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n Rn On

( ) 2π (lattice)

(2πZ)n = {2πk = (2πk1, · · · , 2πkn) ∈ Rn; k ∈ Zn}

Rn Rn (2πZ)n Rn/(2πZ)n

x ∈ Rn [x]

[x] = {y ∈ Rn; x− y ∈ (2πZ)n}

Rn/(2πZ)n = {[x]; x ∈ Rn}
[x], [y] ∈ Rn/(2πZ)n [x] + [y]

[x] + [y] = [x+ y]

( )

Rn/(2πZ)n ( [0] [x] [−x] )

x ∈ Rn ϕ(x) = [x] ϕ : Rn → Rn/(2πZ)n :

ϕ(x+ y) = [x+ y] = [x] + [y] = ϕ(x) + ϕ(y)

ϕ Rn/(2πZ)n Rn Rn/(2πZ)n

O ′
n = {U ′ ⊂ Rn/(2πZ)n;ϕ−1(U ′) ∈ On}

ϕ : Rn → Rn/(2πZ)n O ′
n ϕ

Rn/(2πZ)n ϕ U ∈ On ϕ(U) ∈ O ′
n

x ∈ ϕ−1(ϕ(U)) ϕ(x) ∈ ϕ(U) x ∈ {y ∈ Rn; ∃u ∈ U :

u−y ∈ (2πZ)n} u−x ∈ (2πZ)n u ∈ U B(u; ε) ⊂ U ε > 0

y ∈ B(x; ε) |y−x| < ε |(y−x+u)−u| = |y−x| < ε

y−x+u ∈ B(u; ε) ⊂ U (y−x+u)−y = u−x ∈ (2πZ)n y ∈ ϕ(U)
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ϕ(B(x; ε)) ⊂ ϕ(U) B(x; ε) ⊂ ϕ−1(ϕ(U))

ϕ−1(ϕ(U)) ∈ On

Rn/(2πZ)n [x], [y] [x+ y]

U ′ : [x+ y] ∈ U ′, ϕ−1(U ′) ∈ On

ϕ(x + y) = [x + y] ∈ U ′ x + y ∈ ϕ−1(U ′) Rn

x ∈ V, y ∈ W V,W ∈ On

V +W = {v + w ∈ Rn; v ∈ V, w ∈ W} ⊂ ϕ−1(U ′)

[x] = ϕ(x) ∈ ϕ(V ), [y] = ϕ(y) ∈ ϕ(W ) ϕ(V ), ϕ(W ) ϕ

ϕ(V ), ϕ(W ) ∈ O ′
n

ϕ(V ) + ϕ(W ) = {[v] + [w]; v ∈ V, w ∈ W}
= {[v + w]; v ∈ V, w ∈ W}
= ϕ(V +W ) ⊂ ϕ(ϕ−1(U ′)) ⊂ U ′

Rn/(2πZ)n [−π, π]n ϕ ϕ([−π, π]n)

Rn/(2πZ)n

Rn/(2πZ)n Tn n (n-

dimensional torus)

C (unit circle) U :

U = {z ∈ C; |z| = 1}
= {eiθ ∈ C; θ ∈ R}
= {(cos θ, sin θ) ∈ R2; θ ∈ R}

U C 1 z, z′ ∈ U
zz′ = z′z ∈ U z(z′z′′) = (zz′)z′′, zz̄ = 1, z−1 = z̄, z · 1 = z U

C = R2 U

OU = O2 ∩ U = {O ∩ U ⊂ R2;O ∈ O2}

U C

C× C � (z, z′) �−→ zz′ ∈ C

U

U× U � (z, z′) �−→ zz′ ∈ U

U R2

2



U C
Cn Un :

Un = {z ∈ Cn; |z1| = · · · = |zn| = 1}
= {(eiθ1 , · · · , eiθn) ∈ Cn; θ = (θ1, · · · , θn) ∈ Rn}
= {(cos θ1, sin θ1, · · · , cos θn, sin θn) ∈ R2n; θ = (θ1, · · · , θn) ∈ Rn}

Un Cn ( )

θ = (θ1, · · · , θn) ∈ Rn

E(θ) = (eiθ1 , · · · , eiθn)
E : Rn → Un E Rn Un

E(θ + θ′) = E(θ)E(θ′), ∀θ, θ′ ∈ R

E(θ) = (1, · · · , 1) ⇔ θ ∈ (2πZ)n

Tn = Rn/(2πZ)n

E
Rn

ϕ
E

Un

�

�

�
�
�
�
�
���

KerE = (2πZ)n E = E ◦ ϕ
E : Tn = Rn/(2πZ)n → Un

Rn Cn θ �→ E(θ) E : Rn → Un

Tn E : Tn → Un E

Tn Un

Tn

Rn f : Rn → C ( ) 2π

f(x+ 2πk) = f(x) (P)

x ∈ Rn k ∈ Zn f 2π

[−π, π]n [−π, π]n ((�e1, · · · , �en)
):

f(−π�ej +
∑
k �=j

xk�ek) = f(π�ej +
∑
k �=j

xk�ek), j ∈ {1, · · · , n} (P)′

(P) Rn 2π

2π f : Rn → C

f̃([x]) = f(x)

(P)

y ∈ [x] ⇔ ∃k ∈ Zn : y = x+ 2πk

⇒ f(y) = f(x)

f(x) Tn f̃ : Tn → C
Tn f̃ : Tn → C f = f̃ ◦ ϕ (P) Rn

f : Rn → C
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G ( ) G Hπ 
= {0}
U(Hπ) π : G → U(Hπ) π

x, y ∈ G

π(xy) = π(x)π(y),

π(x)π(x)∗ = π(x)∗π(x) = π(x)π(x−1) = π(x−1)π(x) = π(e) = I

π(x)−1 = π(x−1) = π(x)∗

G H π

π : G → U(Hπ) :

(1) G× Hπ Hπ

G× Hπ � (x, u) �−→ π(x)u ∈ Hπ

(2) u ∈ Hπ G Hπ

G � x �−→ π(x)u ∈ Hπ

(3) (u, v) ∈ Hπ × Hπ G C

G � x �−→ (π(x)u|v) ∈ C

(4) u ∈ Hπ G R

G � x �−→ Re(π(x)u|v) ∈ R

( ) (1) ⇒ (2) ⇒ (3) ⇒ (4) (4) ⇒ (1) :

‖π(y)v − π(x)u‖
= ‖π(x)(π(x−1y)v − u)‖
= ‖π(x−1y)v − u‖
= ‖(π(x−1y)v − v) + (v − u)‖
≤ ‖π(x−1y)v − v‖+ ‖v − u‖
= (‖π(x−1y)v‖2 − 2Re(π(x−1y)v|v) + ‖v‖2)1/2 + ‖v − u‖
= (2‖v‖2 − 2Re(π(x−1y)v|v)1/2 + ‖v − u‖
≤

√
2|(v|v)− Re(π(x−1y)v|v)|1/2 + ‖v − u‖

=
√
2|Re(π(x−1y)v|v)− Re(π(e)v|v)|1/2 + ‖v − u‖

4



( ) G (unitary representation)

G Hπ 
= {0} U(Hπ)

Hπ π

(representation space of π) dimC Hπ π (dimension of π)

( ) G π1 π2

(intertwining operator) x ∈ G (intertwining relation)

Hπ1

π1(x)−−−→ Hπ1

T

⏐⏐� ⏐⏐�T

Hπ2 −−−→
π2(x)

Hπ2

Tπ1(x) = π2(x)T

T ∈ B(Hπ1 ;Hπ2)

B(Hπ1 ;Hπ2) C (Hπ1 ;Hπ2) :

C (Hπ1 ;Hπ2) = {T ∈ B(Hπ1 ;Hπ2); ∀x ∈ G, Tπ1(x) = π2(x)T}
π1 π2 (unitarily equivalent) T ∈ U(Hπ1 ;Hπ2)

x ∈ G π1 ∼ π2

B(Hπ) = B(Hπ;Hπ),

C (Hπ) = C (Hπ;Hπ)

= {T ∈ B(Hπ); ∀x ∈ G, Tπ(x) = π(x)T}
C (Hπ) π (centralizer of π)

π C (Hπ) C∗

( )

• T, S ∈ C (Hπ) TS ∈ C (Hπ) :

TS ∈ B(Hπ) x ∈ G

TSπ(x) = Tπ(x)S = π(x)TS

• T, S ∈ C (Hπ), a, b ∈ C aT + bS ∈ C (Hπ) :

aT + bS ∈ B(Hπ) x ∈ G

(aT + bS)π(x) = aTπ(x) + bSπ(x)

= aπ(x)T + bπ(x)S = π(x)(aT + bS)

• T ∈ C (Hπ) T ∗ ∈ C (Hπ) :

T ∗ ∈ B(Hπ) x ∈ G

T ∗π(x) = T ∗π(x−1)∗ = (π(x−1)T )∗ = (Tπ(x−1))∗ = π(x−1)∗T ∗

= π(x)T ∗
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• (Tn;n ≥ 1) ⊂ C (Hπ), T ∈ B(Hπ) (u, v) ∈ Hπ × Hπ

(Tnu|v) → (Tu|v) (n → ∞)

T ∈ C (Hπ) :

(Tπ(x)u|v) = lim
n→∞

(Tnπ(x)u|v) = lim
n→∞

(π(x)Tnu|v)
= lim

n→∞
(Tnu|π(x)∗v) = (Tu|π(x)∗v) = (π(x)Tu|v)

u, v ∈ Hπ T ∈ C (Hπ)

( ) G π : G → U(Hπ) Hπ

M π (invariant subspace for π) x ∈ G

π(x)M ⊂ M

M 
= {0} π

πM : G � x �−→ πM (x) = π(x)|M ∈ U(M )

πM G U(M ) π (subrepresentation of π)

G π : G → U(Hπ) ( M 
= {0}
M 
= Hπ πM : G → U(M )) π (reducible)

π (irreducible)

Hπ M π M⊥ π

( ) v ∈ M⊥ u ∈ M x ∈ G π(x−1)u ∈ M

(π(x)v|u) = (v|π(x)∗u) = (v|π(x−1)u) = 0

π(x)v ∈ M⊥

(πi; i ∈ I) Hπ =
⊕
i∈I

Hπi
x ∈ G

v = (vi; i ∈ I) ∈ H π(x)v = (πi(x)vi; i ∈ I) G

π : G → U(Hπ) (πi; i ∈ I) (direct sum)
⊕
i∈I

πi

i ∈ I Hπi
Hπ π πi π

π : G → U(Hπ) {0} � M � Hπ π

M π πM πM⊥
:

π = πM ⊕ πM⊥
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π : G → U(Hπ) u ∈ Hπ

Mu = span {π(x)u ∈ Hπ; x ∈ G}

u (cyclic subspace generated by u)

v ∈ span{π(x)u; x ∈ G} (λi; i ∈ I) ⊂ C, (xi; i ∈ I) ⊂ G(�I < ∞)

v =
∑
i∈I

λiπ(xi)u y ∈ G π(y)v =
∑
i∈I

λiπ(yxi)u

π(y)v ∈ span{π(x)u; x ∈ G} v ∈ Mu y ∈ G

(vn;n ≥ 1) ⊂ span{π(x)u; x ∈ G} ‖vn − v‖ → 0

‖π(y)vn − π(y)v‖ = ‖vn − v‖ → 0 π(y)vn ∈ span{π(x)u; x ∈ G}
π(y)v ∈ Mu Mu π

Mu = Hπ u ∈ Hπ π (cyclic vector)

π (cyclic representation)

( )

( ) ( ) G π : G → U(Hπ)

Hπ 
= {0} u ∈ Hπ \ {0} u Mu Hπ π

(Mv; v ∈ I), I ⊂ Hπ

F = {(Mv; v ∈ I); I ⊂ Hπ} 
= ∅ ≤ :

(Mv; v ∈ I) ≤ (Mw;w ∈ J) ⇐⇒
def.

I ⊂ J

≤ F F ( ) {(Mv; v ∈
Iλ);λ ∈ Λ} (Mv; v ∈

⋃
λ∈Λ

Iλ) F F

F (Mv; v ∈ Ĩ) u0 ∈ Hπ \ {0}

u0⊥Mv (∀v ∈ Ĩ)

Mu0 v ∈ Ĩ Mu0⊥Mv π

(Mv; v ∈ Ĩ ∪ {u0}) (Mv; v ∈ Ĩ) F

u0 = 0

Hπ =
⊕
v∈Ĩ

Mv, π =
⊕
v∈Ĩ

πMv

π : G → U(Hπ) G Hπ M

(1) M π (π(x)M ⊂ M ∀x ∈ G)

(2) M PM π (PMπ(x) = π(x)PM∀x ∈ G)
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( ) (1) ⇒ (2) v ∈ M PM v = v π(x)M ⊂ M π(x)PM v ∈ M

π(x)PM v = PM (π(x)PM v) = PMπ(x)v v ∈ M⊥ π(x)PM v = 0

π(x)M⊥ ⊂ M⊥ π(x)v ∈ M⊥ PMπ(x)v = 0 π(x)PM v = 0 = PMπ(x)v

Hπ = M ⊕ M⊥ PMπ(x) = π(x)PM

(2) ⇒ (1) v ∈ M PM v = v PMπ(x) = π(x)PM π(x)v =

π(x)PM v = PMπ(x)v ∈ M π(x)M ⊂ M

( (Schur’s Lemma))

(1) G π : G → U(Hπ)

(i) π

(ii) C (Hπ) = {λIHπ ;λ ∈ C}

(2) G π1 π2

π1 ∼ π2 ⇐⇒ dimC C (Hπ1 ;Hπ2) = 1

π1 
∼ π2 ⇐⇒ dimC C (Hπ1 ;Hπ2) = 0

( ) (1) {λIHπ ;λ ∈ C} ⊂ C (Hπ)

(ii) ⇒ (i) π {0} � M � Hπ π M

πM : G → U(M ) PM ∈ C (Hπ) PM ∈
C (Hπ) \ {λIHπ ;λ ∈ C} (ii)

(i) ⇒ (ii) T ∈ C (Hπ) \ {λIHπ ;λ ∈ C} Tr :=
1

2
(T +T ∗)

Ti :=
1

2i
(T − T ∗) C∗ C (Hπ) T = Tr + iTi Tr, Ti

Tr Tr

Tr ∈ C (π) x ∈ G π(x)Tr = Trπ(x)

I ⊂ R χI χI(Tr) π(x)

π πM : G → U(M ) M = χI(Tr)Hπ

I ⊂ R π Ti

Ti π

(2) T ∈ C (Hπ1 ;Hπ2) T ∗ ∈ C (Hπ2 ;Hπ1) x ∈ G

T ∗π2(x) = T ∗π2(x
−1)∗

= (π2(x
−1)T )∗

= (Tπ1(x
−1))∗

= π1(x
−1)∗T ∗ = π1(x)T

∗

T ∗Tπ1(x) = T ∗π2(x)T = π1(x)T
∗T

TT ∗π2(x) = Tπ1(x)T
∗ = π2(x)TT

∗
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T ∗T ∈ C (Hπ1) TT ∗ ∈ C (Hπ2) π1 π2 (1) λ, μ ∈ C
T ∗T = λIHπ1

TT ∗ = μIHπ2

λIHπ = (T ∗T )∗ = TT ∗ = μIHπ

λ = μ

λ‖u‖2 = λ(u|u) = (T ∗Tu|u) = ‖Tu‖2 ∀u ∈ Hπ1

λ ≥ 0 λ ≥ 0 T ∗T = λIHπ1
TT ∗ = λIHπ2

:

(i) T ∈ C (Hπ1 ;Hπ2) T ∗T = TT ∗ = 0

(ii) T ∈ C (Hπ1 ;Hπ2) λ > 0

T ∗T = λIHπ1
, TT ∗ = λIHπ2

(i) T ∈ C (Hπ1 ;Hπ2) u ∈ Hπ1 ‖Tu‖2 = (T ∗Tu|u) = 0

C (Hπ1 ;Hπ2) = {0} π1 π2

(ii) λ−1/2T λ−1/2T ∈ C (Hπ1 ;Hπ2) π1 π2

C (Hπ1 ;Hπ2) T1, T2 λ1, λ2 ≥ 0

T1
∗T1 = λ1IHπ1

, T1T1
∗ = λ1IHπ2

T2
∗T2 = λ2IHπ1

, T2T2
∗ = λ2IHπ2

λ1 = λ2 = 0 (i) λ1

λ2 λ1 > 0

T1
−1T2 = λ−1

1 T1
∗T2,

T1
∗T2π1(x) = T1

∗π2(x)T2 = π1(x)T1
∗T2

T1
−1T2 ∈ C (Hπ1) (1) c ∈ C T1

−1T2 = cIHπ1
T2 = cT1

λ2 > 0 dimC C (Hπ1 ;Hπ2) = 1

G G

( ) π : G → U(Hπ) G x, y ∈ G

π(x)π(y) = π(xy) = π(yx) = π(y)π(x)

x ∈ G π(x) ∈ C (Hπ1)

π (1) x ∈ G λ(x) ∈ C π(x) = λ(x)IHπ

M Hπ u ∈ Hπ \ {0} M = {cu; c ∈ C}
π(x)(cu) = λ(x)cu = cλ(x)u ∈ M M π Hπ

π dimC Hπ ≥ 2 π

dimC Hπ = 1
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G π : G → U(Hπ) Hπ

C Hπ = C (·|·)

(z|z′) = zz′, z, z′ ∈ C

x ∈ G ξ(x) ∈ C z ∈ Hπ = C

(π(x))(z) = ξ(x)z

π x, y ∈ G

ξ(xy) = (π(xy))(1) = (π(x)π(y))(1) = π(x)((π(y))(1))

= ξ(x)(π(y))(1) = ξ(x)ξ(y)

π x ∈ G z ∈ C

‖z‖2 = ‖(π(x))(z)‖2 = ((π(x))z|(π(x))z) = (ξ(x)z|ξ(x)z)
= |ξ(x)|2‖z‖2

ξ : G � x �−→ ξ(x) ∈ U ξ(e) = 1

ξ(x) = (π(x))(1), x ∈ G

ξ : G → C U ξ : G → U
G U G ( ) ((unitary) character)

Ĝ

Ĝ = (Hom ∩ C)(G;U)

Ĝ (ξη)(x) = ξ(x)η(x), x ∈ G, Ĝ× Ĝ � (ξ, η) �−→ ξη ∈ Ĝ

G � x �−→ 1 ∈ U ξ ∈ Ĝ ξ−1 ξ : G � x �−→ ξ(x) ∈ U
Ĝ (character group) (dual group)

(1) G = Rn Ĝ Rn ξ ∈ Ĝ k ∈ Rn

ξ(x) = eik·x(x ∈ R)

(2) G = Tn Ĝ Zn ξ ∈ Ĝ k ∈ Zn

ξ(ϕ(θ)) = (E(θ))k(θ ∈ Rn) ϕ : Rn → Tn = Rn/(2πZ)n

E(θ) = (eiθ1 , · · · , eiθn), (E(θ))k = E(θ)k =
n∏

j=1

eikjθj

E(θ) ϕ(θ)

Tn = Rn/(2πZ)n

E(·)k
Rn

ϕ ξ

Un

�

�

�
�
�
�
�
���

(3) G = Zn Ĝ Tn ξ ∈ Ĝ

ϕ(θ) ∈ Tn ξ(k) = (E(θ))k(k ∈ Zn)

ϕ(θ)
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( ) (1) n = 1 ξ ∈ Ĝ = (Hom ∩ C)(R;U)

x0 ∈ R
∫ x0

0

ξ 
= 0

x ∈ R
∫ x

0

ξ = 0 h 
= 0

|ξ(x)| =
∣∣∣∣ξ(x)− 1

h

(∫ x+h

0

ξ −
∫ x

0

ξ

)∣∣∣∣ = ∣∣∣∣ξ(x)− 1

h

∫ x+h

x

ξ

∣∣∣∣
=

∣∣∣∣1h
∫ x+h

x

(ξ(y)− ξ(x))dy

∣∣∣∣
≤ sup

|x−y|≤|h|
|ξ(y)− ξ(x)| → 0 (|h| → 0)

|ξ(x)| = 1

c0 = 1

/(∫ x0

0

ξ

)
∈ C \ {0}

ξ(x) = c0ξ(x)

∫ x0

0

ξ(y)dy = c0

∫ x0

0

ξ(x)ξ(y)dy = c0

∫ x0

0

ξ(x+ y)dy

= c0

∫ x0+x

x

ξ(y)dy

ξ ∈ C(R;C) ξ ∈ C1(R;C)

ξ′(x) = c0(ξ(x0 + x)− ξ(x)) = c0(ξ(x0)− 1)ξ(x)

x ∈ R

d

dx
(exp(−c0(ξ(x0)− 1)x)ξ) = 0,

ξ(x) = ξ(0) exp(c0(ξ(x0)− 1)x) = exp(c0(ξ(x0)− 1)x)

|ξ(x)| = 1(∀x ∈ R) c0(ξ(x0)− 1) ∈ iR
k = −ic0(ξ(x0)− 1) ∈ R
n ≥ 2 Rn (�e1, · · · , �en), j = 1, · · · , n, t ∈ R

ξj(t) = ξ(t�ej) ξj ∈ (Hom ∩ C)(R;U) kj ∈ R
ξj(t) = eikjt (t ∈ R) k = (k1, · · · , kn) ∈ Rn

x ∈ Rn

ξ(x) = ξ

(
n∑

j=1

xj�ej

)
=

n∏
j=1

ξ(xj�ej) =
n∏

j=1

ξj(xj) =
n∏

j=1

eikjxj

= exp

(
i

n∑
j=1

kjxj

)
= exp(ik · x)
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(2) ξ ◦ ϕ ∈ R̂n (1) k ∈ Rn ξ(ϕ(θ)) = eik·θ(θ ∈ Rn)

θ = (0, · · · , 0), θ = 2π�ej 1 = ξ(ϕ(0)) = ξ(ϕ(2πej)) = e2πikj

k ∈ Zn

(3) ξ ∈ Ẑn = (Hom∩C)(Zn;U) j ∈ {1, · · · , n} ξ(�ej) = eiθj θj ∈ R
k ∈ Zn

ξ(k) = ξ

(
n∑

j=1

kj�ej

)
=

n∏
j=1

ξ(kj�ej) =
n∏

j=1

ξ(�ej)
kj =

n∏
j=1

eikjθj = (E(θ))k

k = (k1, · · · , kn) ∈ Z ek : Rn → C

ek(x) = eik·x = exp(ik · x) = exp(i
n∑

j=1

kjxj) =
n∏

j=1

exp(ikjxj),

x = (x1, · · · , xn) ∈ Rn ek 2π

Tn

ek
Rn

ϕ
ek

C

�

�

�
�
�
�
�
���

ek : Tn → C
ek ◦ ϕ = ek

ek ek
ek : Tn → C ek : Tn → U

L2(Tn;C) (P)′ [−π, π]n

L2
per([−π, π]n;C)

(u|v) =
∫

[−π,π]n

uv =

∫
[−π,π]n

u(x) v(x) dx

((2π)−
n
2 ek; k ∈ Zn) L2(Tn;C)

( )

(ek|el) =
∫

[−π,π]n

ekel

=
n∏

j=1

∫ π

−π

eikjxje−iljxjdxj

=
n∏

j=1

(2π)δkj lj = (2π)nδkl
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A = span(ek; k ∈ Zn)

ekel = ek+l A e0 = 1 ek = e−k A

x 
= y x = (x1, · · · , xn), y = (y1, · · · , yn) ∈ [−π, π]n xj 
= yj
j eixj 
= eiyj j 1 0 k ∈ Zn

ek(x) = eixj 
= eiyj = ek(y) A Tn

A C(Tn;C) ( )

L2(Tn;C) A ((2π)−
n
2 ek; k ∈ Zn)

f ∈ L2(Tn;C)

f̂(k) = (2π)−
n
2 (f |ek) = (2π)−

n
2

∫
Tn

f(x)e−ik·xdx, k ∈ Zn

f̂ = (f̂(k); k ∈ Zn) l2(Zn;C)

f = (2π)−
n
2

∑
k∈Zn

f̂(k)ek = (2π)−n
∑
k∈Zn

(f |ek)ek

L2(Tn;C) L2 L2

f, g ∈ L2(Tn;C), a, b ∈ C

(af + bg)∧(k) = af̂(k) + bĝ(k), k ∈ Zn

(f |g) =
∑
k∈Zn

f̂(k) ĝ(k)

L2(Tn;C) � f �−→ f̂ ∈ l2(Zn;C)

Rn L2(Rn;C)
f ∈ L2(Rn;C) 2L0π :

suppf ⊂ [−L0π, L0π]
n

L ≥ L0 FL ∈ L2(Tn;C) = L2
per([−π, π]n;C)

FL(x) = f(Lx), x ∈ [−π, π]n

L2(Tn;C) :

FL = (2π)−
n
2

∑
k∈Zn

F̂L(k)ek,

F̂L(k) = (2π)−
n
2 (FL|ek) = (2π)−

n
2

∫
[−π,π]n

FL(x)e
−ik·xdx

13



f F̂L(k)

F̂L(k) = (2π)−
n
2

∫
Rn

f(Lx)e−ik·xdx

= (2π)−
n
2L−n

∫
Rn

f(y)e−i k
L
·ydy

FL

f(Lx) = (2π)−nL−n
∑
k∈Zn

(∫
Rn

f(y)e−i k
L
·ydy

)
eik·x, x ∈ [−π, π]n

ξ = (ξ1, · · · , ξn) ∈ Rn eξ : Rn → C

eξ(x) = eiξ·x = exp(iξ · x) = exp

(
i

n∑
j=1

ξjxj

)
=

n∏
j=1

exp(iξjxj)

f̂(ξ) = (2π)−
n
2

∫
Rn

f(x)e−iξ·xdx

suppf ⊂ [−L0π, L0π]
n

|f̂(ξ)| ≤ (2π)−
n
2

∫
[−L0π,L0π]n

|f |

≤ (2π)−
n
2 (2L0π)

n
2 ‖f‖ = L

n
2
0 ‖f‖,

|f̂(ξ)− f̂(η)| = (2π)−
n
2

∣∣∫ f(x)(e−iξ·x − e−iη·x)dx
∣∣

≤ (2π)−
n
2

∫
|f(x)||e−i(ξ−η)·x − 1|dx

≤ (2π)−
n
2 |ξ − η|

∫
|f(x)||x|dx

≤ CnL
n
2
+1

0 ‖f‖|ξ − η|

f̂ : Rn � ξ �−→ f̂(ξ) ∈ C ( )

f(x) = (2π)−
n
2L−n

∑
k∈Zn

f̂

(
k

L

)
ei

k
L
·x, x ∈ [−Lπ, Lπ]n

‖f‖2 = L−n
∑
k∈Zn

∣∣∣∣f̂ (
k

L

)∣∣∣∣2

14



N ≥ 1∫
[−N,N ]

|f̂(ξ)|2dξ = lim
L→∞

L−n

n∏
j=1

LN∑
kj=−LN

∣∣∣∣f̂ (
k

L

)∣∣∣∣2

≤ sup
L≥L0

L−n
∑
k∈Zn

∣∣∣∣f̂ (
k

L

)∣∣∣∣2 = ‖f‖2

f̂ ∈ L2(Rn;C)

‖f̂‖ ≤ ‖f‖

suppf ⊂ [−L0π, L0π]
n f ∈ C∞

0 (Rn;C) ( suppf ⊂
[−L0π, L0π]

n f ∈ L2(Rn;C) suppfj ⊂ [−L0π, L0π]
n, ‖fj −f‖ → 0 (j →

∞) (fj) ⊂ C∞
0 (Rn;C) ‖f̂j − f̂l ‖ = ‖fj − fl‖ → 0 (j, l → ∞)

g ∈ L2(Rn;C) ‖f̂j − g‖ → 0 (j → ∞) ‖f̂j − f̂‖∞ ≤ L
n
2
0 ‖fj − f‖ →

0 (j,→ ∞), ‖f̂ − g‖ ≤ lim inf
j→∞

‖f̂j − g‖ = 0 f̂ = g ∈ L2(Rn;C),

‖f̂‖ = ‖g‖ = lim
j→∞

‖f̂j‖ = lim
j→∞

‖fj‖ = ‖f‖

C∞
0 (R)⊗ · · · ⊗ C∞

0 (R) = {
∑
λ∈Λ

fλ
1 ⊗ · · · ⊗ fλ

n ; fj ∈ C∞
0 (R;C), �Λ < ∞}

suppf ⊂ [−L0π, L0π]
n

fλ = fλ
1 ⊗ · · · ⊗ fλ

n∥∥∑̂
λ∈Λ

fλ
∥∥2

=
∑
λ∈Λ

∑
μ∈Λ

(f̂λ|f̂μ)

=
1

4

∑
λ∈Λ

∑
μ∈Λ

(‖f̂λ + f̂μ‖2 − ‖f̂λ − f̂μ‖2 + i‖f̂λ + if̂μ‖2 − i‖f̂λ − if̂μ‖2)

=
1

4

∑
λ∈Λ

∑
μ∈Λ

(‖fλ + fμ‖2 − ‖fλ − fμ‖2 + i‖fλ + ifμ‖2 − i‖fλ − ifμ‖2)

=
∥∥∑
λ∈Λ

fλ
∥∥2

f = f1 ⊗ · · · ⊗ fn, suppfj ⊂ [−L0π, L0π](∀j)

|f(x)|2 =
∣∣∣∣ n∏
j=1

fj(xj)

∣∣∣∣2 = f1(x1) · · · fn(xn) · f1(x1) · · · fn(xn)

=
n∏

j=1

|fj(xj)|2
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‖f‖2 =
∫

|f(x)|2dx =

∫ n∏
j=1

|fj(xj)|2dx =
n∏

j=1

∫ ∞

−∞
|fj(xj)|2dxj

f̂(ξ) = (2π)−
n
2

∫
f(x)e−iξ·xdx = (2π)−

n
2

n∏
j=1

∫
fj(xj)e

−iξjxjdxj

=
n∏

j=1

f̂j(ξj)

‖f̂‖2 =
∫

|f̂(ξ)|2dξ =

∫ n∏
j=1

|f̂j (ξj)|2dξ =
n∏

j=1

∫ ∞

−∞
|f̂j (ξj)|2dξj

n = 1 suppf ⊂ [−L0π, L0π]

f ∈ C∞
0 (R;C)

‖f̂‖ = ‖f‖
N ≥ 1∫ N

−N

|f̂(ξ)|2dξ =
1

2π

∫ L0π

−L0π

∫ L0π

−L0π

(∫ N

−N

eixξe−iyξdξ

)
f(x)f(y)dxdy

=
1

π

∫ L0π

−L0π

∫ L0π

−L0π

sinN(x− y)

x− y
f(x)f(y)dxdy

=
1

π

∫ L0π

−L0π

f(x)

(∫ 2L0π

−2L0π

sinNy

y
f(x− y)dy

)
dx

=
1

π

∫ L0π

−L0π

f(x)

(∫ 2L0π

−2L0π

sinNy

y
(f(x) + (f(x− y)− f(x))dy

)
dx

=
1

π

∫ 2L0π

−2L0π

sinNy

y
dy‖f‖2

+
1

π

∫ L0π

−L0π

f(x)

(∫ 2L0π

−2L0π

sinNy

y
(f(x− y)− f(x))dy

)
dx

=
1

π

∫ 2NL0π

−2NL0π

sin t

t
dt‖f‖2

+
1

2πi

∫ L0π

−L0π

f(x)

(∫ 2L0π

−2L0π

eiNygx(y)dy

)
dx

− 1

2πi

∫ L0π

−L0π

f(x)

(∫ 2L0π

−2L0π

e−iNygx(y)dy

)
dx

sinNt

t
t = 0 N R

x ∈ [−L0π, L0π] gx ∈ C∞
0 (R;C)

gx(y) =

⎧⎨⎩
f(x− y)− f(x)

y
, y 
= 0

−f ′(x), y = 0
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N → ∞ gx 0

‖f̂‖2 = lim
N→∞

∫ N

−N

|f̂ |2

=
1

π

∫ ∞

−∞

sin t

t
dt‖f‖2 = ‖f‖2

f ∈ L2(Rn;C) L0 ≥ 1 suppf ⊂ [−L0π, L0π]
n

f̂ ∈ L2(Rn;C) L ≥ L0

‖f̂‖2 = ‖f‖2 = L−n
∑
k∈Zn

∣∣∣∣f̂ (
k

L

)∣∣∣∣2
f̂ ∈ BUC(Rn;C)( ) L2([−Lπ, Lπ]n;C)

f = (2π)−
n
2L−n

∑
k∈Zn

f̂

(
k

L

)
e k

L

(1) f �−→ f̂ L2(Rn;C)

F : L2(Rn;C) � f �−→ Ff = f̂ ∈ L2(Rn;C)

f, g ∈ L2(Rn;C)

(Ff |Fg) = (f |g)

(2)

f = (FFf)∨

L2(Rn;C) f∨ f∨(x) = f(−x), x ∈ Rn

(3) F (L2 ∩ L1) ⊂ L2 ∩ BUC F L1 BUC

f ∈ L1 f̂ ∈ BUC ξ ∈ Rn

f̂(ξ) = (2π)−
n
2

∫
Rn

f(x)e−iξ·xdx

17



(4) f ∈ L1 f̂ f̂ ∈ L1

f = (FFf)∨

L∞(Rn;C)

f(x) = (2π)−
n
2

∫
Rn

f̂(ξ)eiξ·xdξ

(5) f ∈ L2(Rn;C)

‖f‖2 = ‖f̂‖2 = lim
L→∞

L−n
∑
k∈Zn

∣∣∣∣f̂ (
k

L

)∣∣∣∣2
= lim

L→∞

∥∥∥∥(2π)−n
2L−n

∑
k∈Zn

f̂

(
k

L

)
e k

L

∥∥∥∥2

L2([−Lπ,Lπ]n)

(6) f ∈ L2(Rn;C)

lim
L→∞

∥∥∥∥f − (2π)−
n
2L−n

∑
k∈Zn

f̂

(
k

L

)
e k

L

∥∥∥∥
L2([−Lπ,Lπ]n)

= 0

( ) f ∈ L1 ∩ L2 fN = f · χ[−Nπ,Nπ]n χ[−Nπ,Nπ]n

[−Nπ,Nπ]n |fN | ≤ |f | ‖fN − f‖ → 0 (N → ∞)

‖f̂M − f̂N‖ = ‖fM − fN‖ → 0 (M,N → ∞)

g ∈ L2 ‖f̂N − g‖ → 0 (N → ∞)

‖f̂M − f̂‖∞ ≤ ‖fN − f‖1 → 0

‖f̂ − g‖ ≤ lim inf
N→∞

‖f̂N − g‖ = 0

f̂ = g ∈ L2

‖f̂‖ = ‖g‖ = lim
N→∞

‖f̂N‖ = lim
N→∞

‖fN‖ = ‖f‖

|f̂(ξ + η)− f̂(ξ)| = (2π)−
n
2

∣∣∫ f(x)(e−i(ξ+η)·x − e−iξ·x)dx
∣∣

≤ (2π)−
n
2

∫
|f(x)||e−iη·x − 1|dx

18



|e−iη·x − 1| ≤ 2

lim
δ↓0

sup
|η|≤δ

sup
ξ∈Rn

|f̂(ξ + η)− f̂(ξ)| ≤ lim
δ↓0

sup
|η|≤δ

∫
|f(x)||e−iη·x − 1|dx

= 0

F (L1 ∩ L2) ⊂ L2 ∩ BUC f̂ ∈ L1

FFf = F (f̂) ∈ F (L1 ∩ L2) ⊂ L2 ∩BUC

‖f∨ − FFf‖2 = ‖f∨‖2 − 2Re(f∨|FFf) + ‖FFf‖2
= ‖f‖2 − 2Re(Ff |Ff) + ‖Ff‖2
= ‖f‖2 − ‖Ff‖2
= 0

f = (FFf)∨

(f∨|FFf) = (2π)−
n
2

∫
f(−x)

(∫
eix·ξf̂(ξ)dξ

)
dx

= (2π)−
n
2

∫ (∫
f(−x)eix·ξdx

)
f̂(ξ)dξ

= (2π)−
n
2

∫ (∫
f(x)e−ix·ξdx

)
f̂(ξ)dξ

= (f̂ |f̂)

(3)(4) N ≥ 1∫
[−N,N ]n

|f̂(ξ)|2dξ = lim
L→∞

L−n

LN∑
k1=−LN

· · ·
LN∑

kn=−LN

∣∣∣∣f̂ (
k

L

)∣∣∣∣2

≤ lim inf
L→∞

L−n
∑
k∈Zn

∣∣∣∣f̂ (
k

L

)∣∣∣∣2

‖f‖2 = ‖f̂‖2 ≤ lim inf
L→∞

L−n
∑
k∈Zn

∣∣∣∣f̂ (
k

L

)∣∣∣∣2

∣∣|f̂N(ξ)|2 − |f̂(ξ)|2∣∣ = (|f̂N(ξ)|+ |f̂(ξ)|)∣∣|f̂N(ξ)| − |f̂(ξ)|∣∣
≤ (|f̂N(ξ)|+ |f̂(ξ)|)|f̂N(ξ)− f̂(ξ)|
≤ 2‖f‖1

∫
|x|≥Nπ

|f |

ε > 0 Nε ≥ 1 N ≥ Nε k ∈ Zn

sup
L≥1

∣∣∣∣∣∣∣∣f̂N (
k

L

)∣∣∣∣2 − ∣∣∣∣f̂ (
k

L

)∣∣∣∣2∣∣∣∣ ≤ ε

2|k1|+···+|kn|+2n
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L ≥ N

L−n
∑
k∈Zn

∣∣∣∣f̂ (
k

L

)∣∣∣∣2 ≤ ε+ L−n
∑
k∈Zn

∣∣∣∣f̂N (
k

L

)∣∣∣∣2
= ε+ ‖fN‖2
≤ ε+ ‖f‖2

lim sup
L→∞

L−n
∑
k∈Zn

∣∣∣∣f̂ (
k

L

)∣∣∣∣2 ≤ ‖f‖2

‖f̂‖2 = ‖f‖2 = lim
L→∞

L−n
∑
k∈Zn

∣∣∣∣f̂ (
k

L

)∣∣∣∣2
= lim

L→∞

∥∥∥∥(2π)−n
2L−n

∑
k∈Zn

f̂

(
k

L

)
e k

L

∥∥∥∥2

L2([−Lπ,Lπ]n)

∥∥∥∥f − (2π)−
n
2L−n

∑
k∈Zn

f̂

(
k

L

)
e k

L

∥∥∥∥2

L2([−Lπ,Lπ]n)

= ‖f‖2 − 2Re

(
f

∣∣∣∣(2π)−n
2L−n

∑
k∈Zn

f̂

(
k

L

)
e k

L

)
L2([−Lπ,Lπ]n)

+

∥∥∥∥(2π)−n
2L−n

∑
k∈Zn

f̂

(
k

L

)
e k

L

∥∥∥∥2

L2([−Lπ,Lπ]n)

= ‖f‖2 − L−n
∑
k∈Zn

∣∣∣∣f̂ (
k

L

)∣∣∣∣2
→ 0 (L → ∞)

f ∈ L2 g ∈ L2 ‖fl−f‖ → 0 (fl) ⊂ L1∩L2

‖f̂l − g‖ → 0 f̂ = g F : L2 � f �→ f̂ ∈ L2

f ∈ L2

‖f̂‖2 = ‖f‖2
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F f, g ∈ L2

(f̂ |ĝ) = 1

4
(‖f̂ + ĝ‖2 − ‖f̂ − ĝ‖2 + i‖f̂ + iĝ‖2 − i‖f̂ − iĝ‖2)

=
1

4
(‖f + g‖2 − ‖f − g‖2 + i‖f + ig‖2 − i‖f − ig‖2)

= (f |g),
(f̂ |g) = lim

l→∞
m→∞

(f̂l|gm) = lim
l→∞
m→∞

(f∨
l |ĝm) = (f∨|ĝ),

‖f − (FFf)∨‖2 = ‖f‖2 − 2Re(f∨|FFf) + ‖FFf‖2
= ‖f‖2 − 2Re(Ff |Ff) + ‖Ff‖2
= ‖f‖2 − ‖Ff‖2 = 0

F (1)(2)

(5)(6) f ∈ L1∩L2 f ∈ L2

‖fl − f‖ → 0 (l → ∞) (fl; l ≥ 1) ⊂ L1 ∩L2 (flj ; j ≥ 1)

f̂lj f̂ (fl; l ≥ 1) ⊂ L1 ∩ L2 ‖fl − f‖ → 0

f̂l → f̂ a.e.

l,m

lim
L→∞

L−n
∑
k∈Zn

∣∣∣∣f̂l (
k

L

)
− f̂m

(
k

L

)∣∣∣∣2 = ‖fl − fm‖2

ε > 0 L0 ≥ 1 L ≥ L0

L−n
∑
k∈Zn

∣∣∣∣f̂l (
k

L

)
− f̂m

(
k

L

)∣∣∣∣2 < ‖fl − fm‖2 + ε

L−n
∑
k∈Zn

∣∣∣∣f̂ (
k

L

)
− f̂m

(
k

L

)∣∣∣∣2
= L−n

∑
k∈Zn

lim
l→∞

∣∣∣∣f̂l (
k

L

)
− f̂m

(
k

L

)∣∣∣∣2
= L−n

∑
k∈Zn

lim
j→∞

inf
l≥j

∣∣∣∣f̂l (
k

L

)
− f̂m

(
k

L

)∣∣∣∣2
= lim

j→∞
L−n

∑
k∈Zn

inf
l≥j

∣∣∣∣f̂l (
k

L

)
− f̂m

(
k

L

)∣∣∣∣2
≤ lim

j→∞
L−n

∑
k∈Zn

∣∣∣∣f̂j (
k

L

)
− f̂m

(
k

L

)∣∣∣∣2
≤ lim

j→∞
(‖fj − fm‖2 + ε)

= ‖f − fm‖2 + ε
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∣∣∣∣
(
L−n

∑
k∈Zn

∣∣∣∣f̂ (
k

L

)∣∣∣∣2
)1/2

−
(
L−n

∑
k∈Zn

∣∣∣∣f̂m (
k

L

)∣∣∣∣2
)1/2∣∣∣∣

≤
(
L−n

∑
k∈Zn

∣∣∣∣f̂ (
k

L

)
− f̂m

(
k

L

)∣∣∣∣2
)1/2

≤ (‖f − fm‖2 + ε)1/2

lim
L→∞

L−n
∑
k∈Zn

∣∣∣∣f̂ (
k

L

)∣∣∣∣2
= lim

m→∞
lim
L→∞

L−n
∑
k∈Zn

∣∣∣∣f̂m (
k

L

)∣∣∣∣2
= lim

m→∞
‖f̂m‖2 = ‖f̂‖2

.

(ank;n ∈ Z>0, k ∈ Z) k ∈ Z (ank;n ∈ Z>0)

( lim
n→∞

ank; k ∈ Z)
∑
k∈Z

lim
n→∞

ank
∑
k∈Z

ank

(
∑
k∈Z

ank;n ∈ Z>0) lim
n→∞

∑
k∈Z

ank [0,∞]

lim
n→∞

∑
k∈Z

ank =
∑
k∈Z

lim
n→∞

ank

k ∈ Z n ∈ Z>0 ank ≤ lim
m→∞

amk∑
k∈Z

ank ≤
∑
k∈Z

lim
m→∞

amk

(
∑
k∈Z

ank;n ∈ Z>0)

lim
n→∞

∑
k∈Z

ank ≤
∑
k∈Z

lim
m→∞

amk

n,N ∈ Z>0

∑
k∈Z

ank ≥
N∑

k=−N

ank
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(
∑
k∈Z

ank;n ∈ Z>0)

lim
m→∞

∑
k∈Z

amk = sup
m∈Z>0

∑
k∈Z

amk ≥
N∑

k=−N

ank

(
N∑

k=−N

ank;n ∈ Z>0)

lim
m→∞

∑
k∈Z

amk ≥
N∑

k=−N

lim
n→∞

ank

N ∈ Z>0 N → ∞

lim
m→∞

∑
k∈Z

amk ≥
∑
k∈Z

lim
n→∞

ank

G. B. Folland, A Course in Abstract Harmonic Analysis, CRC Press.

G. B. Folland, Real Analysis, John Wiley

, ,

, ,

http://www.ozawa.phys.waseda.ac.jp/pdf/Fourier.pdf

, ,

http://www.ozawa.phys.waseda.ac.jp/pdf/torus.pdf
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