M ∩N

M ∩N ∈ F M ∈ F ,M ⊂ N ⊂ X F N ∈ F

F G X

F G G F (system

of generators)

1.10 ) X B

(1) F = {M ⊂ X; ∃B ∈ B : B ⊂ M} X

(2) B (B1)-(B3)

(B1) B �= ∅
(B2) ∅ �∈ B

(B3) B1, B2 ∈ B B ∈ B B ⊂ B1 ∩B2

(1) ⇒ (2) B = ∅ B F = ∅
B �= ∅ ∅ �∈ B ∅ ⊂ ∅ ∅ ∈ F

∅ �∈ B B1, B2 ∈ B B1, B2 ∈ F B1 ∩ B2 ∈ F

B ∈ B B ⊂ B1 ∩B2

(2) ⇒ (1) F = ∅ B M ∈ B

M ⊂ M M ∈ F B = ∅ (B1)

(F1) ∅ ∈ F B ∈ B B ⊂ B

∅ = B ∈ B (F2) M,N ∈ F M ′, N ′ ∈ B

M ′ ⊂ M,N ′ ⊂ N (B3) B ∈ B B ⊂ M ′ ∩N ′ B ⊂ M ∩N

M ∩ N ⊂ F (F3) M ∈ F ,M ⊂ N ⊂ X F

N ∈ F (F4)
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) X B (B1)-(B3) B

(filter base) B F = {M ⊂ X; ∃B ∈ B : B ⊂ M} X

F

B X x ∈ X B X x

B x B −→ x x B

I ⊂ R P(I) ⊂

Δ,Δ′ ∈ P

=⇒ Δ∪Δ′ ∈ P(I), Δ,Δ′ ⊂ Δ ∪Δ′

f : I −→ R Δ ∈ P Rf (Δ) ⊂ R

Rf (Δ) = {R(f ; Δ′, ξ′) ∈ R; Δ′ ∈ P(I),Δ ⊂ Δ′, ξ′ Δ′ }

Rf (Δ)

Δ,Δ′ ∈ P(I), Δ ∪Δ′

=⇒Rf (Δ
′) ⊂ Rf (Δ)

1.11 Bf = {Rf (Δ) ⊂ R; Δ ∈ P(I)} R

Bf (B1)-(B3) Δ ξ

Rf (Δ) ∈ {R(f ; Δ, ξ)} Rf (Δ) �= ∅ (B1)(B2) Rf (Δ), Rf (Δ
′) ∈

Bf Rf (Δ ∪Δ′) ⊂ Rf (Δ) ∩Rf (Δ
′) (B3)

1.12 f : I −→ R

(1) f ∈ R(I;R)

(2) Bf

Bf −→ ∫
I
f

Bf

⇐⇒ ∃a ∈ R : ∀a V ∃Δ ∈ P(I) : Rf (Δ) ⊂ V

⇐⇒ ∃a ∈ R : ∀ε > 0 ∃Δ ∈ P(I) : Rf (Δ) ⊂ (a− ε, a+ ε)

⇐⇒ ∃a ∈ R : ∀ε > 0 ∃Δ ∈ P(I) : Δ ⊂ Δ′,Δ′ ξ′

|R(f ; Δ′, ξ′)− a| < ε

⇐⇒ f ∈ R(I;R)
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.

I f : I −→ R

(R)loc I K f |K ∈ R(K;R)

I f ∈ Rloc(I;R)

. (R)loc

(R)′loc I K f±|K ∈ R(K;R)

I Rloc(I;R) = R(I;R)

I f ∈ Rloc(I;R)∫
I

f± =
def.

sup{
∫
K

f±;K ⊂ I }

I ∫
I

f =
def.

∫
I

f+ −
∫
I

f−

f I

R(I;R) = {f ∈ Rloc(I;R);
∫
I

f± ∈ [0,∞)}

I ∫
I

: R(I;R) � f �−→
∫
I

f ∈ R

2.1 f ∈ Rloc(I;R)

(1) f ∈ R(I;R)

(2) f± ∈ R(I;R)

(3) |f | ∈ R(I;R)

31



∣∣∣∫
I

f
∣∣∣ ≤ ∫

I

|f |

f ∈ R(I;R)

⇐⇒ ∫
I
f± ∈ [0,∞)

⇐⇒ f± ∈ R(I;R)

⇐⇒ |f | = f+ + f− ∈ R(I;R)

(1)-(3)

±
∫
I

f = ±
∫
I

(f+ − f−)

≤
∫
I

f+ +

∫
I

f−

= sup{
∫
K

f+; K ⊂ I}+ sup{
∫
K

f−; K ⊂ I}

= sup{
∫
K

f+ +

∫
K

f−; K ⊂ I}

= sup{
∫
K

|f |; K ⊂ I} =

∫
I

|f |

I ⊂ R (Kj; j ≥ 1) I (exhaustion)

(i) K1 ⊂ K2 ⊂ · · · ⊂ Kj ⊂ Kj+1 · · · ⊂ I

(ii) K1 ⊂ I K K ⊂ Kj j ≥ 1

I =
⋃
j≥1

Kj

−∞ < a < b < ∞ I = R Kj = [−j, j], I = (a,∞)

Kj = [a + 1/j, j], I = (a, b] Kj = [a + 1/j, b], I = (a, b)

Kj = [a + 1/j, b − 1/j], I = [a, b) Kj = [a, b − 1/j], I = (−∞, a)

Kj = [−j, a− 1/j]

2.2 f ∈ Rloc(I;R)

(1) f ∈ R(I;R)
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(2) I (Kj; j ≥ 1) lim
j→∞

∫
Kj

|f |

(3) I (Kj; j ≥ 1) lim
j→∞

∫
Kj

|f |

(2) (3) (Kj; j ≥ 1)∫
I

f = lim
j→∞

∫
Kj

f

(1) ⇒ (2) Kj ⊂ Kj+1∫
Kj

|f | ≤
∫
Kj+1

|f | ≤ sup{
∫
K

|f |; K ⊂ I} =

∫
I

|f |

(
∫
Kj

|f |; j ≥ 1) (2)

lim
j→∞

∫
Kj

|f | ≤
∫
I

|f |

(3) ⇒ (1) K ⊂ I j ≥ 1 K ⊂ Kj∫
K

|f | ≤
∫
Kj

|f |

(3) (
∫
Kj

|f |; j ≥ 1)

∫
K

|f | ≤ lim
j→∞

∫
Kj

|f |

K ⊂ I K∫
I

|f | ≤ lim
j→∞

∫
Kj

|f | (2)

(1) (3) (1)(2)

∫
I

|f | = lim
j→∞

∫
Kj

|f |
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f f±∫
I

f =

∫
I

f+ −
∫
I

f−

= lim
j→∞

∫
Kj

f+ − lim
j→∞

∫
Kj

f−

= lim
j→∞

(∫
Kj

f+ −
∫
Kj

f−
)

= lim
j→∞

∫
Kj

(f+ − f−) = lim
j→∞

∫
Kj

f

.

.

2.1

I ⊂ R

(1) f, g, fn ∈ R(I;R)

(a) (fn) g I

fn ≥ g, lim inf
n→∞

∫
I

fn < ∞

(b) f (fn) I

∫
I

f =

∫
I

lim inf
n→∞

fn ≤ lim inf
n→∞

∫
I

fn

(2) f, g, fn ∈ R(I;R)

(a) (fn) g I

fn ≤ g, lim sup
n→∞

∫
I

fn > −∞

(b) f (fn) I

lim sup
n→∞

∫
I

fn ≤
∫
I

lim sup
n→∞

fn =

∫
I

f

(1) K ⊂ I fn − g ≥ 0∫
K

(fn − g) ≤
∫
I

(fn − g) =

∫
I

fn −
∫
I

g
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1.8∫
K

(f − g) ≤ lim inf
n→∞

∫
K

(fn − g)

∫
K

(f − g) ≤ lim inf
n→∞

∫
I

fn −
∫
I

g

K ∫
I

f =

∫
I

(f − g) +

∫
I

g

= sup{
∫
K

(f − g);K ⊂ I +

∫
I

g

≤
(
lim inf
n→∞

∫
I

fn −
∫
I

g

)
+

∫
I

g = lim inf
n→∞

∫
I

fn

(2) K ⊂ I g − fn ≥ 0∫
K

(g − fn) ≤
∫
I

(g − fn) =

∫
I

g −
∫
I

fn

1.8∫
K

(g − f) =

∫
K

(g − lim sup
n→∞

fn) =

∫
K

(g + lim inf
n→∞

(−fn))

=

∫
K

lim inf
n→∞

(g − fn)

≤ lim inf
n→∞

∫
K

(g − fn)

∫
K

(g − f) ≤ lim inf
n→∞

(

∫
I

g −
∫
I

fn)

=

∫
I

g + lim inf
n→∞

(−
∫
I

fn) =

∫
I

g − lim sup
n→∞

∫
I

fn

K

−
∫
I

f =

∫
I

(g − f)−
∫
I

g

= sup

{∫
K

(g − f);K ⊂ I

}
−

∫
I

g

≤
(∫

I

g − lim sup
n→∞

∫
I

fn

)
−

∫
I

g = − lim sup
n→∞

∫
I

fn

2.2

I ⊂ R I (fn) ⊂
Rloc(I;R) f, g ∈ R(I;R)
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(a) (fn) f I

(b) g ≥ 0 n |fn| ≤ g

fn ∈ R(I;R)

lim
n→∞

∫
I

fn =

∫
I

lim
n→∞

fn =

∫
I

f

±fn ≤ g f±
n = 1

2
(|fn| ± fn) ≤ g f±

n I

fn ∈ R(I;R)

−
∫
I

g ≤
∫
I

fn ≤
∫
I

g

(
∫
I
fn;n ≥ 1) 2.1 (a)

lim sup
n→∞

∫
I

fn ≤
∫
I

f ≤ lim inf
n→∞

∫
I

fn

2.3

I ⊂ R f, fn ∈ R(I;R)

(a) (fn)

(b) (fn) f I

lim
n→∞

∫
I

|fn − f | = 0

sup
n≥1

∫
I

|fn| < ∞, lim
n→∞

∫
I

fn =

∫
I

lim
n→∞

fn =

∫
I

f

fn − f ≤ 0 −(fn − f) = f − fn ≤ f − f1

|fn − f | ≤ (f − f1)
+ ≤ |f |+ |f1|

|fn| ≤ |f | ∨ |f1|

2.4

I ⊂ R f, fn ∈ R(I;R)

(a) (fn) f I

lim
n→∞

∣∣∣∫
I

|fn| −
∫
I

|f | −
∫
I

|fn − f |
∣∣∣ = lim

n→∞

∫
I

∣∣∣|fn| − |f | − |fn − f |
∣∣∣ = 0
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(1) lim
n→∞

∫
I

|fn| =
∫
I

lim
n→∞

|fn| =
∫
I

| lim
n→∞

fn| =
∫
I

|f |

(2) lim
n→∞

∫
I

|fn − f | = 0

∣∣∣∫
I

|fn| −
∫
I

|f | −
∫
I

|fn − f |
∣∣∣ = ∣∣∣∫

I

(|fn| − |f | − |fn − f |)
∣∣∣

≤
∫
I

∣∣|fn| − |f | − |fn − f |∣∣
(a) I 0

∣∣|fn| − |f | − |fn − f |∣∣ = ∣∣(|fn| − |fn − f |)− |f |∣∣
≤ ∣∣|fn| − |fn − f |∣∣+ |f |
≤ |fn − (fn − f)|+ |f | = 2|f |

.

f : I → C

f = Ref + iImf

= ((Ref)+ − (Ref)−) + i((Imf)+ − (Imf)−)

n Rn

(−∞ < aj < bj < ∞)

n∏
j=1

[aj, bj] = {x ∈ Rn; xj ∈ [aj, bj] ∀j}

Rn

Rn

(Duistermaat and Kolk, “Multidimensional

Real Analysis II ” I, II )
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