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R
3

S2 := {ξ = (ξ1, ξ2, ξ3) ∈ R
3; |ξ|2 := ξ21 + ξ22 + ξ23 = 1}

R
3

N := (0, 0, 1) xy R
2 × {0} ⊂ R

3 (x, y, 0) R
3

�Nx,y := {(tx, ty, 1− t) = (1− t)N + t(x, y, 0) ∈ R
3; t ∈ R}

�Nx,y S2 \ {N} ξ = (ξ1, ξ2, ξ3) (x, y) ∈ R
2

ξ = (tx, ty, 1− t) ∈ �Nx,y ∩ (S2 \ {N}) t ∈ R

1 = (tx)2 + (ty)2 + (1− t)2 = t2x2 + t2y2 + 1− 2t+ t2 t �= 0

⇔ t(tx2 + ty2 + t− 2) = 0 t �= 0

⇔ t =
2

1 + x2 + y2

t ∈ R (ξ1, ξ2, ξ3) = (tx, ty, 1− t)

(ξ1, ξ2, ξ3) =

(
2x

1 + x2 + y2
,

2y

1 + x2 + y2
,
−1 + x2 + y2

1 + x2 + y2

)

(
2x

1 + x2 + y2

)2

+

(
2y

1 + x2 + y2

)2

+

(−1 + x2 + y2

1 + x2 + y2

)2

=
4x2 + 4y2 + (1 + x4 + y4 − 2x2 − 2y2 + 2x2y2)

(1 + x2 + y2)2

=
1 + x4 + y4 + 2x2 + 2y2 + 2x2y2

(1 + x2 + y2)2
= 1
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S2 t = 0 N = (0, 0, 1)

(x, y) = (0, 0) N S := (0, 0,−1)

t =
2

1 + x2 + y2

• x2 + y2 > 1 ⇔ 0 < t < 1

• x2 + y2 = 1 ⇔ t = 1

• 0 < x2 + y2 < 1 ⇔ 1 < t < 2

• x2 + y2 = 0 ⇔ t = 2

R
2 S2 \ {N}

πN : R2 � (x, y) �→ πN(x, y) =

(
2x

1 + x2 + y2
,

2y

1 + x2 + y2
,
−1 + x2 + y2

1 + x2 + y2

)
∈ S2 \ {N}

πN ξ = (ξ1, ξ2, ξ3) ∈ S2 \ {N}

ξ1 =
2x

1 + x2 + y2
, ξ2 =

2y

1 + x2 + y2
, ξ3 =

−1 + x2 + y2

1 + x2 + y2

(x, y) ∈ R
2

1− ξ3 =
2

1 + x2 + y2

x =
1 + x2 + y2

2
ξ1 =

ξ1
1− ξ3

, y =
1 + x2 + y2

2
ξ2 =

ξ2
1− ξ3

ξ ∈ S2 \ {N}

ϕN(ξ) =

(
ξ1

1− ξ3
,

ξ2
1− ξ3

)
ϕN : S2 \ {N} → R

2

(πN ◦ ϕN) = πN

(
ξ1

1− ξ3
,

ξ2
1− ξ3

)

=

⎛⎜⎜⎜⎝
2ξ1

1− ξ3

1 +

(
ξ1

1− ξ3

)2

+

(
ξ2

1− ξ3

)2 ,

2ξ1
1− ξ3

1 +

(
ξ1

1− ξ3

)2

+

(
ξ2

1− ξ3

)2 ,

−1 +

(
ξ1

1− ξ3

)2

+

(
ξ2

1− ξ3

)2

1 +

(
ξ1

1− ξ3

)2

+

(
ξ2

1− ξ3

)2

⎞⎟⎟⎟⎠
=

(
2ξ1(1− ξ3)

(1− ξ3)2 + ξ21 + ξ22
,

2ξ2(1− ξ3)

(1− ξ3)2 + ξ21 + ξ22
,
−(1− ξ3)

2 + ξ21 + ξ22
(1− ξ3)2 + ξ21 + ξ22

,

)

=

(
2ξ1(1− ξ3)

2− 2ξ3
,
2ξ2(1− ξ3)

2− 2ξ3
,
−1 + (2− 2ξ)ξ3 + ξ23 + ξ21 + ξ22

2− 2ξ3

)
= (ξ1, ξ2, ξ3),
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(ϕN ◦ πN)(x, y) = ϕN

(
2x

1 + x2 + y2
,

2y

1 + x2 + y2
,
−1 + x2 + y2

1 + x2 + y2

)
=

(
2x

(1 + x2 + y2)− (−1 + x2 + y2)
,

2y

(1 + x2 + y2)− (−1 + x2 + y2)

)
= (x, y)

πN ◦ ϕN = idS2\{N}, ϕN ◦ πN = idR2

ϕN(S
2 \ {N}) = R

2, ϕN(S
2 \ {N, S}) = R

2 \ {0},
πN(R

2) = S2 \ {N}, πN(R
2 \ {0}) = S2 \ {N, S}

(πN ◦ ϕN)(S
2 \ {N}) = S2 \ {N}, (πN ◦ ϕN)(S

2 \ {N, S}) = S2 \ {N, S},
(ϕN ◦ πN)(R

2) = R
2, (ϕN ◦ πN)(R

2 \ {0}) = R
2 \ {0}

S = (0, 0,−1) xy R
2 × {0} ⊂ R

3 (x, y, 0) R
3

�Sx,y := {(tx, ty, t− 1) = (1− t)S + t(x, y, 0) ∈ R
3; t ∈ R}

�Sx,y S2 \ {S} ξ = (ξ1, ξ2, ξ3) (x, y) ∈ R
2

ξ = (tx, ty, t− 1) ∈ �Sx,y ∩ (S2 \ {S}) t ∈ R

1 = (tx)2 + (ty)2 + (t− 1)2 t �= 0

⇔ t =
2

1 + x2 + y2

t ∈ R (ξ1, ξ2, ξ3) = (tx, ty, t− 1)

(ξ1, ξ2, ξ3) =

(
2x

1 + x2 + y2
,

2y

1 + x2 + y2
,
1− x2 − y2

1 + x2 + y2

)
S2 t = 0 S = (0, 0,−1)

(x, y) = (0, 0) S N = (0, 0, 1)

R
2 S2 \ {S}

πS : R2 � (x, y) �→ πS(x, y) =

(
2x

1 + x2 + y2
,

2y

1 + x2 + y2
,
1− x2 − y2

1 + x2 + y2

)
∈ S2 \ {S}

πS ξ = (ξ1, ξ2, ξ3) ∈ S2 \ {S}

ξ1 =
2x

1 + x2 + y2
, ξ2 =

2y

1 + x2 + y2
, ξ3 =

1− x2 − y2

1 + x2 + y2

(x, y) ∈ R
2

1 + ξ3 =
2

1 + x2 + y2
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x =
1 + x2 + y2

2
ξ1 =

ξ1
1 + ξ3

, y =
1 + x2 + y2

2
ξ2 =

ξ2
1 + ξ3

ξ ∈ S2 \ {S}

ϕS(ξ) =

(
ξ1

1 + ξ3
,

ξ2
1 + ξ3

)
ϕS(ξ) : S

2 \ {S} → R
2

(πS ◦ ϕS)(ξ) = πS

(
ξ1

1 + ξ3
,

ξ2
1 + ξ3

)

=

⎛⎜⎜⎜⎝
2ξ1

1 + ξ3

1 +

(
ξ1

1 + ξ3

)2

+

(
ξ2

1 + ξ3

)2 ,

2ξ1
1 + ξ3

1 +

(
ξ1

1 + ξ3

)2

+

(
ξ2

1 + ξ3

)2 ,

1−
(

ξ1
1 + ξ3

)2

−
(

ξ2
1 + ξ3

)2

1 +

(
ξ1

1 + ξ3

)2

+

(
ξ2

1 + ξ3

)2

⎞⎟⎟⎟⎠
=

(
2ξ1(1 + ξ3)

(1 + ξ3)2 + ξ21 + ξ22
,

2ξ2(1 + ξ3)

(1 + ξ3)2 + ξ21 + ξ22
,
(1 + ξ3)

2 − ξ21 − ξ22
(1 + ξ3)2 + ξ21 + ξ22

,

)

=

(
2ξ1(1 + ξ3)

2 + 2ξ3
,
2ξ2(1 + ξ3)

2 + 2ξ3
,
1 + (2 + 2ξ)ξ3 − ξ23 − ξ21 − ξ22

2 + 2ξ3

)
= (ξ1, ξ2, ξ3),

(ϕS ◦ πS)(x, y) = ϕS

(
2x

1 + x2 + y2
,

2y

1 + x2 + y2
,
1− x2 − y2

1 + x2 + y2

)
=

(
2x

(1 + x2 + y2) + (1− x2 − y2)
,

2y

(1 + x2 + y2) + (1− x2 − y2)

)
= (x, y)

πS ◦ ϕS = idS2\{S}, ϕS ◦ πS = idR2

ϕS(S
2 \ {S}) = R

2, ϕS(S
2 \ {N, S}) = R

2 \ {0},
πS(R

2) = S2 \ {S}, πS(R
2 \ {0}) = S2 \ {N, S}

(πS ◦ ϕS)(S
2 \ {S}) = S2 \ {S}, (πS ◦ ϕS)(S

2 \ {N, S}) = S2 \ {N, S}
(ϕS ◦ πS)(R

2) = R
2, (ϕS ◦ πS)(R

2 \ {0}) = R
2 \ {0}

ϕS ◦ (ϕN|S2 \ {N, S})−1 : R2 \ {0} → R
2(

ϕS ◦ (ϕN|S2 \ {N, S})−1
)
(x, y)

= ϕS

(
2x

1 + x2 + y2
,

2y

1 + x2 + y2
,
−1 + x2 + y2

1 + x2 + y2

)
=

(
2x

(1 + x2 + y2) + (−1 + x2 + y2)
,

2y

(1 + x2 + y2) + (−1 + x2 + y2)

)
=

(
x

x2 + y2
,

y

x2 + y2

)
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u v

∂xu =
1

x2 + y2
− 2x2

(x2 + y2)2
=

−x2 + y2

(x2 + y2)2
, ∂yu = − 2xy

(x2 + y2)2

∂xv = − 2xy

(x2 + y2)2
, ∂yv =

1

x2 + y2
− 2y2

(x2 + y2)2
=

x2 − y2

(x2 + y2)2

f := u+ iv

∂zf =
1

2
(∂x − i∂y)(u+ iv) =

1

2
((∂xu+ ∂yv) + i(∂xv − ∂yu)) = 0

∂z̄f =
1

2
(∂x + i∂y)(u+ iv) =

1

2
((∂xu− ∂yv) + i(∂xv + ∂yu))

= ∂x(u+ iv) = ∂xf = f ′

ϕS ◦ (ϕN|S2 \ {N, S})−1 f : C \ {0} → C S2

U± := S2 \ {(0, 0,±1)} U± ϕN, ϕS

{(U+, ϕN), (U−, ϕS)}
(x, y, 0) �Sx,y (x,−y, 0)

�Sx,−y

π− : R2 � (x, y) �→ π−(x, y) =
(

2x

1 + x2 + y2
,

−2y

1 + x2 + y2
,
1− x2 − y2

1 + x2 + y2

)
∈ U−

ϕ− : U− � (ξ1, ξ2, ξ3) �→ ϕ−(ξ1, ξ2, ξ3) =
(

ξ1
1 + ξ3

,
−ξ2
1 + ξ3

)
∈ R

2

π+ = πN, ϕ+ = ϕN

π± ◦ ϕ± = idU± , ϕ± ◦ π± = idR2

ϕ±(U±) = R
2, ϕ±(U+ ∩ U−) = R

2 \ {0}
π±(R2) = U±, π±(R2 \ {0}) = U+ ∩ U−

(π± ◦ ϕ±)(U±) = U±, (π± ◦ ϕ±)(U+ ∩ U−) = U+ ∩ U−

(ϕ± ◦ π±)(R2) = R
2, (ϕ± ◦ π±)(R2 \ {0}) = R

2 \ {0},

(ϕ± ◦ (ϕ∓|U+ ∩ U−)−1)(x, y) =

(
x

x2 + y2
,

−y

x2 + y2

)
, (x, y) ∈ R

2 \ {0}

ϕ± ◦ (ϕ∓|U+ ∩ U−)−1

C \ {0} � z �→ 1

z
∈ C \ {0}

C \ {0} {(U+, ϕ+), (U−, ϕ−)} S2

S2 (Riemann sphere)
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ϕ±

ϕ± : U± � ξ = (ξ1, ξ2, ξ3) �→ ϕ±(ξ) =
ξ1 ± iξ2
1∓ ξ3

∈ C

U+ ∩ U−

ϕ+(ξ)ϕ−(ξ) =
ξ1 + iξ2
1− ξ3

ξ1 − iξ2
1 + ξ3

=
ξ21 + ξ22
1− ξ23

= 1

π± C S2

π± : C � z �→ π±(z) =
(

z + z̄

1 + |z|2 ,∓i
z − z̄

1 + |z|2 ,∓
1− |z|2
1 + |z|2

)
∈ S2

z, w ∈ C

π±(z) · π±(w) =
(z + z̄)(w + w̄)− (z − z̄)(w − w̄) + (1− |z|2)(1− |w|2)

(1 + |z|2)(1 + |w|2)

=
2zw̄ + 2z̄w + 1− |z|2 − |w|2 + |z|2|w|2

(1 + |z|2)(1 + |w|2)

=
(1 + |z|2 + |w|2 + |z|2|w|2)− 2(|z|2 + |w|2 − zw̄ − z̄w)

(1 + |z|2)(1 + |w|2)

= 1− 2|z − w|2
(1 + |z|2)(1 + |w|2)

|π±(z)− π±(w)| =
(|π±(z)|2 − 2π±(z) · π±(w) + |π±(w)|2

)1/2
= (2− 2π±(z) · π±(w))1/2

=
2|z − w|

(1 + |z|2)1/2(1 + |w|2)1/2
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S2
R

3

{(U+, ϕ+), (U−, ϕ−)}
M TM → M

TM ⊗ TM (TM ⊗ TM)∗

(TM ⊗ TM)∗

ϕ± : U± � ξ �−→ ϕ±(ξ) =
ξ1 ± iξ2
1∓ ξ3

∈ C

ϕ± : U± � ξ �−→ ϕ±(ξ) =
ξ1 ∓ iξ2
1∓ ξ3

∈ C

R
3

dξ1, dξ2, dξ3

dϕ± =
1

1∓ ξ3
(dξ1 ± idξ2)± ξ1 ± iξ2

(1∓ ξ3)2
dξ3

dϕ± =
1

1∓ ξ3
(dξ1 ∓ idξ2)± ξ1 ∓ iξ2

(1∓ ξ3)2
dξ3

U±

dϕ± ⊗ dϕ±

=
1

(1∓ ξ3)2
(dξ1 ± idξ2)⊗ (dξ1 ∓ idξ2)± ξ1 ∓ iξ2

(1∓ ξ3)3
(dξ1 ± idξ2)⊗ dξ3

± ξ1 ± iξ2
(1∓ ξ3)3

dξ3 ⊗ (dξ1 ∓ idξ2) +
ξ21 + ξ22
(1∓ ξ3)4

dξ3 ⊗ dξ3

=
1

(1∓ ξ3)2
(dξ1 ⊗ dξ1 + dξ2 ⊗ ξ2 ∓ i(dξ1 ⊗ dξ2 − dξ2 ⊗ dξ1))

± 1

(1∓ ξ3)3
(ξ1dξ1 + ξ2dξ2)⊗ dξ3 − i

(1∓ ξ3)3
(ξ2dξ1 − ξ1dξ2)⊗ dξ3

± 1

(1∓ ξ3)3
dξ3 ⊗ (ξ1dξ1 + ξ2dξ2) +

i

(1∓ ξ3)3
dξ3 ⊗ (ξ2dξ1 − ξ1dξ2)

+
ξ21 + ξ22
(1∓ ξ3)4

dξ3 ⊗ dξ3

ξ21 + ξ22 + ξ23 = 1

ξ1dξ1 + ξ2dξ2 = −ξ3dξ3,

∓ 2(1∓ ξ3)ξ3 + ξ21 + ξ22 = ∓2ξ3 + 2ξ23 + ξ21 + ξ22 = ∓2ξ3 + ξ23 + 1 = (1∓ ξ3)
2
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dϕ± ⊗ dϕ±

=
1

(1∓ ξ3)2
(dξ1 ⊗ dξ1 + dξ2 ⊗ ξ2 + dξ2 ⊗ ξ2)

∓ i

(1∓ ξ3)2
(dξ1 ⊗ dξ2 − dξ2 ⊗ dξ1)

+
iξ1

(1∓ ξ3)3
(dξ2 ⊗ dξ3 − dξ3 ⊗ dξ2) +

iξ2
(1∓ ξ3)3

(dξ3 ⊗ dξ1 − dξ1 ⊗ dξ3)

1 + |ϕ±|2 = 1 + ϕ±ϕ± = 1 +
ξ21 + ξ22
(1∓ ξ3)3

=
(1∓ 2ξ3 + ξ23) + ξ21 + ξ22

(1∓ ξ3)2
=

2

1∓ ξ3

dϕ± ⊗ dϕ±

dϕ±  dϕ± :=
1

2
(dϕ± ⊗ dϕ± + dϕ± ⊗ dϕ±)

dϕ±  dϕ± =
1

4(1 + |ϕ±|2)2 (dξ1 ⊗ dξ1 + dξ2 ⊗ dξ2 + dξ3 ⊗ dξ3)

Fubini-Study

metric

dξ1 ⊗ dξ1 + dξ2 ⊗ dξ2 + dξ3 ⊗ dξ3 =
4

(1 + |ϕ±|2)2 dϕ±  dϕ±

U+ ∩ U−

dϕ+ = d

(
1

ϕ−

)
= − 1

ϕ2−
dϕ−, dϕ+ = d

(
1

ϕ−

)
= − 1

ϕ2−
dϕ−,

1 + |ϕ+|2 = 1 +
1

|ϕ−|2 =
1 + |ϕ−|2
|ϕ−|2

4

(1 + |ϕ+|2)2 dϕ+  dϕ+ =
4|ϕ−|4

(1 + |ϕ−|2)2
(
− 1

ϕ2−
dϕ−

)


(
− 1

ϕ2−
dϕ−

)
=

4

(1 + |ϕ−|2)2dϕ−  dϕ−
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S2 {(U+, ϕ+), (U−, ϕ−)}
ϕ+ ϕ− z w

U+
4

(1 + |z|2)2 dzdz̄, U−
4

(1 + |w|2)2 dzdw̄

U+ ∩ U−

K : C → R K(ζ) = log(1 + |ζ|2) U+ U−
ω+ ω−

ω± = 4i∂∂̄(ϕ∗
±K)

∂̄(ϕ∗
+K) =

z

1 + |z|2 dz̄,

∂∂̄(ϕ∗
+K) =

1

(1 + |z|2)2
(
(1 + |z|2)− zz̄)

)
dz ∧ dz̄ =

1

(1 + |z|2)2 dz ∧ dz̄

ω+ U+

ω+ =
4i

(1 + |z|2)2 dz ∧ dz̄

ω− U−

ω− =
4i

(1 + |w|2)2 dw ∧ dw̄

U+ ∩ U−

ω+|U+ ∩ U− =
4i(

1 +

∣∣∣∣ 1w
∣∣∣∣2
)2 d

(
1

w

)
∧ d

(
1

w̄

)

=
4i|w|4

(|w|2 + 1)2

(
− 1

w2
dw

)
∧
(
− 1

w̄2
dw̄

)
= ω−|U+ ∩ U−

ω+ ω−

dω+ = 4i

(
∂z

(
1

(1 + |z|2)
)2

dz + ∂z̄

(
1

(1 + |z|2)
)2

dz̄

)
∧ dz ∧ dz̄ = 0,

dω− = 4i

(
∂w

(
1

(1 + |w|2)
)2

dw + ∂w̄

(
1

(1 + |w|2)
)2

dw̄

)
∧ dw ∧ dw̄ = 0

S2 ω±
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C
2 \ {0} C

∗ = C \ {0}

c : ζ = (ζ0, ζ1) �→ cζ := (cζ0, cζ1)

ζ ∼ ζ ′ ⇔
def.

∃ c ∈ C
∗ : ζ ′ = cζ

C
2 \ {0} C

∗
C

2 \ {0} (C2 \ {0})/C∗

C
2 \ {0} ∼ (C2 \ {0})/ ∼

P

π : C2 \ {0} � ζ �→ π(ζ) := {ζ ′ ∈ C
2 \ {0}; ζ ′ ∼ ζ} ∈ P

P π π : C2 \ {0} → P

P V±

V− := {π(ζ0, ζ1) ∈ P; ζ0 �= 0}
V+ := {π(ζ0, ζ1) ∈ P; ζ1 �= 0}

ψ± : V± → C

ψ− (π(ζ0, ζ1)) :=
ζ1
ζ0
, ψ+ (π(ζ0, ζ1)) :=

ζ0
ζ1

ψ± P = V+∪V− V+∩V−

ψ+ (π(ζ0, ζ1))ψ− (π(ζ0, ζ1)) = 1

(C \ {0})× C C× (C \ {0}) C
2 \ {0}

V− = π ((C \ {0})× C) , V+ = π (C× (C \ {0}))

V+ V− P

z ∈ C

ψ− (π(1, z)) = z = ψ+ (π(z, 1))

ψ± ψ±
π(ζ0, ζ1), π(ζ

′
0, ζ

′
1) ∈ V− ψ− (π(ζ0, ζ1)) = ψ− (π(ζ ′0, ζ

′
1)) ζ0, ζ

′
0 �= 0

ζ1
ζ0

=
ζ ′1
ζ ′0

⇔ (ζ ′0, ζ
′
1) =

ζ ′0
ζ0
(ζ0, ζ1)

⇒ (ζ ′0, ζ
′
1) ∼ (ζ0, ζ1)

⇔ π(ζ0, ζ1) = π(ζ ′0, ζ
′
1)
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π(ζ0, ζ1), π(ζ
′
0, ζ

′
1) ∈ V+ ψ+ (π(ζ0, ζ1)) = ψ+ (π(ζ ′0, ζ

′
1))

ζ0, ζ
′
0 �= 0

ζ0
ζ1

=
ζ ′0
ζ ′1

⇔ (ζ ′0, ζ
′
1) =

ζ ′1
ζ1
(ζ0, ζ1)

⇔ (ζ ′0, ζ
′
1) ∼ (ζ0, ζ1)

⇔ π(ζ0, ζ1) = π(ζ ′0, ζ
′
1)

ψ± : V± → C π

z ∈ C \ {0} π(z, 1) ∈ V+ ∩ V−

z = ψ+ (π(z, 1)) =
1

ψ− (π(z, 1))

(
ψ− ◦ (ψ+|V+ ∩ V−)−1

)
(z) = ψ− (π(z, 1)) =

1

z

π(1, z) ∈ V+ ∩ V−

z = ψ− (π(1, z)) =
1

ψ+ (π(1, z))

(
ψ+ ◦ (ψ−|V+ ∩ V−)−1

)
(z) = ψ+ (π(1, z)) =

1

z

ψ+(V+ ∩ V−) = ψ−(V+ ∩ V−) = C \ {0} {(V+, ψ+), (V−, ψ−)} P

1 U± = S2 \ {(0, 0,±1)}

ϕ± : U± � ξ = (ξ1, ξ2, ξ3) �→ ξ1 ± iξ2
1∓ ξ3

∈ C

π± : C � z �→
(

z + z̄

1 + |z|2 ,∓i
z − z̄

1 + |z|2 ,∓
1− |z|2
1 + |z|2

)
∈ S2

ξ ∈ S2

(ξ1 + iξ2)(ξ1 − iξ2) = ξ21 + ξ22 = 1− ξ23 = (1 + ξ3)(1− ξ3)

U+

ξ1 + iξ2
1− ξ3

=
1 + ξ3
ξ1 − iξ2

U−
ξ1 − iξ2
1 + ξ3

=
1− ξ3
ξ1 + iξ2

11



ξ ∈ S2 = U+ ∪ U−

f(ξ) =

{
π(ξ1 + iξ2, 1− ξ3), ξ ∈ U+

π(1 + ξ3, ξ1 − iξ2), ξ ∈ U−

U+ ∩ U− π(ξ1 + iξ2, 1 − ξ3) = π(1 + ξ3, ξ1 − iξ2) f : S2 � ξ �→ f(ξ) ∈ P

f(U±) ⊂ V± z ∈ C ϕ−1
± (z) = π±(z) ∈ U±

(ψ± ◦ f ◦ ϕ−1
± )(z)

= (ψ± ◦ f)
(

z + z̄

1 + |z|2 ,∓i
z − z̄

1 + |z|2 ,∓
1− |z|2
1 + |z|2

)

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ψ+

(
π

(
2z

1 + |z|2 ,
2

1 + |z|2
))

ψ−

(
π

(
2

1 + |z|2 ,
2z

1 + |z|2
))

= z

ψ± ◦ f ◦ ϕ−1
± = idC ϕ± ◦ f−1 ◦ ψ−1

± = idC, f(U±) = V±, U± = f−1(V±)
f S2

P

(ζ0, ζ1) ∈ C
2 \ {0} ζ0 �= 0

(f−1 ◦ π)(ζ0, ζ1) = (f−1 ◦ ψ−1
− )

(
ζ1
ζ0

)
= ϕ−1

−

(
ζ1
ζ0

)

=

⎛⎜⎜⎜⎝
ζ1
ζ0

+
ζ̄1
ζ̄0

1 +

∣∣∣∣ζ1ζ0
∣∣∣∣2
, i

ζ1
ζ0

− ζ̄1
ζ̄0

1 +

∣∣∣∣ζ1ζ0
∣∣∣∣2
,

1−
∣∣∣∣ζ1ζ0

∣∣∣∣2
1 +

∣∣∣∣ζ1ζ0
∣∣∣∣2
⎞⎟⎟⎟⎠

=
1

|ζ0|2 + |ζ1|2
(
ζ̄0ζ1 + ζ0ζ̄1, i(ζ̄0ζ1 − ζ0ζ̄1), |ζ0|2 − |ζ1|2

)
,

ζ0 �= 0

(f−1 ◦ π)(ζ0, ζ1) = (f−1 ◦ ψ−1
+ )

(
ζ0
ζ1

)
= ϕ−1

+

(
ζ0
ζ1

)

=

⎛⎜⎜⎜⎝
ζ0
ζ1

+
ζ̄0
ζ̄1

1 +

∣∣∣∣ζ0ζ1
∣∣∣∣2
,−i

ζ0
ζ1

− ζ̄0
ζ̄1

1 +

∣∣∣∣ζ0ζ1
∣∣∣∣2
,−

1−
∣∣∣∣ζ0ζ1

∣∣∣∣2
1 +

∣∣∣∣ζ0ζ1
∣∣∣∣2
⎞⎟⎟⎟⎠

=
1

|ζ0|2 + |ζ1|2
(
ζ̄0ζ1 + ζ0ζ̄1, i(ζ̄0ζ1 − ζ0ζ̄1), |ζ0|2 − |ζ1|2

)
12



g : C2 \ {0} → R
3

g(ζ0, ζ1) =
1

|ζ0|2 + |ζ1|2
(
ζ̄0ζ1 + ζ0ζ̄1, i(ζ̄0ζ1 − ζ0ζ̄1), |ζ0|2 − |ζ1|2

)
g(C2 \ {0}) = S2 g = f−1 ◦ π, f ◦ g = π

C = R
2

S2 = {(z, t) ∈ C× R; |z|2 + t2 = 1}
S3 = {(z, w) ∈ C

2; |z|2 + |w|2 = 1}

g : C2 \ {0} → R
3 S3 h := g|S3 : S3 → R

3

(z, w) ∈ S3

h(z, w) = (2zw̄, |z|2 − |w|2) ∈ C× R

|2zw̄|2 + (|z|2 − |w|2)2 = 4|z|2|w̄|2 + (|z|4 − 2|z|2|w|2 + |w|4)
=

(|z|2 + |w|2)2 = 1

h(S3) ⊂ S2 (z, t) ∈ S2 z = 0 t = ±1

(1, 0) ∈ C
2 (1, 0) ∈ S3 h(1, 0) = (0, 1)

(0, 1) ∈ C
2 (0, 1) ∈ S3 h(0, 1) = (0,−1)

z �= 0 t �= ±1((
1 + t

2

)1/2
z

|z| ,
(
1− t

2

)1/2
)

∈ C
2

∣∣∣∣∣
(
1 + t

2

)1/2
z

|z|

∣∣∣∣∣
2

+

∣∣∣∣∣
(
1− t

2

)1/2
∣∣∣∣∣
2

=
1 + t

2
+

1− t

2
= 1

((
1 + t

2

)1/2
z

|z| ,
(
1− t

2

)1/2
)

∈ S3

h

((
1 + t

2

)1/2
z

|z| ,
(
1− t

2

)1/2
)

=

(
2

(
1 + t

2

)1/2 (
1− t

2

)1/2
z

|z| ,
(
1 + t

2

)
−

(
1− t

2

))

=

(
(1− t2)1/2

z

|z| , t
)

=

(
|z| z|z| , t

)
= (z, t)

h(S3) = S2

S1 S3 (θ ∈ R)

eiθ : S3 � (z, w) �→ eiθ(z, w) :=
(
eiθz, eiθw

) ∈ S3

13



S3 S3/S1 p : S3 → S3/S1

S3/S1 p (z, w) ∈ S3

h
(
eiθ(z, w)

)
= h

(
(eiθz, eiθw)

)
=

(
2eiθz eiθw, |eiθz|2 − |eiθw|2

)
=

(
2zw̄, |z|2 − |w|2)

= h(z, w)

(z, w), (z′, w′) ∈ S3 h(z, w) = h(z′, w′) zw̄ = z′w′

|z|2 − |w|2 = |z′|2 − |w′|2

(i) z �= 0 (ii) z = 0 z′ = 0 (iii) z = 0 z′ �= 0

(i) z �= 0 w = w′
(
z′

z

)
, |z|2 + |w|2 = |z′|2 + |w′|2 = 1, |z|2 − |w|2 = |z′|2 − |w′|2

|z|2 = 1

2
((|z|2 + |w|2) + (|z|2 − |w|2)) = 1

2
((|z′|2 + |w′|2) + (|z′|2 − |w′|2)) = |z′|2

z′

z
∈ S1

z′

z
w =

z′

z

(
w′

(
z′

z

))
=

∣∣∣∣z′z
∣∣∣∣2 w′ = w′

z′

z
(z, w) = (z′, w′)

p(z, w) = p(z′, w′)

(ii) z = z′ = 0 |w| = |w′| = 1
w′

w
∈ S1

w′

w
(0, w) = (0, w′)

p(0, w) = p(0, w′)

(iii) z = 0 z′ �= 0 0 = zw̄ = z′w′ w′ = 0

−|w|2 = |z|2 − |w|2 = |z′|2 − |w′|2 = |z′|2 �= 0

(z, w), (z′, w′) ∈ S3 |w|2 = |z′|2 = 1 |w|2 = −|z′|2
(iii)
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P

f−1

��

S3

π|S3

���������������

p

��

h �� S2

f

��

S3/S1

h̄

��������������

h : S3 → S2 h = h̄ ◦ p

h̄ : S3/S1 → S2 h Hopf

mapping S3 Hopf fibration

h̄ : S3/S1 → S2 S1

C

(infinity) ∞
C∪{∞}

C {∞}
C z ∈ C V (z) := {V ∈ C; ∃ r > 0 : B(z; r) ⊂ V }

r > 0 B(∞ : r) := {z ∈ C; |z| > r} ∪ {∞}

V (∞) := {V ∈ C ∪ {∞}; ∃r > 0 : B(∞; r) ⊂ V }

• ∀V ∈ V (∞), ∞ ∈ V

• V ∈ V (∞), V ⊂ W ⊂ C ∪ {∞} ⇒ W ∈ V (∞)

• V,W ∈ V (∞) ⇒ V ∩W ∈ V (∞)

• ∀V ∈ V (∞), ∃W ∈ V (∞) : ∀z ∈ W, V ∈ V (z)

V (∞) ∞ C∪{∞}
Ĉ extended complex plane

C \ {0} � z �−→ 1

z
∈ C

inv(z) =

⎧⎨⎩
1

z
, z ∈ C \ {0}

0, z = ∞

Ĉ = (C \ {0})∪{∞} inv ∞
ε > 0

inv (B(∞; 1/ε)) = B(0; ε)

Ĉ (C, Ĉ, \{0}) C idC : z �→ z

Ĉ \ {0} inv C ∩ (Ĉ \ {0}) = C \ {0}

inv ◦ (idC|C \ {0})−1 : C \ {0} � z �→ 1

z
∈ C

idC ◦ (inv|C \ {0})−1 : C \ {0} � z �→ 1

z
∈ C

15



{(C, idC), (Ĉ \ {0}, inv)} Ĉ

ξ ∈ S2

S2

f
��

ϕ ��
Ĉ

P

ϕ ◦ f−1

����������

ϕ(ξ) =

{
ϕ+(ξ), ξ ∈ U+

∞, ξ = N

idC ◦ ϕ ◦ (ϕ+)
−1 : C � z �→ z ∈ C

inv ◦ ϕ ◦ (ϕ−)−1 : C � z �→ z ∈ C

ϕ : S2 → Ĉ S2
Ĉ

Ĉ

Ĉ ω±

W. Ballmann, Lecture on Kähler Manifolds, EMS

J. J. Duistermaat and J. A. C. Kolk, Multidimentional Real Analysis,

Cambridge Univ. Press
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