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R
n

Δ =
n∑

j=1

∂2
j , ∂j = ∂/∂xj, x = (x1, · · · , xn) ∈ R

n

1.

R
n

R
n \ {0} x = rω, r = |x| =

(∑n
j=1 x

2
j

)1/2

,

ω = x/|x| (0,∞) × Sn−1 r radial

variable ∂r R
n \ {0} u

∂ru =
n∑

j=1

xj

|x|∂ju

∂r Ljk = xk∂j − xj∂k
R

n \ {0}

Δ = ∂2
r +

n− 1

r
∂r +

1

r2
ΔSn−1 , ΔSn−1 =

∑
1≤j<k≤n

L2
jk

u : (0,∞) � r �→ u(r) ∈ R

R
n\{0} � x �→ u(|x|) ∈ R Δu = 0 R

n \ {0}
d2u

dr2
+

n− 1

r

du

dr
= 0, r ∈ (0,∞) (1.1)

d

dr

(
exp

(∫ r

1

n− 1

s
ds

)
du

dr

)
= 0

exp

(∫ r

1

n− 1

s
ds

)
u′(r) = u′(1)

u′(r) = u′(1)r1−n

1



u(r) = u(1) + u′(1)
∫ r

1

s1−nds =

{
u(1) + u′(1)

2−n
(r2−n − 1), n �= 2

u(1) + u′(1) log r, n = 2

u(r) =

{
u′(1)
2−n

r2−n, n �= 2

u′(1) log r, n = 2

u (1.1)

u(1) =

{
u′(1)
2−n

, n �= 2

0, n = 2

u R
n \ {0} � x �→ u(|x|) ∈ R

Δu = 0 R
n \ {0} u(|x|)

ε > 0

uε(x) =

{
cn(|x|2 + ε2)(2−n)/2, n �= 2

c2 log(|x|2 + ε2)1/2, n = 2

uε : R
n → R ε → 0

n ≥ 3

∂juε(x) = (2− n)cnxj(|x|2 + ε2)−n/2,

∂2
juε(x) = (2− n)cn(|x|2 + ε2)−n/2 − n(2− n)cnx

2
j(|x|2 + ε2)−n/2−1

Δuε(x) = n(2− n)cn(|x|2 + ε2)−n/2 − n(2− n)cn|x|2(|x|2 + ε2)−n/2−1

= n(2− n)cnε
2(|x|2 + ε2)−n/2−1

= n(2− n)cnε
−n(|ε−1x|2) + 1)−n/2−1

ρ(x) = n(n− 2)cn(|x|2 + 1)−n/2−1

−Δuε(x) = ε−nρ(ε−1x)∫
Rn ρ(x)dx = 1 cn

δ S ′

−Δuε → δ (ε → 0)

R
n

u(x) = cn|x|2−n

2



u ∈ S ′ S ′ uε → u (ε → 0)

−Δu = δ

cn∫
Rn

(|x|2 + 1)−n/2−1dx = σ(Sn−1)

∫ ∞

0

(r2 + 1)−n/2−1rn−1dr

σ(Sn−1) Sn−1 = {x ∈ R
n; |x| = 1} 2πn/2/Γ(n/2)

s = r2/(r2 + 1) ds =
(

2r
r2+1

− 2r3

(r2+1)2

)
dr = 2r

(r2+1)2
dr

∫ ∞

0

(r2 + 1)−n/2−1rn−1dr =

∫ ∞

0

(r2/(r2 + 1))n/2−1.
r

(r2 + 1)2
dr =

1

2

∫ 1

0

sn/2−1ds =
1

n

cn =
1

(n− 2)σ(Sn−1)
=

Γ(n/2)

2(n− 2)πn/2

R
2

u(x) =
Γ(n/2)

2(n− 2)πn/2
|x|2−n

u ∈ S ′ −Δ

−Δu = δ

n = 2

∂juε(x) = c2xj(|x|2 + ε2)−1,

∂2
juε(x) = c2(|x|2 + ε2)−1 − 2c2x

2
j(|x|2 + ε2)−2

Δuε(x) = 2c2(|x|2 + ε)−1 − 2c2|x|2(|x|2 + ε2)−2

= 2c2ε
2(|x|2 + ε2)−2

= 2c2ε
−2(|ε−1x|2 + 1)−2

ρ(x) = −2c2(|x|2 + 1)−2

−Δuε(x) = ε−2ρ(ε−1x)∫
R2 ρ(x)dx = 1 c2 S ′

−Δuε → δ (ε → 0)

3



R
2

u(x) = c2 log |x|

u ∈ S ′ S ′ uε → u (ε → 0)

−Δu = δ

c2∫
R2

(|x|2 + 1)−1dx =

∫ 2π

0

∫ ∞

0

r

(r2 + 1)2
drdθ =

[
−π

1

r2 + 1

]∞
0

= π

c2 = − 1
2π

R
2

u(x) = − 1

2π
log |x| = 1

2π
log

1

|x|
u ∈ S ′ −Δ

−Δu = δ

n = 1

u′
ε(x) = c1x(x

2 + ε2)−1/2

u′′
ε(x) = c1(x

2 + ε2)−1/2 − c1x
2(x2 + ε2)−3/2

= c1ε
2(x2 + ε2)−3/2 = c1ε

−1((ε−1x)2 + 1)−3/2

ρ(x) = −c1(x
2 + 1)−3/2

−u′′(x) = ε−1ρ(ε−1x)∫
R
ρ(x)dx = 1 c1 S ′

−u′′
ε → δ (ε → 0)

R

u(x) = c1|x|

u ∈ S ′ S ′ uε → u (ε → 0)

−u′′ = δ
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c1 ∫ ∞

−∞
(x2 + 1)−3/2dx = 2

∫ ∞

0

(x2 + 1)−3/2dx

y = x2/(x2 + 1) dy = (2x/(x2 + 1)2)dx∫ 1

0

y−1/2dy = 2

c1 = −1
2

R

u(x) = −1

2
|x|

u ∈ S ′ −Δ

−Δu = δ

2.

φ ∈ S n ≥ 2

ω ∈ Sn−1

φ(0) = −
∫ ∞

0

d

dr
(φ(rω))dr = −

n∑
j=1

ωj

∫ ∞

0

(∂jφ)(rω)dr

k : Sn−1 → R
∫
Sn−1 k(ω)dσ(ω) = 1

σ Sn−1

k(ω) Sn−1

φ(0) = −
n∑

j=1

∫
Sn−1

k(ω)ωj

∫ ∞

0

(∂jφ)(rω)dr dσ(ω)

= −
n∑

j=1

∫ ∞

0

∫
Sn−1

(rωj)r
−nk(ω)(∂jφ)(rω)dσ(ω)r

n−1dr

= −
n∑

j=1

∫
Rn

xj

|x|n k

(
x

|x|
)
∂jφ(x)dx

j Kj : R
n \ {0} → R Kj(x) = (xj/|x|n)K(x/|x|)

φ ∈ S

n∑
j=1

∂jKj = δ

Kj ∈ S ′ ∂j
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Kj (1−n) Kj = ∂jLj Lj Lj (2−n)

R
n \{0} ∂j|x|2−n = (2−n)|x|−nxj

R
n \ {0} � x �→ |x|2−n ∈ R R

n \ {0} � x �→ |x|−nxj ∈ R

φ ∈ S

〈∂j|x|2−n, φ〉 = −〈|x|2−n, ∂jφ〉 = −
∫
Rn

|x|2−n∂jφ(x)dx

= − lim
ε↓0

∫
|x|>ε

|x|2−n∂jφ(x)dx

= lim
ε↓0

∫
|x|>ε

(−∂j(|x|2−nφ) + (2− n)|x|−nxjφ(x))dx

= lim
ε↓0

(ε

∫
Sn−1

ωjφ(εω)dσ(ω) + (2− n)

∫
|x|>ε

|x|−nxjφ(x)dx)

= (2− n)

∫
Rn

|x|−nxjφ(x)dx

S ′

∂j|x|2−n = (2− n)|x|−nxj

k k(ω) = 1/σ(Sn−1) = Γ(n/2)/2πn/2 n ≥ 3

−Δ

(
Γ(n/2)

2(n− 2)πn/2
|x|2−n

)
=

n∑
j=1

∂j

(
Γ(n/2)

2πn/2
|x|−nxj

)
=

n∑
j=1

∂jKj = δ

n ≥ 3 R
n \ {0}

∂j(log |x|) = |x|−2xj R
n \ {0} � x �→ log |x| ∈ R

R
n \ {0} � x �→ |x|−2xj ∈ R n ≥ 2

n ≥ 2 φ ∈ S

〈∂j(log |x|), φ〉 = −〈log |x|, ∂jφ〉 = −
∫
Rn

log |x|∂jφ(x)dx

= − lim
ε↓0

∫
|x|>ε

log |x|∂jφ(x)dx

= lim
ε↓0

∫
|x|>ε

(−∂j(log |x|φ) + |x|−2xjφ(x))dx

= lim
ε↓0

(εn−1 log ε

∫
Sn−1

ωjφ(εω)dσ(ω) +

∫
|x|>ε

|x|−2xjφ(x)dx)

=

∫
Rn

|x|−2xjφ(x)dx

S ′

∂j(log |x|) = |x|−2xj

n = 2 k k(ω) = 1/2π

−Δ(
1

2π
log |x|) =

2∑
j=1

∂j

(
1

2π
|x|−2xj

)
=

2∑
j=1

∂jKj = δ
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n = 2 n ≥ 1

∂j|x| = |x|−1xj R
n \{0} φ ∈ S

〈∂j|x|, φ〉 = −〈|x|, ∂jφ〉 = −
∫
Rn

|x|∂jφ(x)dx

= − lim
ε↓0

∫
|x|>ε

|x|∂jφ(x)dx

= lim
ε↓0

∫
|x|>ε

(−∂j(|x|φ) + |x|−1xjφ(x))dx

= lim
ε↓0

(εn
∫
Sn−1

ωjφ(εω)dσ(ω) +

∫
|x|>ε

|x|−1xjφ(x)dx)

=

∫
Rn

|x|−1xjφ(x)dx

n = 1 S0 = {±1},

ε

∫
S0

ωφ(rω)dσ(ω) = εφ(ε)− εφ(−ε) = [|x|φ(x)]εx=−ε

S ′

∂j|x| = |x|−1xj

n = 1

φ(0) = −
∫ ∞

0

φ′(x)dx =

∫ 0

−∞
φ′(x)dx

φ(0) = −1

2
(

∫ ∞

0

φ′(x)dx−
∫ 0

−∞
φ′(x)dx) = −

∫ ∞

−∞

x

|x|φ
′(x)dx

S ′

1

2

(
x

|x|
)′

= δ

|x|′ = |x|−1x

−Δ

(
−1

2
|x|

)
= δ

n = 1

3.

R
n Ω

x ∈ Ω ⇔ ∀λ > 0, λx ∈ Ω
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open cone

Ω ⊂ R
n φ ∈ C∞

0 (Ω) λ > 0 Dλφ ∈ C∞
0 (Ω)

(Dλφ)(x) = φ(λx), x ∈ Ω, f ∈ D ′(Ω) Dλf

〈Dλf, φ〉 = λ−n〈f,D1/λφ〉, φ ∈ C∞
0 (Ω)

Dλf ψ, φ ∈ C∞
0 (Ω)∫

Ω

ψ(λx)φ(x)dx = λ−n

∫
Ω

ψ(x)φ(λ−1x)dx

Ω ⊂ R
n f ∈ D ′(Ω) θ ∈ R θ λ > 0

Dλf = λθf

Ω = R
n

R
n \ {0} A ∈ GL(n) A∗ : C∞

0 (Ω) → C∞
0 (Ω)

(A∗φ)(x) = φ(Ax), x ∈ Ω f ∈ D ′(Ω) A∗f ∈ D ′(Ω)

〈A∗f, φ〉 = | detA|−1〈f, (A−1)∗φ〉, φ ∈ C∞
0 (Ω)

A∗f ψ, φ ∈ C∞
0 (Ω)∫

Ω

ψ(Ax)φ(x)dx = |det A|−1

∫
Ω

ψ(x)φ(A−1x)dx

Ω = R
n

R
n \ {0} f ∈ D ′(Ω) radial

T ∈ O(n) T ∗f = f

(1) Ω ⊂ R
n θ f ∈ D ′(Ω) ∂αf (θ− |α|)

(2) δ ∈ D ′(Rn) −n

(3) n ≥ 3 Δ(|x|2−n) ∈ D ′(Rn) −n

(4) n = 2 Δ(log |x|) ∈ D ′(R2) −2

(5) n = 1 Δ|x| ∈ D ′(R) −1
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(1) φ ∈ C∞
0 (Ω)

〈Dλ∂
αf, φ〉 = λ−n〈∂αf,D1/λφ〉 = (−1)|α|λ−n〈f, ∂αD1/λφ〉

= (−1)|α|λ−n−|α|〈f,D1/λ∂
αφ〉 = (−1)|α|λ−|α|〈Dλf, ∂

αφ〉
= (−1)|α|λ−|α|λθ〈f, ∂αφ〉 = λθ−|α|〈∂αf, φ〉

Dλ∂
αf = λθ−|α|∂αf

(2) φ ∈ C∞
0 (Rn)

〈Dλδ, φ〉 = λ−n〈δ,D1/λφ〉 = λ−n(D1/λφ)(0) = λ−nφ(0) = λ−n〈δ, φ〉

Dλδ = λ−nδ

(3) |x|2−n ∈ D ′(Rn) (2− n) (1)

(4) ∂j(log |x|) = |x|−2xj ∈ D ′(R2) −1 (1)

(5) |x| ∈ D ′(R) 1 (1)

Ω ⊂ R
n f ∈ D ′(Ω) θ ∈ R

(1) f θ

(2) f θf =
n∑

j=1

xj∂jf

λ > 0, φ ∈ C∞
0 (Ω) ρ(λ) = 〈f,Dλφ〉

d

dλ
(Dλφ)(x) = x · (∇φ)(λx) = λ−1

n∑
j=1

xj∂j(Dλφ)(x)

(1)⇒(2): 〈f,Dλφ〉 = λ−n〈D1/λf, φ〉 = λ−n−θ〈f, φ〉 λ

λ = 1 ρ′(1) = −(n+ θ)〈f, φ〉

ρ′(1) = 〈f,
n∑

j=1

xj∂jφ〉 = 〈f,
n∑

j=1

∂j(xjφ)〉 − n〈f, φ〉

= −
n∑

j=1

〈∂jf, xjφ〉 − n〈f, φ〉 = −
n∑

j=1

〈xj∂jf, φ〉 − n〈f, φ〉

(2)
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(2)⇒(1): ρ λ (2)

ρ′(λ) =λ−1

n∑
j=1

〈f, xj∂jDλφ〉 = −λ−1

n∑
j=1

〈xj∂jf, φ〉 − nλ−1〈f, φ〉

= − λ−1(θ + n)ρ(λ)

d

dλ
(λθ+nρ(λ)) = λn+θ(ρ′(λ) + λ−1(θ + n)ρ(λ)) = 0

λ > 0 λθ+nρ(λ) = ρ(1) λ−(θ+n)ρ(1/λ) = ρ(1)

〈Dλf, φ〉 = λ−nρ(1/λ) = λθ〈f, φ〉

f ∈ D ′(R \ {0}) θ ∈ R

(1) f θ

(2) f θf = xf ′

(3) a, b ∈ C x ∈ R \ {0} f(x) = axθH(x) + b(−x)θH(−x)

H

I ⊂ R f ∈ D ′(I)

(1) f ′ = 0

(2) c ∈ C φ ∈ C∞
0 (I) 〈f, φ〉 = c

∫
I

φ

(2)⇒(1) 〈f ′, φ〉 = − 〈f, φ′〉 = − c

∫
I

φ′ = 0

(1)⇒(2)

∫ ∞

−∞
ρ = 1 ρ ∈ C∞

0 (I) φ ∈ C∞
0 (I) c0 =

∫ ∞

−∞
φ

I ψ ψ(x) =

∫ x

−∞
(φ(y) − c0ρ(y))dy φ − c0ρ

K ≡ supp(φ − c0ρ) I a = infK = minK

b = supK = maxK I K ⊂ [a, b] ⊂ I

x ∈ (−∞, a) ∩ I y ≤ x y ∈ I φ(y) − c0ρ(y) = 0

ψ(x) = 0 x ∈ (b,∞) ∩ I ψ(x) =

∫
I

φ− c0

∫
I

ρ =

∫
I

φ− c0 = 0
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supp ψ ⊂ [a, b] ψ ψ ∈ C∞
0 (I) ψ′ = φ − c0ρ

(1)

〈f, φ〉 = 〈f, ψ′ + c0ρ〉 = − 〈f ′, ψ〉+ c0〈f, ρ〉 = c0〈f, ρ〉 = 〈f, ρ〉
∫
I

φ

(2) c = 〈f, ρ〉

2 (1) (2) (2) (3)

(2)⇒(3) φ ∈ C∞
0 (R \ {0})

〈(x−θf)′, φ〉 = − 〈x−θf, φ′〉 = − 〈f, x−θφ′〉 = − 〈f, (x−θφ)′ + θx−θ−1φ〉
= 〈f ′, x−θφ〉 − θ〈f, x−θ−1φ〉 = 〈xf ′ − θf, x−θ−1φ〉 = 0

I = (0,∞) I = (−∞, 0) α, β ∈ C

〈x−θf, φ〉 = α

∫ ∞

0

φ, ∀φ ∈ C∞
0 ((0,∞)),

〈x−θf, φ〉 = β

∫ 0

−∞
φ, ∀φ ∈ C∞

0 ((−∞, 0))

φ ∈ C∞
0 (R \ {0}) Hφ ∈ C∞

0 ((0,∞)), H∨φ ∈ C∞
0 ((−∞, 0))

H∨(x) = H(−x)

〈f, φ〉 = 〈f,Hφ+H∨φ〉 = 〈f,Hφ〉+ 〈f,H∨φ〉
= 〈x−θf, xθHφ〉+ 〈x−θf, xθH∨〉

= α

∫ ∞

0

xθH(x)φ(x)dx+ β

∫ 0

−∞
xθH(−x)φ(x)dx

= 〈αxθH + (−1)θβ(−x)θH∨, φ〉

a = α, b = (−1)θβ (3)

(3)⇒(2) φ ∈ C∞
0 (R \ {0}) Hφ′ = (Hφ)′, H∨φ′ = (H∨φ)′

〈xf ′, φ〉 = − 〈f, (xφ)′〉 = − 〈f, φ+ xφ′〉
= − 〈f, φ〉 − 〈axθ+1H,φ′〉 − 〈b(−1)θxθ+1H∨, φ′〉
= − 〈f, φ〉 − a〈xθ+1, (Hφ)′〉 − b(−1)θ〈xθ+1, (H∨φ)′〉
= − 〈f, φ〉+ (θ + 1)a〈xθ, Hφ〉+ (θ + 1)b(−1)θ〈xθ, H∨φ〉
= − 〈f, φ〉+ (θ + 1)〈f, φ〉
= 〈θf, φ〉
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R
n \ {0} f ∈ D ′(Rn \ {0}) θ ∈ R

(1) f θ

(2) c ∈ C φ ∈ C∞
0 (Rn \ {0}) 〈f, φ〉 = c

∫
Rn

|x|θφ(x)dx

(1)⇒(2) n = 1 3 f f(x) = axθH(x) + b(−x)θH(−x)

f(x) = f(−x) a = b f(x) = a(xθH(x) +

(−x)θH(−x)) = a|x|θ (2) n ≥ 2

θ f ∈ D ′(R \ {0}) u ∈ C∞
0 ((0,∞))

(Ru)(x) = u(|x|), x ∈ R
n \ {0} Ru ∈ C∞

0 (Rn \ {0})
R : C∞

0 ((0,∞)) � u �→ Ru ∈ C∞
0 (Rn \ {0}) g ≡ f ◦ R

D ′((0,∞)) (DλRu)(x) = (Ru)(λx) = u(|λx|) = u(λ|x|) = (Dλu)(|x|)
= (RDλu)(x) f

〈g,Dλu〉 = 〈f ◦R,Dλu〉 = 〈f,DλRu〉 = λ−n−θ〈f,Ru〉 = λ−n−θ〈g, u〉

g (0,∞) (n+θ−1) 3 c0 ∈ C

t > 0 g(t) = c0t
n+θ−1 φ ∈ C∞

0 (Rn \ {0})
u ∈ C∞

0 ((0,∞)) φ(x) = u(|x|)

〈f, φ〉 = 〈g, u〉 = c0

∫ ∞

0

tn+θ−1u(t)dt =
c0

σ(Sn−1)

∫
Rn

|x|θφ(x)dx

ψ ∈ C∞
0 (Rn \ {0})

〈h, ψ〉 = 〈f, ψ〉 − c0
σ(Sn−1)

∫
Rn

|x|θφ(x)dx

h R
n \ {0} θ

ψ ∈ C∞
0 (Rn \ {0}) T ∈ O(n) T ∗ψ = ψ ◦ T ∈ C∞

0 (Rn \ {0})
O(n) dT

φ(x) =

∫
O(n)

ψ(Tx)dT, x ∈ R
n \ {0}

φ ∈ C∞
0 (Rn \ {0}) h

〈h, φ〉 = 〈h,
∫
O(n)

T ∗ψdT 〉 =
∫
O(n)

〈h, T ∗ψ〉dT =

∫
O(n)

〈h, ψ〉dT

= 〈h, ψ〉
∫
O(n)

dT = 〈h, ψ〉

φ 〈h, ψ〉 = 0 h C∞
0 (Rn \ {0})

(2)

(2)⇒(1) 〈f,Dλφ〉
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f ∈ D ′(Rn)

(1) f −n

(2) f δ c ∈ C f = cδ

(2)⇒(1) 1 (1)⇒(2) 4 c0 ∈ C

φ ∈ C∞
0 (Rn \ {0})

〈f, φ〉 = c0

∫
Rn

|x|−nφ(x)dx

ζ ∈ C∞
0 (R) 0 ≤ ζ ≤ 1, suppζ ⊂ [1/2, 4] [1,2] ζ = 1

φj(x) = ζ(|x|/j) φ ∈ C∞
0 (Rn \ {0})∫

Rn

|x|−nφj(x)dx = σ(Sn−1)

∫ ∞

0

ζ(
r

j
)
dr

r
= σ(Sn−1)

∫ ∞

0

ζ(r)
dr

r

≥ σ(Sn−1) log 2

C∞
0 (Rn) φj → 0 〈f, φj〉 → 0 c0 = 0

suppf ⊂ {0} δ

−n δ (2)

1 5 D ′(Rn)

Δ(|x|2−n) = cnδ, n ≥ 3

Δ(log |x|) = c2δ, n = 2

Δ|x| = c1δ, n = 1

cn ∈ R cn ∈ R

n ≥ 3

φ ∈ C∞
0 (Rn) ∇(|x|2−n) · ∇φ ∈ L1(Rn)∫

Rn

Δ(|x|2−n) · φ(x)dx = −
∫
Rn

∇(|x|2−n) · ∇φ(x)dx

= − lim
ε↓0

∫
|x|>ε

∇(|x|2−n) · ∇φ(x)dx

R
n\{0}

∇(|x|2−n) · ∇φ = ∇ · (∇(|x|2−n)φ)− (Δ|x|2−n)φ

= (2− n)∇ · (|x|−nxφ)
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− lim
ε↓0

∫
|x|>ε

∇(|x|2−n) · ∇φ(x)dx = − lim
ε↓0

(2− n)
n∑

j=1

∫
|x|>ε

∂j(|x|−nxjφ)dx

= lim
ε↓0

(2− n)
n∑

j=1

εn−1

∫
Sn−1

ωj(|εω|−nεωjφ(εω))dσ(ω)

= lim
ε↓0

(2− n)
n∑

j=1

∫
Sn−1

ω2
jφ(εω)dσ(ω) = −(n− 2) lim

ε↓0

∫
Sn−1

φ(εω)dσ(ω)

= − (n− 2)

∫
Sn−1

φ(0)dσ(ω) = −(n− 2)σ(Sn−1)φ(0) = −(n− 2)σ(Sn−1)〈δ, φ〉

−Δ(|x|2−n) = (n− 2)σ(Sn−1)δ

n = 2

φ ∈ C∞
0 (R2) ∇(log |x|) · ∇φ ∈ L1(R2)∫

R2

Δ(log |x|) · φ(x)dx = −
∫
R2

∇(log |x|) · ∇φ(x)dx

= − lim
ε↓0

∫
|x|>ε

∇(log |x|) · ∇φ(x)dx

R
n \ {0}

∇(log |x|) · ∇φ = ∇ · ((∇ log |x|)φ)− (Δ log |x|)φ
= ∇ · (|x|−2xφ)

− lim
ε↓0

∫
|x|>ε

∇(log |x|) · ∇φ(x)dx = − lim
ε↓0

2∑
j=1

∫
|x|>ε

∂j(|x|−2xjφ)dx

= lim
ε↓0

2∑
j=1

ε

∫
S1

ωj|εω|−2εωjφ(εω)dσ(ω)

= lim
ε↓0

2∑
j=1

∫
S1

ω2
jφ(εω)dσ(ω) = lim

ε↓0

∫
S1

φ(εω)dσ(ω) =

∫
S1

φ(0)dσ(ω)

= 2πφ(0) = 2π〈δ, φ〉

−Δ(log
1

|x|) = 2πδ
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n = 1

φ ∈ C∞
0 (R) |x|′ · φ′ ∈ L1(R)∫ ∞

−∞
Δ|x| · φ(x)dx = −

∫ ∞

−∞
|x|′ · φ′(x)dx = − lim

ε↓0

∫
|x|>ε

|x|′ · φ′(x)dx

= − lim
ε↓0

(

∫ ∞

ε

φ′(x)dx−
∫ −ε

−∞
φ′(x)dx)

= − lim
ε↓0

(−φ(ε)− φ(−ε)) = 2φ(0) = 2〈δ, φ〉

−Δ|x| = 2δ

.

θ > 0 R
n \ {0} � x �→ |x|−θ ∈ R 0 < θ < n

n/2 < θ < n 1 = χB(0;1) + χRn\B(0;1)(χB(0;1)

{x ∈ R
n; |x| ≤ 1} L1 +L2

L∞ + L2

f ∈ S ′ ∩ L1
loc f̂ ∈ L1

loc

(1) f T ∈ O(n) f = f ◦ T

(2) f̂ T ∈ O(n) f̂ = f̂ ◦ T

S ′ (1)⇒(2)

f ∈ L1

f̂(Tξ) = (2π)−n/2

∫
Rn

exp(−iT ξ · x)f(x)dx = (2π)−n/2

∫
Rn

exp(−iξ ·tTx)f(x)dx

= (2π)−n/2

∫
Rn

exp(−iξ · y)f(Ty)| detT |dy = (2π)−n/2

∫
Rn

exp(−iξ · y)f(y)dy

= f̂(ξ)

(1)⇒(2) f ∈ S ′∩L1
loc ζ ∈ C∞

0 (R) 0 ≤ ζ ≤ 1, [0, 1] ζ = 1

fj = ζjf, ζj(x) = ζ(|x|2/j2) fj ∈ L1 φ ∈ S
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S ζjφ → φ 〈fj, φ〉 = 〈f, ζjφ〉 → 〈f, φ〉 〈f̂j, φ〉 = 〈fj, φ̂〉 →
〈f, φ̂〉 = 〈f̂ , φ〉

〈f̂ ◦ T, φ〉 =
∫
Rn

f̂(Tξ)φ(ξ)dξ =

∫
Rn

f̂(ξ)φ(tTξ)dξ = 〈f̂ , φ ◦tT 〉

= lim
j→∞

〈f̂j, φ ◦tT 〉 = lim
j→∞

〈f̂j ◦ T, φ〉
= lim

j→∞
〈f̂j, φ〉 = 〈f̂ , φ〉

S ′ ∩ L1
loc f̂ ◦ T = f̂

f ∈ S ′ ∩ L1
loc f̂ ∈ L1

loc λ > 0

FDλf = λ−nD1/λFf

f ∈ L1

(FDλf)(ξ) = (2π)−n/2

∫
Rn

exp(−ix · ξ)f(λx)dx

= (2π)−n/2

∫
Rn

exp(−iy · λ−1ξ)f(y)λ−ndy = λ−n(D1/λFf)(ξ)

f̂ ∈ L1
loc f ∈ S ′ ∩L1

loc 6 fj ∈ L1

φ ∈ S

〈FDλf, φ〉 = 〈Dλf, φ̂〉 = λ−n〈f,D1/λφ̂〉 = lim
j→∞

λ−n〈fj, D1/λφ̂〉
= lim

j→∞
〈FDλfj, φ〉 = lim

j→∞
λ−n〈D1/λFfj, φ〉 = lim

j→∞
〈f̂j, Dλφ〉

= 〈f̂ , Dλφ〉 = λ−n〈D1/λf̂ , φ〉

0 < θ < n θ |x|−θ ∈ S ′ ∩ L1
loc

(F | · |−θ)(ξ) =
2n/2−θΓ((n− θ)/2)

Γ(θ/2)
|ξ|θ−n

(1) n/2 < θ < n

16



F | · |−θ ∈ L∞ + L2 ⊂ S ′ ∩ L1
loc 6 7 λ > 0 T ∈ O(n)

S ′ ∩ L1
loc

(F | · |−θ)(λTξ) = (F | · |−θ)(λξ) = λ−n(FD1/λ| · |−θ)(ξ)

= λθ−n(F | · |−θ)(ξ)

λ = 1/|ξ|

(F | · |−θ)(ξ) = |ξ|θ−n(F | · |−θ)(T (ξ/|ξ|)), ξ ∈ R
n \ {0}

(F | · |−θ)(T (ξ/|ξ|))
ξ ∈ R

n \ {0} cn,θ

(F | · |−θ)(ξ) = cn,θ|ξ|θ−n

cn,θ φ(x) = exp(−|x|2/2) Fφ = φ ∈ S∫
Rn

|x|−θ exp(−|x|2
2

)dx = 〈| · |−θ,Fφ〉 = 〈F | · |−θ, φ〉 = cn,θ

∫
Rn

|x|θ−n exp(−|x|2
2

)dx

σ(Sn−1)∫ ∞

0

rn−θ−1 exp

(
−r2

2

)
dr = cn,θ

∫ ∞

0

rθ−1 exp

(
−r2

2

)
dr

s �→ r = (2s)1/2

2(n−θ)/2−1Γ

(
n− θ

2

)
=

∫ ∞

0

(2s)(n−θ)/2−1e−sds = cn,θ

∫ ∞

0

(2s)θ/2−1e−sds = cn,θ2
θ/2−1Γ(θ/2)

cn,θ =
2n/2−θΓ((n− θ)/2)

Γ(θ/2)

(2) θ = n/2

φ ∈ S

〈F | · |−n/2, φ〉 = 〈| · |−n/2, φ̂〉 =
∫
Rn

|ξ|−n/2φ̂(ξ)dξ = lim
θ↓n/2

∫
Rn

|ξ|−θφ̂(ξ)dξ

= lim
θ↓n/2

∫
Rn

(F | · |−θ)(x)φ(x)dx

= lim
θ↓n/2

cn,θ

∫
Rn

|x|θ−nφ(x)dx

= cn,n/2

∫
Rn

|x|−n/2φ(x)dx =

∫
Rn

|x|−n/2φ(x)dx

17



θ = n/2

(3) 0 < θ < n/2

n/2 < n− θ < n (1)

(F | · |θ−n)(ξ) =
2n/2−(n−θ)Γ(n− (n− θ)/2)

Γ((n− θ)/2)
|ξ|−θ

|ξ|−θ =
2n/2−θΓ((n− θ)/2)

Γ(θ/2)
(F | · |θ−n)(ξ)

n ≥ 3

(2π)−n/2F−1(| · |−2)(x) =
Γ(n/2)

2(n− 2)πn/2
|x|2−n

θ = 2

((−Δ)−1φ)(x) = (F−1| · |−2φ̂)(x) = (2π)−n/2((F−1| · |−2) ∗ φ)(x)

=
Γ(n/2)

2(n− 2)πn/2

∫
Rn

|x− y|2−nφ(y)dy

n = 2

|ξ|2F (log
1

| · |)(ξ) = 1

0 < θ < 2

(F | · |θ−2)(ξ) =
2θ−1Γ(θ/2)

Γ(1− θ/2)
|ξ|−θ =

(2− θ)Γ(θ/2)

22−θΓ(2− θ/2)
|ξ|−θ

|ξ|2(F (
1

2− θ
(| · |θ−2 − 1)))(ξ) =

1

2− θ
|ξ|2((F | · |θ−2)(ξ)− 2πδ)

=
1

2− θ
|ξ|2(F | · |θ−2)(ξ) =

Γ(θ/2)

22−θΓ(2− θ/2)
|ξ|2−θ
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φ ∈ S ψ = F (| · |2φ) ψ ∈ S

〈|ξ|2(F (
1

2− θ
(| · |θ−2 − 1))), φ〉 = 〈 1

2− θ
(| · |θ−2 − 1),F (| · |2φ)〉

=

∫
R2

1

2− θ
(|ξ|θ−2 − 1)ψ(ξ)dξ

1

2− θ
(|ξ|θ−2 − 1) =

1

2− θ
(exp((θ − 2) log |ξ|)− 1)

=
1

2− θ

∫ 1

0

d

dt
(exp(t(θ − 2) log |ξ|))dt

= − log |ξ| ·
∫ 1

0

exp(t(θ − 2) log |ξ|)dt → − log |ξ| (θ ↑ 2),

| 1

2− θ
(|ξ|θ−2 − 1)| ≤ | log |ξ||

lim
θ↑2

〈|ξ|2(F (
1

2− θ
(| · |θ−2 − 1))), φ〉 = 〈log 1

| · | , ψ〉

= 〈|ξ|2F (log
1

| · |), φ〉

lim
θ↑2

〈 Γ(θ/2)

22−θΓ(2− θ/2)
|ξ|2−θ, φ〉 = 〈1, φ〉

−Δ(
1

2π
log

1

|x|) = F−1|ξ|2F (
1

2π
log

1

| · )

= F−1 1

2π
= δ

4.

(λ−Δ)−1 λ ∈ C \ {0}
λ → 0 f (λ−Δ)u = f u

u = (λ−Δ)−1f = F−1(λ+ | · |2)−1Ff = (2π)−n/2(F−1(λ+ | · |2)−1) ∗ f

Eλ(x) ≡ (2π)−n/2(F−1(λ+ | · |2)−1)(x)
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1 3

n = 1

λ ∈ C \ (−∞, 0]

Eλ(x) =
1

2π

∫ ∞

−∞

eixξ

λ+ ξ2
dξ

Re
√
λ > 0

1

λ+ ξ2
=

1

(ξ + i
√
λ)(ξ − i

√
λ)

=
1

2i
√
λ

(
1

ξ − i
√
λ
− 1

ξ + i
√
λ

)

∫ ∞

−∞

eixξ

ξ ± i
√
λ
dξ

R > 0 γ±
R

D±
R = {z ∈ C; |z| < R,± Imz > 0} ∂D±

R

(1) x > 0 :

∫ R

−R

eixξ

ξ ± i
√
λ
dξ +

∫ π

0

eixReiθ

Reiθ ± i
√
λ
iReiθdθ =

∫
γ+
R

eixz

z ± i
√
λ
dz

= 2πiResi
√
λ

(
eixz

z ± i
√
λ

)
=

{
0 (+ )

2πie−
√
λx (− )

∣∣∣∣∣
∫ π

0

eixReiθ

Reiθ ± i
√
λ
iReiθdθ

∣∣∣∣∣ ≤ R

R− |√λ|

∫ π

0

exp(−xR sin θ)dθ

=
2R

R− |√λ|

∫ π/2

0

exp(−xR sin θ)dθ

≤ 2R

R− |√λ|

∫ π/2

0

exp(−2xR

π
θ)dθ

=
1

R− |√λ|
π

x
(1− e−xR) → 0 (R → ∞)

∫ ∞

−∞

eixξ

ξ ± i
√
λ
dξ =

{
0 (+ )

2πie−
√
λx (− )
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(2) x < 0 :

−
∫ R

−R

eixξ

ξ ± i
√
λ
dξ +

∫ 2π

π

eixReiθ

Reiθ ± i
√
λ
iReiθdθ =

∫
γ−
R

eixz

z ± i
√
λ
dz

= 2πiRes−i
√
λ

(
eixz

z ± i
√
λ

)
=

{
2πie

√
λx (+ )

0 (− )

∣∣∣∣∣
∫ 2π

π

eixReiθ

Reiθ ± i
√
λ
iReiθdθ

∣∣∣∣∣ ≤ R

R− |√λ|

∫ 2π

π

exp(−xR sin θ)dθ

=
R

R− |√λ|

∫ π

0

exp(xR sin θ)dθ

=
R

R− |√λ|

∫ π

0

exp(−|x|R sin θ)dθ

≤ 1

R− |√λ|
π

|x|(1− e−|x|R) → 0 (R → ∞)

∫ ∞

−∞

eixξ

ξ ± i
√
λ
dξ =

{
−2πie−

√
λx (+ )

0 (− )

λ ∈ C \ (∞, 0],Re
√
λ > 0

Eλ(x) =
1

4πi
√
λ

(∫ ∞

−∞

eixξ

ξ − i
√
λ
dξ −

∫ ∞

−∞

eixξ

ξ + i
√
λ
dξ

)

=
1

4πi
√
λ
· 2πi ·

{
e−

√
λx (x > 0 )

e
√
λx (x < 0 )

=
1

2
√
λ
e−

√
λ|x|

Eλ(0) =
1

2π

∫ ∞

−∞

1

λ+ ξ2
dξ =

1

2
√
λ

L1

1 f ∈ L1(R)

(λ− d2

dx2
)u = f

v = (
√
λ− d

dx
)u

f = (
√
λ+

d

dx
)(
√
λ− d

dx
)u = (

√
λ+

d

dx
)v = e−

√
λx d

dx
(e

√
λxv)
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v(x) → 0 (x → ±∞) v

e
√
λxf =

d

dx
(e

√
λxv)

e
√
λxv(x) =

∫ x

−∞
e
√
λyf(y)dy

v(x) =

∫ x

−∞
e−

√
λ(x−y)f(y)dy

u(x) → 0 (x → ±∞) u

v = −e
√
λx d

dx
(e−

√
λxu)

e−
√
λxu(x) =

∫ ∞

x

e−
√
λyv(y)dy

u(x) =

∫ ∞

x

e
√
λ(x−y)v(y)dy

u(x) =

∫ ∞

x

e
√
λ(x−y)

(∫ y

−∞
e−

√
λ(y−ξ)f(ξ)dξ

)
dy

=

∫ ∞

x

e
√
λ(x−y)

(∫ y

x

e−
√
λ(y−ξ)f(ξ)dξ

)
dy

+

∫ ∞

x

e
√
λ(x−y)

(∫ x

−∞
e−

√
λ(y−ξ)f(ξ)dξ

)
dy

=

∫ ∞

x

e
√
λ(x+ξ)

(∫ ∞

ξ

e−2
√
λydy

)
f(ξ)dξ

+

∫ x

−∞
e
√
λ(x+ξ)

(∫ ∞

x

e−2
√
λydy

)
f(ξ)dξ

=
1

2
√
λ

(∫ ∞

x

e
√
λ(x−ξ)f(ξ)dξ +

∫ x

−∞
e
√
λ(ξ−x)f(ξ)dξ

)

=
1

2
√
λ

(∫ ∞

x

e−
√
λ|x−ξ|f(ξ)dξ +

∫ x

−∞
e−

√
λ|x−ξ|f(ξ)dξ

)

=
1

2
√
λ

∫ ∞

−∞
e−

√
λ|x−ξ|f(ξ)dξ = (Eλ ∗ f)(x)

Eλ

n = 3

Re
√
λ > 0 λ ∈ C \ (−∞, 0]

Eλ(x) =
1

(2π)3

∫
R3

eix·ξ

λ+ |ξ|2dξ
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R > 0

R {ξ ∈ R
3; |ξ| < R} ξ = ρω (ρ = |ξ| < R,

ω = ξ/|ξ| = (sin θ cosϕ, sin θ sinϕ, cos θ))∫
|ξ|<R

eix·ξ

λ+ |ξ|2dξ =

∫ R

0

ρ2

λ+ ρ2

(∫
S2

eix·ρωdσ(ω)
)
dρ

Tx = (0, 0, |x|) T ∈ O(3)∫
|ξ|<R

eix·ξ

λ+ |ξ|2dξ =

∫
|ξ|<R

eiTx·ξ

λ+ |ξ|2dξ

=

∫ R

0

ρ2

λ+ ρ2

(∫
S2

ei|x|ρω3dσ(ω)

)
dρ

∫
S2

ei|x|ρω3dσ(ω) =

∫ 2π

0

(∫ π

0

ei|x|ρ cos θ sin θdθ
)
dϕ

= 2π

[ −1

i|x|ρe
i|x|ρ cos θ

]π
0

=
2πi

|x|ρ(e
−i|x|ρ − ei|x|ρ)

∫
|ξ|<R

eix·ξ

λ+ |ξ|2dξ =
2πi

|x|
∫ R

0

ρ

λ+ ρ2
(e−i|x|ρ − ei|x|ρ)dρ

=
2πi

|x|
∫ R

−R

ρe−i|x|ρ

λ+ ρ2
dρ

=
πi

|x|
∫ R

−R

(
1

ρ+ i
√
λ
+

1

ρ− i
√
λ

)
e−i|x|ρdρ

→ πi

|x|
(∫ ∞

−∞

e−i|x|ρ

ρ+ i
√
λ
dρ+

∫ ∞

−∞

e−i|x|ρ

ρ− i
√
λ
dρ

)

=
πi

|x|
(
−2πie−

√
λ|x| + 0

)
=

2π2

|x| e
−√

λ|x| (R → ∞)

Eλ(x) =
e−

√
λ|x|

4π|x|

n

Reλ > 0 λ ∈ C

Eλ(x) = (2π)−n

∫
Rn

eix·ξ

λ+ |ξ|2dξ

23



Eλ

Eλ(x) = lim
R→∞

(2π)−n

∫
|ξ|<R

eix·ξ

λ+ |ξ|2dξ

= lim
R→∞

(2π)−n

∫
|ξ|<R

eix·ξ
(∫ ∞

0

e−(λ+|ξ|2)tdξ
)
dt

= lim
R→∞

(2π)−n

∫ ∞

0

e−λt

(∫
|ξ|<R

eix·ξe−t|ξ|2dξ
)
dt

= (2π)−n

∫ ∞

0

e−λt

(∫
Rn

eix·ξe−t|ξ|2dξ
)
dt

= (2π)−n

∫ ∞

0

e−λt
(π
t

)n/2

exp

(
−|x|2

4t

)
dt

=

∫ ∞

0

e−λt

(
1

4πt

)n/2

exp

(
−|x|2

4t

)
dt

=
1

4πn/2|x|n−2

∫ ∞

0

exp

(
−λ|x|2

4s
− s

)
sn/2−2ds

n ≥ 3 sn/2−2 λ

∣∣∣∣exp
(
−λ|x|2

4s
− s

)
sn/2−2

∣∣∣∣ ≤ exp(−s)sn/2−2

x ∈ R
n \ {0}

lim
λ→0

Reλ>0

Eλ(x) =
1

4πn/2|x|n−2

∫ ∞

0

e−ssn/2−2ds =
Γ(n

2
− 1)

4πn/2|x|n−2

=
Γ(n/2)

2(n− 2)πn/2
|x|2−n

n ≤ 2 λ → 0 Eλ(x) λ = 0

∫ ∞

0

exp(−s)sn/2−2ds ≥
∫ 1

0

exp(−s)sn/2−2ds ≥ 1

e

∫ 1

0

sn/2−2ds = ∞

n = 1

Eλ(x) =
1

2
√
λ
e−

√
λ|x|

n ≤ 2

Eλ λ → 0

n = 1
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Re
√
λ > 0 λ ∈ C \ (−∞, 0] f ∈ S (R) cλ ∈ C

cλ = cλ(f) =
1

2
√
λ

∫ ∞

−∞
f(x)dx

uλ(x) ≡ (Eλ ∗ f)(x) = 1

2
√
λ

∫ ∞

−∞
e−

√
λ|x−y|f(y)dy

(λ− d2

dx2
)uλ = f

(λ− d2

dx2
)(uλ − cλ) = f − λcλ

uλ(x)− cλ =
1

2
√
λ

∫ ∞

−∞
(e−

√
λ|x−y| − 1)f(y)dy

λ

| 1√
λ
(e−

√
λ|x−y| − 1)| = | 1√

λ

∫ 1

0

d

dt
(e−

√
λ|x−y|t)dt|

= |
∫ 1

0

e−
√
λ|x−y|tdt|x− y||

≤
∫ 1

0

exp(−(Re
√
λ)|x− y|t)dt|x− y| ≤ |x− y|

Re
√
λ > 0, λ → 0

uλ(x)− cλ → −1

2

∫ ∞

−∞
|x− y|f(y)dy

f(x)− λcλ = f(x)−
√
λ

2

∫ ∞

−∞
f(y)dy → f(x)

(
λ− d2

dx2

)−1

(f − λcλ) =
1

2
√
λ

∫ ∞

−∞
e−

√
λ|x−y|(f(y)− λcλ)dy

=
1

2
√
λ

∫ ∞

−∞
e−

√
λ|x−y|f(y)dy − cλ = uλ − cλ

Re
√
λ > 0, λ → 0

u(x) = ((−Δ)−1f)(x) = −1

2

∫ ∞

−∞
|x− y|f(y)dy
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n = 2

λ > 0 f ∈ S (R2) cλ ∈ C

cλ =
1

4π

(
log λ− 2 log 2 + 2

∫ 1

0

(e−t − 1)
dt

t
+ 2

∫ ∞

1

e−tdt

t

)∫
R2

f(x)dx

uλ(x) ≡ (Eλ ∗ f)(x) =
∫
R2

(
1

4π

∫ ∞

0

exp(−λ|x− y|2
4s

− s)
ds

s

)
f(y)dy

(λ−Δ)uλ = f

(λ−Δ)(uλ − cλ) = f − λcλ

uλ(x)− cλ

=
1

4π

∫
R2

(∫ ∞

0

exp(−λ|x− y|2
4s

− s)
ds

s
− log

λ

4
− 2

∫ 1

0

(e−t − 1)
dt

t
− 2

∫ ∞

1

e−tdt

t

)
f(y)dy

∫ ∞

0

exp

(
−λ|x− y|2

4s
− s

)
ds

s
− log

λ

4
− 2

∫ 1

0

(e−t − 1)
dt

t
− 2

∫ ∞

1

e−tdt

t

=

∫ λ|x−y|2/4

0

exp

(
−λ|x− y|2

4s
− s

)
ds

s
−

∫ ∞

1

e−tdt

t

+

∫ 1

λ|x−y|2/4
exp

(
−λ|x− y|2

4s
− s

)
ds

s
+

(
2 log

1

|x− y| −
∫ 1

λ|x−y|2/4

ds

s

)
− 2

∫ 1

0

(e−t − 1)
dt

t

+

∫ ∞

1

exp

(
−λ|x− y|2

4s
− s

)
ds

s
−

∫ ∞

1

e−tdt

t

= 2 log
1

|x− y| + 2I + IIλ

Iλ =

∫ ∞

1

(
exp

(
−λ|x− y|2

4t

)
− 1

)
e−tdt

t

=

∫ λ|x−y|2/4

0

exp

(
−λ|x− y|2

4s
− s

)
ds

s
−

∫ ∞

1

e−tdt

t
,

IIλ =

∫ 1

λ|x−y|2/4

(
exp

(
−λ|x− y|2

4t

)
− 1

)
e−tdt

t
−

∫ 1

0

(e−t − 1)
dt

t
−

∫ λ|x−y|2/4

0

(e−t − 1)
dt

t
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|Iλ| ≤ λ|x− y|2
4

∫ ∞

1

e−t

t2
dt,

|IIλ| ≤ λ|x− y|2
4

∫ max(1,λ|x−y|2/4)

min(1,λ|x−y|2/4)

dt

t2
+ 1 +

λ|x− y|2
4

=
λ|x− y|2

4

∣∣∣∣λ|x− y|2
4

− 1

∣∣∣∣+ 1 +
λ|x− y|2

4

ε ↓ 0 ∫ 1

ε

(e−ε/t − 1)e−tdt

t
→

∫ 1

0

(e−t − 1)
dt

t

λ ↓ 0

uλ(x)− cλ → 1

2π

∫
R2

log

(
1

|x− y|
)
f(y)dy

f(x)− λcλ → f(x)

(λ−Δ)−1(f − λcλ) = Eλ ∗ (f − λcλ) = Eλ ∗ f − λcλ(Eλ ∗ 1)
= uλ − cλ

λ ↓ 0

u(x) = ((−Δ)−1f)(x) =
1

2π

∫
R2

log(
1

|x− y|)f(y)dy

ε ↓ 0 0 < ε ≤ 1

∫ 1

ε

(e−ε/t − 1)e−tdt

t
=

∞∑
j=1

(−ε)j

j!

∫ 1

ε

e−tt−j−1dt

(j + 1)

∫ 1

ε

e−tt−j−1dt =

j−1∑
k=0

(−1)k
(j − k − 1)!

j!
(εk−je−ε − e−1)− (−1)j

j!

∫ 1

ε

e−tt−1dt

=

j−1∑
k=0

(−1)k
(j − k − 1)!

j!
(εk−je−ε − e−1) +

(−1)j

j!
(log ε)e−ε − (−1)j

j!

∫ 1

ε

(log t)e−tdt
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∫ 1

ε

(e−ε/t − 1)e−tdt

t

=
∞∑
j=1

(−1)j

j!

1

j
e−ε −

∞∑
j=1

(−1)j

j!
εj

j−1∑
k=0

(−1)k
(j − k − 1)!

j!
e−1

+
∞∑
j=1

(−1)j

j!

j−1∑
k=1

(−1)k
(j − k − 1)!

j!
εke−ε

+
∞∑
j=1

εj

(j!)2

[
(log ε)e−ε −

∫ 1

ε

(log t)e−tdt

]

lim
ε↓0

∫ 1

ε

(e−ε/t − 1)e−tdt

t
=

∞∑
j=1

(−1)j

j!j
=

∞∑
j=1

∫ 1

0

(−1)j

j!
tj−1dt

=

∫ 1

0

e−t − 1

t
dt

L.

G. B. Folland, Introduction to Partial Differential Equations, Princeton

B. E. Petersen, Introduction to the Fourier Transform and Pseudo-Diffential Operators,

Pitman
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