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H (·|·) B(H) H

U H f ∈ C1(U ;H) x ∈ U

f ′(x) ∈ B(H)

(1) x ∈ U u, v ∈ H\{0}
(f ′(x)u|f ′(x)v)
‖f ′(x)u‖‖f ′(x)v‖ =

(u|v)
‖u‖‖v‖

(2) σ ∈ C(U ;R) x ∈ U u, v ∈ H

(f ′(x)u|f ′(x)v) = e2σ(x)(u|v)

( ) (1)⇒(2) u = 0 v = 0 (2) 0 u, v ∈ H\{0}
f U � x �→ ‖f ′(x)u‖ ∈ R U � x �→ ‖f ′(x)v‖ ∈ R

σ(x) =
1

2
log

(‖f ′(x)u‖‖f ′(x)v‖
‖u‖‖v‖

)
, x ∈ U

σ ∈ C(U ;R) (1)

(f ′(x)u|f ′(x)v) =
(‖f ′(x)u‖‖f ′(x)v‖

‖u‖‖v‖
)
(u|v) = e2σ(x)(u|v)

(2) ⇒(1) u, v ∈ H\{0} (2)

‖f ′(x)u‖2 = e2σ(x)‖u‖2, ‖f ′(x)v‖2 = e2σ(x)‖v‖2

‖f ′(x)u‖‖f ′(x)v‖ = e2σ(x)‖u‖‖v‖
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e2σ(x) =
‖f ′(x)u‖‖f ′(x)v‖

‖u‖‖v‖
(2) (1)

f : U → f(U) C1

(f−1)′(f(x)) = (f ′(x))−1

x ∈ U

H U C1- f : U → H

x ∈ U f ′(x) ∈ B(H) 1 (1)(2)

conformal map conformal transformation

eσ ∈ C(U ;R) conformal factor characteristic function

p ∈ H p τp τp(x) = x+ p, x ∈ H

τp ∈ C1(H;H) u, v ∈ H τ−1
p (y) = y − p,

τp
′(x)u = u, (τp

′(x))−1u = u,

(τp
′(x)u|τp′(x)v) = (u|v)

eσ(x) ≡ 1 τp 1

t ∈ R δt(x) = etx, x ∈ H δt ∈ C1(H;H)

u, v ∈ H δ−1
t (y) = e−ty,

δt
′(x)u = etu, (δt

′(x))−1u = e−tu,

(δt
′(x)u|δt′(x)v) = e2t(u|v)

eσ(x) ≡ et δt et

T ∈ O(H) ρT (x) = Tx, x ∈ H

ρT ∈ C1(H;H) u, v ∈ H (ρT )
−1(y) = T−1y,

ρT
′(x)u = Tu, (ρ′T (x))

−1u = T−1u

(ρ′T (x)u|ρ′T (x)v) = (Tu|Tv) = (u|v)
eσ(x) ≡ 1 ρT 1

U = H \ {0} ι(x) =
x

‖x‖2 , x ∈ U ι ∈ C1(U ;H)

u, v ∈ H ι−1(y) =
y

‖y‖2 , y ∈ U ,

ι′(x)u =
u

‖x‖2 − 2
(x|u)
‖x‖4 x, (ι′(x))−1u = ‖x‖2u− 2(x|u)x,

(ι′(x)u|ι′(x)v) =
(

u

‖x‖2 − 2
(x|u)
‖x‖4 x

∣∣∣∣ v

‖x‖2 − 2
(x|v)
‖x‖4 x

)

=
(u|v)
‖x‖4 − 4

(x|u)(x|v)
‖x‖6 + 4

(x|u)(x|v)
‖x‖8 (x|x) = (u|v)

‖x‖4
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ι′(x)(‖x‖2u− 2(x|u)x) = 1

‖x‖2 (‖x‖
2u− 2(x|u)x)− 2

‖x‖4 (x|‖x‖
2u− 2(x|u)x)x

= u− 2

‖x‖2 (x|u)x− 2

‖x‖4 (‖x‖
2(x|u)− 2(x|u)‖x‖2)x

= u,

‖x‖2ι′(x)u− 2(x|ι′(x)u)x = ‖x‖2
(

u

‖x‖2 − 2
(x|u)
‖x‖4 x

)
− 2

(
x

∣∣∣∣ u

‖x‖2 − 2
(x|u)
‖x‖4 x

)
x

= u− 2

‖x‖2 (x|u)x− 2

(
(x|u)
‖x‖2 − 2

(x|u)
‖x‖2

)
x

= u

(ι′(x))−1u eσ(x) =
1

‖x‖2 ι

U � x �→ 1

‖x‖2 ∈ R

‖ν‖ = 1 ν ∈ H q ∈ H Hν(q)

Hν(q) = {x ∈ H; (x− q|ν) = 0}

q ∈ H r > 0 Sr(q)

Sr(q) = {x ∈ H; ‖x− q‖ = r}

(1) τp(Hν(q)) = Hν(τp(q)) = Hν(p+ q)

(2) δt(Hν(q)) = Hv(δt(q)) = Hν(e
tq)

(3) ρT (Hν(q)) = HρT (ν)(ρT (q)) = HTν(Tq)

(4) ι(Hν(q)\{0}) =

⎧⎪⎨
⎪⎩

Sr(rν)\{0}, (q|ν) 	= 0

Hν(0)\{0}, (q|ν) = 0

r =
1

2(q|ν)
( ) (1) x ∈ Hν(q) ((x+ p)− (p+ q)|ν) = (x− q|ν) = 0

x+p ∈ Hν(p+ q) τp(x) ∈ Hν(p+ q) y ∈ Hν(p+ q)
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((y− p)− q|ν) = (y− (p+ q)|ν) = 0 y− p ∈ Hν(q) y = τp(y− p) ∈ τp(Hν(q))

(2) x ∈ Hν(q) (etx−etq|ν) = et(x− q|ν) = 0 etx ∈ Hν(e
tq)

δt(x) ∈ Hν(e
tq) y ∈ Hν(e

tq) (e−ty − q|ν) =

e−t(y − etq|ν) = 0 e−ty ∈ Hν(q) y = δt(e
−ty) ∈ δt(Hν(q))

(3) x ∈ Hν(q) (Tx−Tq|Tν) = (x−q|ν) = 0 Tx ∈ HTν(Tq)

ρT (x) ∈ HTν(Tq) y ∈ HTν(Tq) (T−1y − q|ν) =
(y − Tq|Tν) = 0 T−1y ∈ Hν(q) y = ρT (T

−1y) ∈ ρT (Hν(q))

(4) x ∈ Hν(q)\{0} y = ι(x) =
x

‖x‖2 ‖y‖ =
1

‖x‖ y 	= 0

x = ‖x‖2y =
y

‖y‖2 (y|ν)− (q|ν)‖y‖2 = ‖y‖2
(

y

‖y‖2 − q

∣∣∣∣ν
)

= ‖y‖2(x− q|ν) = 0

(q|ν) 	= 0 : ‖y‖2− 1

(q|ν)(y|ν) = 0

∥∥∥∥y − 1

2(q|ν)ν
∥∥∥∥
2

=

(
1

2(q|ν)
)2

y ∈ Sr(rν) y ∈ Sr(rν)\{0}(
y

‖y‖2 − q

∣∣∣∣ν
)

=
1

‖y‖2 (y − ‖y‖2q|ν) = (q|ν)
‖y‖2

(
(y|ν)
(q|ν) − ‖y‖2

)
=

(q|ν)
‖y‖2 (2r(y|ν)− ‖y‖2)

=
(q|ν)
‖y‖2 (r

2 −‖rν − y‖2) = 0 x =
y

‖y‖2 x ∈ Hν(q)\{0} y =
x

‖x‖2
y = ι(x) ∈ ι(Hν(q)\{0})

(q|ν) = 0 : (y|ν) = 0 y ∈ Hν(0) y ∈ Hν(0)\{0}(
y

‖y‖2 − q

∣∣∣∣ν
)

=
1

‖y‖2 (y|ν) = 0 x =
y

‖y‖2 x ∈ Hν(q)\{0}
y =

x

‖x‖2 y = ι(x) ∈ ι(Hν(q)\{0})

(1) τp(Sr(q)) = Sr(τp(q)) = Sr(p+ q)

(2) δt(Sr(q)) = Setr(δt(q)) = Setr(e
tq)

(3) ρT (Sr(q)) = Sr(ρT (q)) = Sr(Tq)

(4) ι(Sr(q)\{0}) =

⎧⎪⎪⎨
⎪⎪⎩

S|ρ|r(ρq)\{0}, ‖q‖ 	= r

H q
‖q‖

(
1

2‖q‖2 q)\{0}, ‖q‖ = r

ρ =
1

‖q‖2 − r2
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( )(1) x ∈ Sr(q) ‖(x + p) − (p + q)‖ = ‖x − q‖ = r

x+ p ∈ Sr(p+ q) τp(x) ∈ Sr(p+ q) y ∈ Sr(p+ q)

‖(y − p)− q‖ = r y − p ∈ Sr(q) y = τp(y − p) ∈ τy(Sr(q))

(2) x ∈ Sr(q) ‖etx− etq‖ = et‖x− q‖ = etr etx ∈ Setr(e
tq)

δt(x) ∈ Setr(δt(q)) y ∈ Setr(e
tq) ‖e−ty − q‖ =

e−t‖y − etq‖ = e−t(etr) = r e−ty ∈ Sr(q) y = δt(e
−ty) ∈ δt(Sr(q))

(3) x ∈ Sr(q) ‖Tx− Tq‖ = ‖x− q‖ = r Tx ∈ Sr(Tq)

ρT (x) ∈ Sr(Tq) y ∈ Sr(Tq) ‖T−1y−q‖ = ‖y−Tq‖ = r

T−1y ∈ Sr(q) y = ρT (T
−1y) ∈ ρT (Sr(q))

(4) x ∈ Sr(q)\{0} y = ι(x) =
x

‖x‖2 y 	= 0 x =
y

‖y‖2
(r2 − ‖q‖2)‖y‖2 + 2(y|q)− 1 = ‖y‖2

(
r2 − ‖q‖2 + 2

(
y

‖y‖2
∣∣∣∣q
)
− 1

‖y‖2
)

= ‖y‖2
(
r2 −

∥∥∥∥q − y

‖y‖2
∥∥∥∥
2
)

= 0

‖q‖ < r ‖y‖2 + 2

r2 − ‖q‖2 (y|q)−
1

r2 − ‖q‖2 = 0

∥∥∥∥y + 1

r2 − ‖q‖2 q
∥∥∥∥
2

=
1

r2 − ‖q‖ +
‖q‖2

(r2 − ‖q‖2)2
=

r2

(r2 − ‖q‖2)2

y ∈ S|ρ|r(ρq) y ∈ S|ρ|r(ρq)\{0}∥∥∥∥ y

‖y‖2 − q

∥∥∥∥
2

=
1

‖y‖2 − 2

‖y‖2 (y|q) + ‖q‖2 = 1

‖y‖2
(
1− 2(y|q) + ‖q‖2‖y‖2)

=
1

‖y‖2 ((r
2 − ‖q‖2)‖y‖2 + ‖q‖2‖y‖2) = r2 x =

y

‖y‖2 x ∈ Sr(q)\{0}

y =
x

‖x‖2 y = ι(x) ∈ ι(Sr(q)\{0})

‖q‖ > r ‖y‖2 + 2

r2 − ‖q‖2 (y|q)−
1

r2 − ‖q‖2 = 0

∥∥∥∥y + 1

r2 − ‖q‖2 q
∥∥∥∥
2

=
1

r2 − ‖q‖ +
‖q‖2

(r2 − ‖q‖2)2
=

r2

(r2 − ‖q‖2)2

y ∈ S|ρ|r(ρq) y ∈ S|ρ|r(ρr)\{0}∥∥∥∥ y

‖y‖2 − q

∥∥∥∥
2

=
1

‖y‖2 − 2

‖y‖2 (y|q) + ‖q‖2 = 1

‖y‖2 (1− 2(y|q) + ‖q‖2‖y‖2) = r2

x =
y

‖y‖2 x ∈ Sr(q)\{0} y =
x

‖x‖2 y = ι(x) ∈ ι(Sr(q)\{0})
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‖q‖ = r 2(y|q)− 1 = 0(
y − 1

2‖q‖2 q
∣∣∣∣ 1

‖q‖q
)

=
1

‖q‖((y|q)−
1

2
) = 0

y ∈ H q
‖q‖

(
1

2‖q‖2 q
)

y ∈ H q
‖q‖

(
1

2‖q‖2 q
)
\{0}∥∥∥∥ y

‖y‖2 − q

∥∥∥∥
2

= r2 x =
y

‖y‖2 x ∈ Sr(q)\{0}

y =
x

‖x‖2 y = ι(x) ∈ ι(Sr(q)\{0})

U V H f ∈ C1(U ;H) g ∈ C1(V ;H)

eδ eτ f(U) ⊂ V

(1) g ◦ f ∈ C1(U ;H) eτ◦f+σ

(2) f−1 ∈ C1(f(U);H) e−σ◦f−1

( ) (1) x ∈ U u, v ∈ H

((g ◦ f)′(x)u|(g ◦ f)′(x)v) = (g′(f(x))f ′(x)u|g′(f(x))f ′(x)v)

= e2τ(f(x))(f ′(x)u|f ′(x)v) = e2τ(f(x))e2σ(x)(u|v)

g ◦ f eτ◦f+σ

(2) x ∈ U u, v ∈ H

((f−1)′(f(x))u|(f−1)′(f(x))v)

= e−2σ(x)(f ′(x)(f−1)′(f(x))u|f ′(x)(f−1)′(f(x))v)

= e−2σ(x)((f ◦ f−1)′(f(x))u|(f ◦ f−1)′(f(x))v)

= e−2σ(x)(u|v)

y ∈ f(U) u, v ∈ H

((f−1)′(y)u|(f−1)′(y)v) = e2σ(f
−1(y))(u|v)

f−1 e−σ◦f−1

Conf(U) = {f ∈ C1(U ;H); f f(U) ⊂ U}
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I = [t0, t1] C1 x : I � t �→ x(t) ∈ H

x0 ∈ H\x(I)
(1) t ∈ I ξ ∈ (Span(x(t)− x0))

⊥ (x′(t)|ξ) = 0

(2) t ∈ I x(t)− x0 ∈ Span(x(t0)− x0)

(3) u0 ∈ H\{0} t ∈ I x(t)− x0 ∈ Span(u0)

(4) u0 ∈ H\{0} t ∈ I x′(t) ∈ Span(u0)

( ) (1) ⇒ (2) : ω(t) = x(t)−w0

‖x(t)−x0‖ ‖ω(t)‖ = 1, ω ∈ C1(I;H) t

(ω′(t)|ω(t)) = 0 ω′(t) ∈ (Span(ω(t)))⊥ = (Span(x(t) − x0))
⊥ (1)

(x′(t)|ω′(t)) = 0(
x′(t)

∣∣∣∣ x′(t)
‖x(t)− x0‖ − (x′(t)|x(t)− x0)

‖x(t)− x0‖3 (x(t)− x0)

)
= 0

‖x′(t)‖2‖x(t)− x0‖2 = (x′(t)|x(t)− x0)
2

x′(t) x(t) − x0 t ∈ I

λ(t) ∈ R x′(t) = λ(x(t)− x0) λ(t)2‖x(t)− x0‖4 =
(x′(t)|x(t) − x0)

2 = ‖x′(t)‖2‖x(t) − x0‖2 λ(t)2 = ‖x′(t)‖2
‖x(t)−x0‖2 λ ∈ C(I;R)

d

dt
(exp(−

∫ t

t0

λ(s)ds)(x(t)− x0)) = exp(−
∫ t

t0

λ(s)ds)(x′(t)− λ(t)(x(t)− x0)) = 0

x(t)− x0 = exp(

∫ t

t0

λ(s)ds)(x(t0)− x0) ∈ Span(x(t0)− x0)

(2) ⇒ (1) : (2) Span(x(t0)− x0) = Span(x(t)− x0)

x(t+ h)− x(t)

h
=

1

h
(x(t+ h)− x0)− 1

h
(x(t)− x0) ∈ Span(x(t0)− x0)

x′(t) ∈ Span(x(t0) − x0) x′(t) ∈ Span(x(t) − x0) (1)
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(2) ⇒ (3) : u0 = x(t0)− x0

(3) ⇒ (2) : (3) x(t0)− x0 ∈ Span(u0) Span(x(t0)− x0) = Span(u0)

(2)

(3) ⇒ (4) : (2) ⇒ (1)

(4) ⇒ (3) :

x(t)− x(t0) =

∫ t

t0

x′(s)ds ∈ Span(u0)

(3)

.

U

H

f : U → H similarity f

inversion with respect to a sphere

ray

f p ∈ H, t ∈ R, T ∈ O(H) x ∈ U

f(x) = (τp ◦ δt ◦ T )(x) = etTx+ p

f p ∈ H r = et > 0 Sr(p)

x ∈ U

f(x) = (τp ◦ δ2t ◦ ι ◦ τ−p)(x) = e2t
x− p

||x− p||2 + p

f U p /∈ U

H

U f ∈ C4(U ;H)

(1) f

(2) f

(i) f

(ii) p ∈ H \ U f = g ◦ ιp
ιp p S1(p) τp ◦ ι ◦ τ−p :

ιp(x) =
x− p

‖x− p‖2 + p, x ∈ H\{p}
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f ∈ C2(U ;H) eσ σ ∈ C1(U : R)

x ∈ U u, v, w ∈ H

(f ′′(x)(u, v)|f ′(x)w) + (f ′(x)v|f ′′(x)(w, u)) = 2e2σ(x)(∇σ(x)|u)(v|w), (3.1)

(f ′′(x)(u, v)|f ′(x)w) = e2σ(x)((∇σ(x)|u)(v|w) + (∇σ(x)|v)(w|u)− (∇σ(x)|w)(u|v)) (3.2)

u ∈ H \ {0}

σ(x) = log

(‖f ′(x)u‖
‖u‖

)

(σ ∈ C1(U ;R) ‖u‖ → 0

(f ′(x+ u)v|f ′(x+ u)w)− (f ′(x)u|f ′(x)v) = (e2σ(x+u) − e2σ(x))(v|w)
= (2e2σ(x)(σ′(x)u+ o(‖u‖)))(v|w),

(f ′(x+ u)v|f ′(x+ u)w)− (f ′(x)v|f ′(x)w)− ((f ′′(x)(u, v)|f ′(x)w) + (f ′(x)v|f ′′(x)(w, u)))

= (f ′(x+ u)v − f ′(x)v − f ′′(x)(u, v)|f ′(x)w)

+ (f ′(x)v|f ′(x+ u)w − f ′(x)w − f ′′(x)(w, u))

+ (f ′(x+ u)v − f ′(x)v|f ′(x+ u)w − f ′(x)w) = o(‖u‖)

(3.1) (3.1) u, v, w

(f ′′(x)(v, w)|f ′(x)u) + (f ′(x)w|f ′′(x)(u, v)) = 2e2σ(x)(∇σ(x)|v)(w|u) (3.3)

(f ′′(x)(w, u)|f ′(x)v) + (f ′(x)u|f ′′(x)(v, w)) = 2e2σ(x)(∇σ(x)|w)(u|v) (3.4)

(3.1) (3.2) (3.4) 2 (3.2)

H 2 B : H ×H → R

e ∈ H B B(e, e) u, v ∈ H

B(u, v) = B(e, e)(u|v)

v ∈ H \ {0} Lv : H → R

Lv(w) = B(v, w)− B(v, v)

‖v‖2 (v|w), w ∈ H
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Lv(v) = 0 w ∈ (Span(v))⊥ Lv(w) = 0

H = Span(v)⊕ (Span(v))⊥ w ∈ H Lv(w) = 0

u ∈ H \ {0} Lu = 0 u, v ∈ H \ {0}
B(v, v)

‖v‖2 (v|u) = B(v, u)− Lv(u) = B(v, u) = B(u, v) = B(u, v)− Lu(v)

=
B(u, u)

‖u‖2 (u|v)

u, v ∈ H \ {0}

B

(
v

‖v‖ ,
v

‖v‖
)

= B

(
u

‖u‖ ,
u

‖u‖
)

B (e, e) Lu(v) = 0 B(u, v) =

B
(

u
‖u‖ ,

u
‖u‖

)
(u|v)

H 3 f ∈ C4(U ;H)

a ∈ R x ∈ U u, v ∈ H

(e−σ)′′(x)(u, v) = a(u|v)

dimR H ≥ 1 1 (3.2)

(u|v) = 0 u, v ∈ H

(f ′′(x)(u, v)|f ′(x)w) = e2σ(x)((∇σ(x)|u)(v|w) + (∇σ(x)|v)(u|w)) (3.5)

ξ ∈ H (3.5) w = (f ′(x))−1ξ

(f ′′(x)(u, v)|ξ) = e2σ(x)((∇σ(x)|u)(v|w) + (∇σ(x)|v)(u|w))
= (∇σ(x)|u)(f ′(x)v|f ′(x)w) + (∇σ(x)|v)(f ′(x)u|f ′(x)w)

= (∇σ(x)|u)(f ′(x)v|ξ) + (∇σ(x)|v)(f ′(x)u|ξ)
= ((∇σ(x)|u)f ′(x)v + (∇σ(x)|v)f ′(x)u|ξ)

(u|v) = 0 u, v ∈ H

f ′′(x)(u, v) = (∇σ(x)|u)f ′(x)v + (∇σ(x)|v)f ′(x)u (3.6)

e−σ(x)f ′′(x)(u, v) + ((e−σ)′(x)u)f ′(x)v + ((e−σ)′(x)v)f ′(x)u = 0 (3.7)

(3.7)

((e−σ)′(x)w)f ′′(x)(u, v) + e−σ(x)f ′′′(x)(u, v, w)

+ ((e−σ))′′(x)(u, w))f ′(x)v + ((e−σ)′(x)u)f ′′(x)(v, w)

+ ((e−σ))′′(x)(v, w))f ′(x)u+ ((e−σ)′(x)v)f ′′(x)(u, w) = 0 (3.8)

10



((e−σ)′′(x)(u, w))f ′(x)v

= − ((e−σ)′(x)w)f ′′(x)(u, v)− ((e−σ)′(x)v)f ′′(x)(u, w)

− ((e−σ)′(x)u)f ′′(x)(v, w)− e−σ(x)f ′′′(x)(u, v, w)

− ((e−σ)′′(x)(v, w))f ′(x)u

v ↔ w

((e−σ)′′(x)(u, w))f ′(x)v = ((e−σ)′′(x)(u, v))f ′(x)w

v w dimRH ≥ 3 f ′(x)v
f ′(x)w (e−σ)′′(x)(u, v) = 0 x ∈ U

a(x) ∈ R

(e−σ)′′(x)(u, v) = a(x)(u|v) ∀(u, v) ∈ H ×H

f ∈ C4(U ;H) e−σ ∈ C3(U ;R) a ∈ C1(U ;R)

(e−σ)′′′(x)(u, v, w) = (a′(x)w)(u|v) ∀u, v, w ∈ H

u ↔ w

(a′(x)w)(u|v) = (a′(x)u)(w|v)

((a′(x)w)u− (a′(x)u)w|v) = 0

v ∈ H

(a′(x)w)u = (a′(x)u)w

u w u a′(x)u = 0 a(x)

a ∈ R x ∈ U u, v ∈ H

(e−σ)′′(x)(u, v) = a(u|v)

3 x0 ∈ U δ > 0 B(x0; δ) ⊂ U

(1) u, v,∈ H

a(u|v) = e−σ(x0) [(∇σ(x0)|u)(∇σ(x0)|v)− σ′′(x0)(u, v)]

(2) x ∈ B(x0; δ)

e−σ(x) =
1

2
a‖x− x0‖2 − e−σ(x0)(∇σ(x0)|x− x0) + e−σ(x0)

= e−σ(x0)

[
1

2
(∇σ(x0)|x− x0)

2 − 1

2
σ′′(x0)(x− x0)

2 − (∇σ(x0)|x− x0) + 1

]

11



(3) ∇σ(x0) 	= 0

a = e−σ(x0)

[
‖∇σ(x0)‖2 − 1

‖∇σ(x0)‖2σ
′′(x0)(∇σ(x0))

2

]

(1) e−σ

(e−σ)′(x)u = − e−σ(x)σ′(x)u = −e−σ(x)(∇σ(x)|u),

(e−σ)′′(x)(u, v) = − e−σ(x)(σ′(x)u)(σ′(x)v)− e−σ(x)σ′′(x)(u, v)

= − e−σ(x)(∇σ(x)|u)(∇σ(x)|v)− e−σ(x)σ′′(x)(u, v)

3 (1)

(2)

(e−σ)′(x)u = (e−σ)′(x0)u+

∫ 1

0

(e−σ)′′(x0 + t(x− x0))(u, x− x0)dt

= − e−σ(x0)(∇σ(x0)|u) + a(u|x− x0),

e−σ(x) = e−σ(x0) +

∫ 1

0

(e−σ)′(x0 + t(x− x0))(x− x0)dt

= e−σ(x0) +

∫ 1

0

(−e−σ(x0)(∇σ(x0)|x− x0) + a(x− x0|t(x− x0)))dt

= e−σ(x0) − e−σ(x0)(∇σ(x0)|x− x0) +
1

2
a‖x− x0‖2

(3) (1) u = v = ∇σ(x0)/‖∇σ(x0)‖

4

(1) c ∈ R x ∈ U u, v ∈ H

(eσ◦f
−1

)′′(f(x))(u, v) = c(u|v)
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(2) u, v ∈ H

c(u|v) = eσ(x0)[(∇(σ ◦ f−1)(f(x0))|u)(∇(σ ◦ f−1)(f(x0))|v)
+ (σ ◦ f−1)′′(f(x0))(u, v)]

= eσ(x0)[e−4σ(x0)(f ′(x0)∇σ(x0)|u)(f ′(x0)∇σ(x0)|v)
+ σ′′(x0)((f

′(x0))
−1u, (f ′(x0))

−1v)

− σ′(x0)(f
′(x0))

−1f ′′(x0)((f
′(x0))

−1u, (f ′(x0))
−1v)]

= eσ(x0)[σ′′(x0)((f
′(x0))

−1u, (f ′(x0))
−1v)

− (∇σ(x0)|(f ′(x0))
−1u)(∇σ(x0)|(f ′(x0))

−1v)

+ ‖∇σ(x0)‖2((f ′(x0))
−1u, (f ′(x0))

−1v)]

(3) x ∈ B(x0; δ)

eσ(x) =
1

2
c‖f(x)− f(x0)‖2 + e−σ(x0)(f ′(x0)∇σ(x0)|f(x)− f(x0)) + eσ(x0)

= eσ(x0)

[
1

2
σ′′(x0)((f

′(x0))
−1(f(x)− f(x0)))

2

− 1

2
(∇σ(x0)|(f ′(x0))

−1(f(x)− f(x0)))
2

+
1

2
‖∇σ(x0)‖2‖(f ′(x0))

−1(f(x)− f(x0))‖2

+ (∇σ(x0)|(f ′(x0))
−1(f(x)− f(x0))) + 1

]

(4) ∇σ(x0) 	= 0

c =
e−σ(x0)

‖∇σ(x0)‖2 σ′′(x0)(∇σ(x0))
2

(1) 4 f−1 e−σ◦f−1
3 f−1 ∈ C4(f(U);H)

f(x) (1)

(2) 4(1) f−1 −σ ◦ f−1 f(x0)

∇(σ ◦ f−1)(f(x)) = e−2σ(x)f ′(x)∇σ(x), (3.9)

(σ ◦ f−1)′′(f(x))(u, v)

= σ′′(x)((f ′(x))−1u, (f ′(x))−1v)− σ′(x)(f ′(x))−1f ′′(x)((f ′(x))−1u, (f ′(x))−1v) (3.10)
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u ∈ H

(∇(σ ◦ f−1)(f(x))|u) = (σ ◦ f−1)′(f(x))u

= σ′(x)(f−1)′(f(x))u

= σ′(x)(f ′(x))−1u

= (∇σ(x)|(f ′(x))−1u)

= e−2σ(x)(f ′(x)∇σ(x)|u)

(3.9)

((f−1)′ ◦ f)(x)f ′(x) = (f−1 ◦ f)′(x) = I

((f−1)′′ ◦ f)(x)(f ′(x))2 + ((f−1)′ ◦ f)(x)f ′′(x) = 0

ξ, η ∈ H

(f−1)′′(f(x))(f ′(x)ξ, f ′(x)η) + (f−1)′(f(x))f ′′(x)(ξ, η) = 0

u, v ∈ H

(f−1)′′(f(x))(u, v) + (f ′(x))−1f ′′(x)((f ′(x))−1u, (f ′(x))−1v) = 0

(σ ◦ f−1)′′(y) = ((σ′ ◦ f−1) · (f−1)′)′(y)

= (σ′′ ◦ f−1)(y)((f−1)′(y))2 + (σ′ ◦ f−1)(y)(f−1)′′(y)

y = f(x) (3.10)

e−2σ(x)(f ′(x)∇σ(x)|u) = (∇σ(x)|(f ′(x))−1u)

σ′(x)(f ′(x))−1f ′′(x)((f ′(x))−1u, (f ′(x))−1v)

= (∇σ(x)|(f ′(x))−1f ′′(x)((f ′(x))−1u, (f ′(x))−1v))

= e−2σ(x)(f ′(x)∇σ(x)|f ′′(x)((f ′(x))−1u, (f ′(x))−1v))

= 2(∇σ(x)|(f ′(x))−1u)(∇σ(x)|(f ′(x))−1v)− ‖∇σ(x)‖2((f ′(x))−1u|(f ′(x))−1v)

(3.2) w = ∇σ(x), u �→ (f ′(x))−1u, v �→ (f ′(x))−1v

(3) 4 (2)
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(4) (2) u = v = f ′(x0)∇σ(x0)

c(u|v) = c‖f ′(x0)∇σ(x0)‖2 = ce2σ(x0)‖∇σ(x0)‖2,
(∇σ(x0)|(f ′(x0))

−1u) = ‖∇σ(x0)‖4,
‖∇σ(x0)‖2((f ′(x0))

−1u|(f ′(x0))
−1u) = ‖∇σ(x0)‖4

(4)

(1) ⇒ (2) 4 5 a c

4

a 	= 0, c 	= 0 p0, q0 ∈ H b, d ∈ R

p0 = x0 +
1

a
e−σ(x0)∇σ(x0),

q0 = f(x0)− 1

c
e−σ(x0)f ′(x0)∇σ(x0),

b = e−σ(x0) − 1

2a
e−2σ(x0)‖∇σ(x0)‖2,

d = eσ(x0) − 1

2c
‖∇σ(x0)‖2

4(2) 5(3) x ∈ B(x0; δ)

1 = e−σ(x) · eσ(x)

= (
1

2
a‖x− p0‖2 + b)(

1

2
c‖f(x)− q0‖2 + d) (3.11)

(3.11) u ∈ H

a(x− p0|u)(1
2
c‖f(x)− q0‖2 + d) + (

1

2
a‖x− p0‖2 + b)c(f(x)− q0|f ′(x)u) = 0 (3.12)

ω ∈ H ε > 0 I = [t0, t1] ≡ [ε, 2ε] x(t) = x0+tω

ε > 0 x(I) ⊂ U t ∈ I f(x(t)) 	= q0
ε < δ/2 f(x(t)) − q0 f x0 tω) − f(x0) +

1
c
e−σ(x0)f ′(x0)∇σ(x0) = (∇f(x0)|tω + 1

c
e−σ(x0)∇σ(x0)) + o(t) (t → 0) ∇f(x0) 	= 0

t ∈ I

f ′(x(t))((Span(x(t)− p0))
⊥) = (Span(f(x(t))− p0))

⊥ (3.13)

ξ ∈ (Span(x(t) − p0))
⊥ (3.12) x = x(t)

u = ξ ‖x(t) − p0‖ 	= 0 (f(x(t)) − q0|f ′(x(t))ξ) = 0 f ′(x(t))ξ ∈
(Span(f(x(t))−q0))

⊥ η ∈ (Span(f(x(t))−q0))
⊥ ξ = (f ′(x(t)))−1η

(3.12) x = x(t) u = ξ (x(t)− p0|ξ) = 0

η = f ′(x(t))ξ ∈ f ′(x(t))((Span(x(t)− p0))
⊥) (3.13)
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ω ∈ Span(x(t0) − p0) y(t) = f(x(t)), t ∈ I y′(t) = f ′(x(t))ω
η ∈ (Span(y(t) − q0))

⊥ = f ′(x(t))((Span(x(t)) − p0))
⊥) (y′(t)|η) =

e−2σ(x(t))(ω|(f ′(x(t)))−1η) = 0 y(t)− q0

x(t)− p0 = tω − 1

a
e−σ(x0)∇σ(x0)

∇σ(x0) = 0 x(t)− p0 = tω ∇σ(x0) 	= 0 ω ∈ Span(x(t0)− p0)

ω = ∇σ(x0)
‖∇σ(x0)‖ t ∈ I

‖x(t)− p0‖ = ‖(t− 1

a
e−σ(x0)‖∇σ(x0)‖)ω‖ = |t− s0| (3.14)

s0 =
1
a
e−σ(x0)‖∇σ(x0)‖ (3.11) (3.14)

‖y(t)− q0‖2 = 2

c

(
2

a|t− s0|2 + 2b
− d

)
(3.15)

y(t)−q0 ∈ Span(y(t0)−q0) t ∈ I y(t) 	= q0 y(t)−q0 =

k(y(t0)− q0) k > 0 0 < k ≤ 1

‖y(t)− y(t0)‖ = ‖(y(t)− q0)− (y(t0)− q0)‖
= |k − 1|‖y(t0)− q0‖ = ‖y(t0)− q0‖ − k‖y(t0)− q0‖
= ‖y(t0)− q0‖ − ‖y(t)− q0‖

k > 1

‖y(t)− y(t0)‖ = k‖y(t0)− q0‖ − ‖y(t0)− q0‖
= ‖y(t)− q0‖ − ‖y(t0)− q0‖

(3.15)

‖y(t)− y(t0)‖ = |‖y(t)− q0‖ − ‖y(t0)− q0‖|

=

∣∣∣∣∣
√

2

c

(
2

a|t− s0|2 + 2b
− d

)
−
√

2

c

(
2

a|t− s0|2 + 2b
− d

)∣∣∣∣∣ (3.16)

y(t0)− q0 y(t)− q0∫ t

t0

‖y′(x)‖ds =
∫ t

t0

‖f ′(x(s))x′(x)‖ds =
∫ t

t0

eσ(x(s))‖x′(s)‖ds

=

∫ t

t0

‖x′(s)‖
1
2
a‖x(s)− p0‖2 + b

ds

=

∫ t

t0

2

a|s− s0|2 + 2b
ds (3.17)

f 4(2) (3.14) y(t)− q0
(3.16) (3.17) (3.17) b > 0 t b < 0 t

(3.16) b = 0 (3.17)

2

a

(
1

t0 − s0
− 1

t− s0

)
(3.18)
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t > t0 (3.18) a > 0 (3.16) (3.18)

d = 0, c = a b = 0 e−σ(x0) = 1
2a
e−2σ(x0)‖∇σ(x0)‖2 a =

1
2
e−σ(x0)‖∇σ(x0)‖2 ‖∇σ(x0)‖ 	= 0

a = c =
1

2
e−σ(x0)‖∇σ(x0)‖2 = e−σ(x0)

‖∇σ(x0)‖2σ
′′(x0)(∇σ(x0))

2

x ∈ B(x0; δ)

e−σ(x) =
1

4
e−σ(x0)‖∇σ(x0)‖2‖x− p0‖2, (3.19)

eσ(x) =
1

4
e−σ(x0)‖∇σ(x0)‖2‖f(x)− q0‖2

p0 /∈ U, q0 /∈ f(U) x ∈ B(x0; δ)

∇σ(x) 	= 0

p0 1 ιp0

ιp0 : H \ {p0} � x �→ x− p0
‖x− p0‖2 + p0 ∈ H

ιp0 ιp0 ι−1
p0

= ιp0

g = f ◦ ι−1
p0

: ιp0(U) → H ιp0 H \ {p0} � x �→ 1
‖x−p0‖2 ∈ R

h y = ιp0(x) y ∈ B(x0; δ)

eσ(ιp0 (x))
1

‖x− p0‖2 = eσ(y)‖y − p0‖2 = 4

eσ(x0)‖∇σ(x0)‖2

g|ιp0(B(x0; δ)) : ιp0(B(x0; δ)) � x �→ (f ◦ ι−1
p0
)(x) ∈ H

f |B(x0; δ) = (g|ιp0(B(x0; δ))) ◦ (ιp0 |B(x0; δ))

p, q ∈ H

(1) ιp ◦ ιq
(2) p = q

( ) (2) ⇒(1) ιp ◦ ιq = ιp ◦ (ιq)−1 = ιp ◦ (ιp)−1 H

(1) ⇒(2) p 	= q x ∈ H\{q, ιq(p)}

(ιp ◦ ιq)(x) = ιp(ιq(x)) =
ιq(x)− p

‖ιq(x)− p‖2 + p

=

x− q

‖x− q‖2 + q − p∥∥∥∥ x− q

‖x− q‖2 + q − p

∥∥∥∥
2 + p
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t > 0 x = xt = q + t
q − p

‖q − p‖
xt − q = t

q − p

‖q − p‖ , ‖xt − q‖ = t
xt − q

‖xt − q‖2 =
1

t

q − p

‖q − p‖
t > s > 0 t → ∞ s → ∞

(ιp ◦ ιq)(xt)− (ιp ◦ ιq)(xs) =

1
t

q−p
‖q−p‖ + q − p∥∥∥∥1

t
q−p

‖q−p‖ + q − p

∥∥∥∥
2 −

1
s

q−p
‖q−p‖ + q − p∥∥∥∥1

s
q−p

‖q−p‖ + q − p

∥∥∥∥
2

→ q − p

‖q − p‖2 − q − p

‖q − p‖2 = 0

ιp ◦ ιq r > 0

‖(ιp ◦ ιq)(xt)− (ιp ◦ ιq)(xs)‖ = r‖xt − xs‖ = r

∥∥∥∥(t− s)
q − p

‖q − p‖
∥∥∥∥ = r|t− s|

V = {x ∈ U ; p ∈ H\U g

B(x; δ) ⊂ U δ > 0 f |B(x; δ) = (g ◦ ιp)|B(x; δ)}

V 	= ∅ V U x ∈ V

p ∈ H\U g δ0 = dist(x;H\U) B(x; δ0/2) ⊂ V

y ∈ B(x; δ0/2) q ∈ H\U
h B(y; ε) ⊂ U ε > 0 f |B(y; ε) = (h ◦ ιq)|B(y; ε)

y ∈ B(y; ε)∩B(x; δ0/2) p = q, g|B(y; ε)∩B(x; δ0/2) = h|B(y; ε)∩B(x; δ0/2)

y ∈ V

V U V = U a 	= 0, c 	= 0

x U V ε0 > 0 B(x; ε0) ⊂ U V

(xn) 0 < ε ≤ ε0 ε > 0 N ∈ N n ≥ N

xn ∈ B(x; ε) pN ∈ H\U gN B(xN ; δ) ⊂ U

δ > 0 f |B(xN ; δ) = (gN ◦ ιPN
)|B(xN ; δ) xN ∈ B(x; ε) ∩ B(xN ; δ)

x ∈ V

2. a 	= 0, c = 0 p0 ∈ H b ∈ R (3.11)

1 = (
1

2
a‖x− p0‖2 + b)(e−σ(x0)(f ′(x0)∇σ(x0)|f(x)− f(x0)) + eσ(x0)) (3.20)

∇σ(x0) = 0 (3.20) x ∈ B(x0; δ)
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∇σ(x0) 	= 0 (3.20) u ∈ H

a(x− p0|u)(e−σ(x0)(f ′(x0)∇σ(x0)|f(x)− f(x0)) + eσ(x0))

+ (
1

2
a‖x− p0‖2 + b)e−σ(x0)(f ′(x0)∇σ(x0)|f ′(x)u) = 0 (3.21)

x(t) = x0 + tω y(t) = f(x(t)) t ∈ I

f ′(x(t))((Span(x(t)− p0))
⊥) = (Span(f ′(x0)∇σ(x0)))

⊥ (3.22)

ξ ∈ (Span(x(t) − p0))
⊥ (3.21) x = x(t)

u = ξ ‖x(t) − p0‖ 	= 0 (f ′(x0)∇σ(x0)|f ′(x(t))ξ) = 0 f ′(x(t))ξ ∈
(Span(f ′(x0)∇σ(x0))

⊥ η ∈ (Span(f ′(x0)∇σ(x0))
⊥ ξ = (f ′(x(t)))−1η

(3.21) x = x(t) u = ξ (x(t)− p0|ξ) = 0

ξ ∈ (Span(x(t) − p0))
⊥ η = f ′(x(t))ξ ∈ f ′(x(t))((Span(x(t) − p0))

⊥)
(3.22)

ω ∈ Span(x(t0) − p0) = Span(x(t) − p0) t ∈ I ξ ∈
(Span(x(t)− p0))

⊥

(y′(t)|f ′(x(t))ξ) = (f ′(x(t))ω|f ′(x(t))ξ) = e2σ(x(t))(ω|ξ) = 0

t ∈ I

y′(t) ∈ ((f ′(x(t))((Span(x(t)− p0))
⊥))⊥

= (Span(f ′(x0)∇σ(x0)))
⊥⊥ = Span(f ′(x0)∇σ(x0))

y(t)− y(t0)

y(t)− y(t0) =

∫ t

t0

y′(s)ds ∈ Span(f ′(x0)∇σ(x0))

λ(t) ∈ R

y(t)− y(t0) = λ(t)f ′(x0)∇σ(x0)

y ∈ C1(I;H) λ ∈ C1(I;R)

‖y(t)− y(t0)‖ = |λ(t)|‖f ′(x0)∇σ(x0)‖ = |λ(t)|eσ(x0)‖∇σ(x0)‖,

λ(t)‖∇σ(x0)‖2 = (∇σ(x0)|λ(t)∇σ(x0))

= e−2σ(x0)(f ′(x0)∇σ(x0)|λ(t)f ′(x0)∇σ(x0))

= e−2σ(x0)(f ′(x0)∇σ(x0)|y(t)− y(t0))

= e−2σ(x0)(f ′(x0)∇σ(x0)|f(x(t))− f(x0))

− e−2σ(x0)(f ′(x0)∇σ(x0)|f(x(t0))− f(x0))

= e−σ(x0)

(
2

a‖x(t)− p0‖2 + 2b
− eσ(x0)

)

− e−σ(x0)

(
2

a‖x(t0)− p0‖2 + 2b
− eσ(x0)

)

= 2e−σ(x0)

(
1

a|t− s0|2 + 2b
− 1

a|t0 − s0|2 + 2b

)
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‖y(t)− y(t0)‖ =
2

‖∇σ(x0)‖
(

1

a|t− s0|2 + 2b
− 1

a|t0 − s0|2 + 2b

)
(3.23)

b (3.23) (3.17)

a 	= 0 c = 0

3. a = 0, c 	= 0 2

4. a = c = 0

∇σ(x0) 	= 0 a = 0 4(3)

σ′′(x0)(∇σ(x0))
2 = ‖∇σ(x0)‖4 	= 0

5(4)

e−σ(x0)σ′′(x0)(∇σ(x0))
2 = c‖∇σ(x0)‖2 = 0

σ′′(x0)(∇σ(x0))
2 = 0

∇σ(x0) = 0 4(2) x ∈ B(x0; δ)

e−σ(x) = e−σ(x0)

x ∈ B(x0; δ)

∇σ(x) = 0

x ∈ B(x0; δ) u, v, ξ ∈ H (3.2) w = (f ′(x))−1ξ

(f ′′(x)(u, v)|ξ) = 0

f ′′(x) = 0 x ∈ B(x0; δ) u ∈ H

f ′(x)u = f ′(x0)u+

∫ 1

0

f ′′(x0 + t(x− x0))(u, x− x0)dt

= f ′(x0)u,

f(x) = f(x0) +

∫ 1

0

f ′(x0 + t(x− x0))(x− x0)dt

= f(x0) + f ′(x0)(x− x0)

f x, y ∈ B(x0; δ)

f(x)− f(y) = f ′(x0)(x− y),

‖f(x)− f(y)‖ = ‖f ′(x0)(x− y)‖ = eσ(x0)‖x− y‖
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x0 ∈ U x ∈ U f ′′(x) = 0

p = f(x0) − f ′(x0)x0, T = f ′(x0)/‖f ′(x0)‖ ∈ O(H) et = ‖f ′(x0)‖ t > 0

x ∈ U f(x) = etTx+ p

.

τp+q = τp ◦ τq = τq ◦ τp, p, q ∈ H,

δt+s = δt ◦ δs = δs ◦ δt, t, s ∈ R,

ρTS = ρT ◦ ρS, T, S ∈ O(H)

special conformal transform

Ip = ι ◦ τp ◦ ι, p ∈ H

ι ◦ ι

Ip+q = Ip ◦ Iq = Iq ◦ Ip, p, q ∈ H

Ip

Ip(x) = (ι ◦ τp ◦ ι)(x) = (ι ◦ τp)
(

x

‖x‖2
)

= ι

(
x+ ‖x‖2p

‖x‖2
)

=

x+ ‖x‖2p
‖x‖2∥∥∥∥x+ ‖x‖2p
‖x‖2

∥∥∥∥
2 =

x+ ‖x‖2p
‖x‖2

‖x‖2 + 2‖x‖2(x|p) + ‖x‖4‖p‖2
‖x‖4

=
x+ ‖x‖2p

1 + 2(p|x) + ‖p‖2‖x‖2

H

n R
n n ≥ 2

R
n (e1, · · · , en) ej j 1

0 R
n x ∈ R

n x1, · · · , xn ∈ R x =
n∑

k=1

xjej

R
n L2(Rn)

1 ≤ j ≤ n j ∈ Z

(Tj(θ); θ ∈ R)

(Tj(θ))(x) = x+ θej, x ∈ R
n

21



(Tj) R
n n R

n

(Tj(θ); θ ∈ R) L2(Rn) (Aj(θ); θ ∈ R) Aj(θ) =

Tj(θ)
∗

Aj(θ)u = u ◦ Tj(θ), u ∈ L2(Rn)

(Aj(θ)u)(x) = u(Tj(θ)x), x ∈ R
n

j

A′
j(0)u = ∂ju

(D(θ) : θ ∈ R)

(D(θ))(x) = eθx, x ∈ R
n

1 R
n (D(θ); θ ∈ R)

D(θ)∗ L2(Rn) (a(θ); θ ∈ R)

a(θ)u = e
n
2
θu ◦D(θ), u ∈ L2(Rn)

(a(θ)u)(x) = e
n
2
θu(eθx), x ∈ R

n

a′(0)u = (
n

2
+ x · ∇)u

1 ≤ j < k ≤ n (j, k) ∈ Z×Z

(Rjk(θ) : θ ∈ R)

(Rjk(θ))(x) = (xj cos θ − xk sin θ)ej + (xk cos θ + xj sin θ)ek +
∑
l �=j,k

xlel

=(x1, · · · , (cos θ)xj

j

−̌ (sin θ)xk, · · · , (sin θ)xj

k

+̌ (cos θ)xk, · · · , xn)

(Rjk) R
n n(n− 1)/2 R

n

(Rjk(θ); θ ∈ R) L2(Rn) (Ajk(θ); θ ∈ R)

Ajk(θ) = Rjk(θ)
∗ :

Ajk(θ)u = u ◦Rjk(θ), u ∈ L2(Rn)

(Ajk(θ)u)(x) = u(Rjk(θ)x), x ∈ R
n

jk :

Ajk
′(0)u = (xk∂j − xj∂k)u
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R
n\{0}

S1(0) 1 ≤ j ≤ n j ∈ Z

(Vj(θ); θ ∈ R)

(Vj(θ))(x) =
x+ θ|x|2ej

1 + 2θ(ej|x) + θ2|x|2 =
x+ θ|x|2ej

1 + 2θxj + θ2|x|2

(Vj) n

(Vj(θ); θ ∈ R) Vj(θ)
∗ L∞(Rn)

(αj(θ); θ ∈ R) :

αj(θ)u = u ◦ Vj(θ), u ∈ L∞(Rn)

(αj(θ)u)(x) = u(Vj(θ)x), x ∈ R
n

αj
′(0) = |x|2∂j − 2xjx · ∇

Ḣ1(Rn)

(Cu)(x) = |x|2−nu(|x|−2x), x ∈ R
n\{0}

∂j(v(|x|−2x)) = |x|−2(∂jv)(|x|−2x)− 2|x|−4xjx · (∇v)(|x|−2x) (4.1)

∇(Cu)(x) =− (n− 2)|x|−nxu(|x|−2x) + |x|−n(∇u)(|x|−2x) (4.2)

− 2|x|−n−2x(x · (∇u)(|x|−2x))

|∇(Cu)(x)|2 = (n− 2)2|x|−2n+2|u(|x|−2x)|2 + |x|−2n|(∇u)(|x|−2x)|2
+ 4|x|−2n−4|x|2|x · (∇u)(|x|−2x)|2
− 2(n− 2)|x|−2nx · Re(u∇u)(|x|−2x)

+ 4(n− 2)|x|−2n−2|x|2x · Re(u∇u)(|x|−2x)

− 4|x|−2n−2|x · (∇u)(|x|−2x)|2
= (n− 2)2|x|−2n+2|u(|x|−2x)|2 + |x|−2n|(∇u)(|x|−2x)|2
+ 2(n− 2)|x|−2nx · Re(u∇u)(|x|−2x) (4.3)
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y = |x|−2x

|x||y| = 1,

x = |y|−2y,

∂yj
∂xk

= |x|−2(δjk − 2|x|−2xjxk),

det

(
∂yj
∂xk

)
= |x|−2ndet(δjk − 2|x|−2xjxk) = |x|−2n(1− 2) = −|x|−2n,

|x|−2ndx =

∣∣∣∣det
(
∂yj
∂xk

) ∣∣∣∣dx = dy

(4.3)

(n− 2)2
∫
Rn

|x|−2n+2|u(|x|−2x)|2dx = (n− 2)2
∫
Rn

|y|−2|u(y)|2dy,

∫
Rn

|x|−2n|(∇u)(|x|−2x)|2dx =

∫
Rn

|(∇u)(y)|2dy,

2(n− 2)

∫
Rn

|x|−2nx · Re(u∇u)(|x|−2x)dx

= 2(n− 2)

∫
Rn

|y|−2y · Re(u∇u)(y)dy

= (n− 2)

∫
Rn

|y|−2y · ∇|u|2(y)dy

= −(n− 2)

∫
Rn

div(|y|−2y)|u|2(y)dy = −(n− 2)2
∫
Rn

|y|−2|u(y)|2dy

C : Ḣ1(Rn) � u �→ Cu ∈ Ḣ1(Rn) :∫
Rn

|∇(Cu)(x)|2dx =

∫
Rn

|∇u(x)|2dx

C :

�C = |x|−4C� (4.4)

(4.4)

C
C2 u u Cu
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(4.4) (4.1) (4.2)

(∂2
j Cu)(x) = (n− 2)n|x|−n−2x2

ju(|x|−2x)− (n− 2)|x|−nu(|x|−2x)

− (n− 2)|x|−nxj(|x|−2(∂ju)(|x|−2x)− 2|x|−4xjx · (∇u)(|x|−2x))

− n|x|−n−2xj(∂ju)(|x|−2x)

+ |x|−n(|x|−2(∂2
ju)(|x|−2x)− 2|x|−4xjx · (∇∂ju)(|x|−2x))

+ 2(n+ 2)|x|−n−4x2
jx · (∇u)(|x|−2x)− 2|x|−n−2x · (∇u)(|x|−2x)

− 2|x|−n−2xj(∂ju)(|x|−2x)

− 2|x|−n−2xjx · (|x|−2(∇∂ju)(|x|−2x)− 2|x|−4x(x · (∇∂ju))(|x|−2x))

= (n− 2)n|x|−n−2x2
ju(|x|−2x)− (n− 2)|x|−nu(|x|−2x)

−
[
(n− 2) + n+ 2

]
|x|−n−2xj(∂ju)(|x|−2x)

+ 2
[
(n− 2) + (n+ 2)

]
|x|−n−4x2

jx · (∇u)(|x|−2x)− 2|x|−n−2x · (∇u)(|x|−2x)

+ |x|−n−2(∂2
ju)(|x|−2x)

− 4|x|−n−4xjx · (∇∂ju)(|x|−2x) + 4|x|n−6xj|x|2x · (∇∂ju)(|x|−2x)

= (n− 2)n|x|−n−2x2
ju(|x|−2x)− (n− 2)|x|−nu(|x|−2x)

− 2n|x|−n−2xj(∂ju)(|x|−2x)

+ 4n|x|−n−4x2
jx · (∇u)(|x|−2x)− 2|x|−n−2x · (∇u)(|x|−2x)

+ |x|−n−2(∂2
ju)(|x|−2x)

(�Cu)(x) =
n∑

j=1

(∂2
j Cu)(x) = |x|−n−2(�u)(|x|−2x)

D. E. Blair, Inversion Theory and Conformal Mapping, AMS, 2000.

M. Huff, Conformal maps on Hilbert space, Bull. AMS, 82(1976), 147-149
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