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“Serious numbers will speak to us always,” Paul Simon

1.

N N e ϕ : N → N (P1)(P2)(P3)

(P1) ϕ

(P2) ϕ(N) ⊂ N\{e}

(P3) N M (a)(b) M = N

(a) e ∈ M

(b) ϕ(M) ⊂ M

(N, e, ϕ) N

(P3) (P2) ϕ(N) = N\{e} (P2)(P3) M = ϕ(N)∪{e}
e ∈ M,ϕ(M) ⊂ M M = N ϕ(N) = N\{e}

n ∈ N (1)(2)

fn : N → N

(1) fn(e) = ϕ(n)

(2) fn ◦ ϕ = ϕ ◦ fn

(3) fe = ϕ

(4) fϕ(n) = ϕ ◦ fn = fn ◦ ϕ
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(1)(2) f ′
n : N → N

f ′
n(e) = ϕ(n) f ′

n ◦ ϕ = ϕ ◦ f ′
n Mn

Mn = {k ∈ N; fn(k) = f ′
n(k)}

fn(e) = ϕ(n) = f ′
n(e) e ∈ Mn k ∈ Mn fn(k) =

f ′
n(k) (2)

fn(ϕ(k)) = ϕ(fn(k)) = ϕ(f ′
n(k)) = f ′

n(ϕ(k))

ϕ(k) ∈ Mn ϕ(Mn) ⊂ Mn (P3) Mn = N

fn = f ′
n

(1)-(4) fn M = {n ∈ N; (1)(2)

fn : N → N } fe = ϕ fe(e) = ϕ(e) fe ◦ϕ = ϕ◦ϕ =

ϕ◦fe e ∈ M k ∈ M ϕ(k) ∈ M (1)(2)

fk : N → N fϕ(k) = ϕ ◦ fk fϕ(k)(e) = (ϕ ◦ fk)(e) =
ϕ(fk(e)) = ϕ(ϕ(k)) fϕ(k) ◦ ϕ = (ϕ ◦ fk) ◦ ϕ = ϕ ◦ (fk ◦ ϕ) = ϕ ◦ (ϕ ◦ fk) = ϕ ◦ fϕ(k)

ϕ(k) ∈ M (P3) M = N n ∈ N (1)-(4)

fn : N → N

f• : N× N � (m,n) �→ fm(n) ∈ N N

(1) n ∈ N fn

(2) N \ {e} = {fn(e);n ∈ N}
(3) m,n ∈ N

fm(n) = fn(m)

(4) m,n ∈ N

fm ◦ fn = fn ◦ fm = ffm(n) = ffn(m)

(1) M

M = {n ∈ N; fn }
ϕ = fe e ∈ M n ∈ M fn

fϕ(n) = ϕ ◦ fn ϕ(n) ∈ M M = N

n ∈ N

Mn = {k ∈ N; fn(k) 	= k}
fn(e) = ϕ(n) ∈ ϕ(N) = N \ {e} e ∈ M k ∈ N

fn(k) 	= k ϕ ϕ(fn(k)) 	= ϕ(k) fn(ϕ(k))

ϕ(k) ∈ Mn Mn = N
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(2) M

M = {e} ∪ {fn(e);n ∈ N}
fn(e) = ϕ(n) ∈ ϕ(N) = N \ {e} e /∈ {fn(e);n ∈ N}

m ∈ M m = e ϕ(e) = fe(e) ϕ(e) ∈ M m 	= e n ∈ N

m = fn(e) ϕ(m) = (ϕ ◦ fn)(e) = fϕ(n)(e) ϕ(m) ∈ M

ϕ(M) ⊂ M M = N (2)

(3) n ∈ N

Mn = {k ∈ N; fn(k) = fk(n)}
fn(e) = ϕ(n) = fe(n) e ∈ M k ∈ Mn

fn(k) = fk(n) fn(ϕ(k)) = ϕ(fn(k)) = ϕ(fk(n)) = (ϕ ◦ fk)(n) = fϕ(k)(n)

ϕ(k) ∈ Mn ϕ(Mn) ⊂ Mn Mn = N

(4) m,n ∈ N

Mm,n = {k ∈ N; (fm ◦ fn)(k) = ffm(n)(k)}
fm(fn(e)) = fm(ϕ(n)) = ϕ(fm(n)) = ffm(n)(e) e ∈ Mm,n

k ∈ Mm,n fm(fn(k)) = ffm(n)(k)

(fm ◦ fn)(ϕ(k)) = ϕ(fm(fn(k))) = ϕ(ffm(n)(k)) = ffm(n)(ϕ(k))

ϕ(k) ∈ Mm,n m,n ∈ N

fm ◦ fn = ffm(n)

(3) fm(n) = fn(m) m n

fm ◦ fn = ffm(n) = ffn(m) = fn ◦ fm

m,n ∈ N

(1) j ∈ N m = fj(n)

(2) m = n

(3) k ∈ N n = fk(m)

(1) (1) (2) (2) (3)

(1) (3) m = fj(n) = fj(fk(m)) = ffj(k)(m)

(1) n ∈ N Mn

Mn = {m ∈ N;m n (1)(2)(3) }

3



e ∈ Mn n = e (2) n 	= e

n ∈ N \ {e} (2) (3) ϕ(Mn) ⊂ Mn

m ∈ Mn m n (1)(2)(3)

(1) j ∈ N m = fj(n) ϕ(m) = (ϕ ◦ fj)(n) =
fϕ(j)(n) ϕ(m) n (1)

(2) m = n ϕ(m) = ϕ(n) = fe(n) ϕ(m) n (1)

(3) k ∈ N n = fk(m) k = e ϕ(m) =

fe(m) = n ϕ(m) n (2) k 	= e k ∈ N \ {e} (2)

� ∈ N k = f�(e) n = fk(m) = ff�(e)(m) = (f� ◦fe)(m) = f�(ϕ(m))

ϕ(m) n (3)

Mn = N

n ∈ N N N<n

N<n = {m ∈ N; k ∈ N n = fk(m)}

N≤n = {n} ∪ N<n

(1) N<e = ∅, N≤e = N<ϕ(e) = {e}, N≤ϕ(e) = {e, ϕ(e)}

(2) n ∈ N

N<ϕ(n) = N≤n = {n} ∪ N<n, {n} ∩ N<n = ∅
N≤ϕ(n) = {ϕ(n)} ∪ N≤n = {n, ϕ(n)} ∪ N<n

(3) n ∈ N m ∈ N≤n N≤m ⊂ N≤n

(4) n ∈ N m ∈ N<n N≤m ⊂ N<n

(5) n ∈ N m ∈ N≤n N<m ⊂ N<n

(6) m,n ∈ N

(i) m = n (ii) N≤m = N≤n (iii) N<m = N<n

(7) n ∈ N \ {e} k ∈ N<n ϕ(k) ∈ N≤n

(8) n ∈ N ϕ(N<n) = N<ϕ(n) \ {e}, ϕ(N≤n) = N≤ϕ(n) \ {e}

(9) {e} =
⋂{N≤n;n ∈ N}
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(1) N<e 	= ∅ m, k ∈ N e = fk(m) k = e e = fe(m) =

ϕ(m) ∈ N\{e} k 	= e (2) � ∈ N k = f�(e)

e = fk(m) = ff�(e)(m) = (fe ◦ f�)(m) = ϕ(f�(m)) ∈ N \ {e}
N<e = ∅ ϕ(e) = fe(e) e ∈ N<ϕ(e)

ϕ(e) = fk(m) k,m ∈ N k 	= e k = f�(e)

� ∈ N ϕ(e) = ϕ(f�(m)) ϕ e = f�(m)

k = e, ϕ(e) = fe(m)

fe = ϕ e = m N<ϕ(e) = {e}
N≤e = {e}∪N<e = {e} N≤ϕ(e) = {ϕ(e)}∪N<ϕ(e) = {e, ϕ(e)}

(2) (1) n /∈ N<n {n} ∩ N<n = ∅ N<n ⊂ N<ϕ(n)

m ∈ N<n k ∈ N n = fk(m)

ϕ(n) = ϕ(fk(m)) = ffk(e)(m) m ∈ N<ϕ(n) N<n ⊂ N<ϕ(n)

n ∈ N<ϕ(n) ϕ(n) = fe(n) m ∈ N<ϕ(n)\N<n

k ∈ N ϕ(n) = fk(m) k = e ϕ m = n

k 	= e k = f�(e) � ∈ N ϕ(n) = ϕ(f�(m))

ϕ n = f�(m) m /∈ N<n

N<ϕ(n) = {n} ∪ N<n (2)

(3) n ∈ N m ∈ N≤n m = n m 	= n

m ∈ N<n k ∈ N n = fk(m) j ∈ N≤m j = m

j = m ∈ N<n ⊂ N≤n j ∈ N<m � ∈ N m = f�(j)

n = fk(m) = (fk ◦ f�)(j) = ffk(�)(j) j ∈ N<n

N≤m ⊂ N≤n

(4) (3)

(5) (3)

(6) (i)⇒ (ii), (i)⇒ (iii) (ii)⇒(i) (iii)⇒(i) N≤m = N≤n

m ∈ N≤n m = n j ∈ N n = fj(m)

n ∈ N≤m n = m k ∈ N m = fk(n)

m = n fj fk
m = n N<m = N<n

m 	= n m = fj(n) j ∈ N n = fk(m)

k ∈ N m ∈ N<n m /∈ N<m

n ∈ N<m n /∈ N<n m = n

(7) n ∈ N \ {e} k ∈ N<n � ∈ N n = f�(k)

ϕ(n) = ϕ(f�(k)) = f�(ϕ(k)) ϕ(k) ∈ N<ϕ(n) = N≤n

(8) (7) ϕ(N<n) ⊂ N<ϕ(n) ϕ(N<n) ⊂ ϕ(N) = N\{e} ϕ(N<n) ⊂ N<ϕ(n) \
{e} m ∈ N<ϕ(n) \ {e} j ∈ N ϕ(n) = fj(m)
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m ∈ N \ {e} = ϕ(N) k ∈ N m = ϕ(k) ϕ(n) = fj(ϕ(k)) =

ϕ(fj(k)) ϕ n = fj(k) k ∈ N<n m = ϕ(k) ∈
ϕ(N<n) ϕ(N<n) = N<ϕ(n) \ {e} {ϕ(n)}

ϕ(N≤n) = N≤ϕ(n) \ {e}

(9) (2) n ∈ N e ∈ N≤n m ∈ ⋂{N≤n;n ∈ N}
n = e m ∈ N≤e = {e} m = e

X a X Φ : N×X → X

F : N → X (1)(2)

(1) F (e) = a

(2) n ∈ N F (ϕ(n)) = Φ(n, F (n))

(1)(2) F ′ : N → X

F ′(e) = a F ′(ϕ(n)) = Φ(n, F ′(n)) n ∈ N

M

M = {n ∈ N;F (n) = F ′(n)}
F (e) = a = F ′(e) e ∈ M n ∈ M F (n) = F ′(n)

F (ϕ(n)) = Φ(n, F (n)) = Φ(n, F ′(n)) = F ′(ϕ(n)) ϕ(n) ∈ M

M = N F = F ′

(1)(2) F

M = {n ∈ N; � ∈ N≤n F� : N≤� → X (i)n(ii)n(iii)n }

(i)n Fn(e) = a

(ii)n k ∈ N<n Fn(ϕ(k)) = Φ(k, Fn(k))

(iii)n m ∈ N<n, k ∈ N≤m Fn(k) = Fm(k)

Fe : N≤e → X Fe(e) = a e ∈ M n ∈ M

� ∈ N≤n F� : N≤� → X (i)n(ii)n(iii)n
Fϕ(n) : N≤ϕ(n) → X{

Fϕ(n)(k) = Fn(k), k ∈ N≤n

Fϕ(n)(ϕ(n)) = Φ(n, Fn(n))

Fϕ(n)(e) = Fn(e) = a Fϕ(n) (i)ϕ(n) k ∈ N<ϕ(n) =

{n}∪N<n k ∈ N<n ϕ(k) ∈ N≤n Fϕ(n) Fϕ(n)(ϕ(k)) = Fn(ϕ(k))
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Fn (ii)n Fn(ϕ(k)) = Φ(k, Fn(k)) Fϕ(n)(ϕ(k)) = Φ(k, Fm(k)) =

Φ(k, Fϕ(n)(k)) k = n Fϕ(n) Fϕ(n)(ϕ(n)) = Φ(n, Fn(n)) = Φ(n, Fϕ(n)(n))

Fϕ(n) (ii)ϕ(n) m ∈ N<ϕ(n), k ∈ N≤m

k ∈ N≤n Fϕ(n) Fϕ(n)(k) = Fn(k) m = n

Fϕ(n)(k) = Fm(k) m ∈ N<n (iii)n Fϕ(n)(k) = Fm(k)

Fϕ(n) (iii)ϕ(n)

ϕ(M) ⊂ M M = N

F : N → X F (n) = Fn(n), n ∈ N

F (e) = Fe(e) = a

F (ϕ(n)) = Fϕ(n)(ϕ(n)) = Φ(n, Fn(n)) = Φ(n, F (n))

(1)(2)

(N, e, ϕ) (N′, e′, ϕ′)
(1)(2) F : N → N′

N
F−−−→ N′

ϕ

⏐⏐� ⏐⏐�ϕ′

N
F−−−→ N′

(1) F (e) = e′

(2) F ◦ ϕ = ϕ′ ◦ F n ∈ N F (ϕ(n)) = ϕ′(F (n))

X = N′, Φ(n, n′) = ϕ(n′), (n, n′) ∈ N×X F : N → N′

(1)(2)

F N′ M ′

M ′ = {F (n) ∈ N′;n ∈ N}

(1) e′ ∈ M ′ m′ ∈ M ′ n ∈ N m′ = F (n)

ϕ′(m′) = (ϕ′ ◦ F )(n) = F (ϕ(n)) ϕ′(m′) ∈ M ϕ′(M ′) ⊂ M ′

(N′, e′, ϕ′) M ′ = N′ f

F N M

M = {n ∈ N;m ∈ N F (n) = F (m) m = n}

M = N

e ∈ M m ∈ N F (e) = F (m) m 	= e n ∈ N

m = ϕ(n) F (m) = F (ϕ(n)) = ϕ′(F (n)) e′ = F (e) = F (m) =

ϕ′(F (m)) ∈ ϕ′(N′) = N′ \ {e′}
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ϕ(M) ⊂ M n ∈ M m ∈ N F (ϕ(n)) = F (m)

m 	= ϕ(n) m = e F (ϕ(n)) = F (e) e ∈ M e = ϕ(n)

m 	= e k ∈ N m = ϕ(k) ϕ′(F (n)) = F (ϕ(n)) =

F (m) = F (ϕ(k)) = ϕ′(F (k)) ϕ′ F (n) = F (k) n ∈ M n = k

ϕ(n) = ϕ(k) = m ϕ(n) = m ϕ(n) ∈ M

n ∈ N (1)(2)

gn : N → N

(1) gn(e) = n

(2) gn ◦ ϕ = fn ◦ gn

(3) ge = id

(4) m ∈ N gϕ(n)(m) = fm(gn(m))

(1)(2) g′n : N → N

g′n(e) = n g′n ◦ ϕ = fn ◦ g′n Mn

Mn = {k ∈ N; gn(k) = g′n(k)}

gn(e) = n = g′n(e) e ∈ Mn k ∈ Mn gn(k) = g′n(k)
(2)

gn(ϕ(k)) = fn(gn(k)) = fn(g
′
n(k)) = g′n(ϕ(k))

ϕ(k) ∈ Mn ϕ(Mn) ⊂ Mn Mn = N gn = g′n

(1)-(4) gn M = {n ∈ N; (1)(2)

gn : N → N } ge = id ge(e) = e ge ◦ ϕ =

ϕ = fe = fe ◦ ge e ∈ M k ∈ M ϕ(k) ∈ M

(1)(2) gk : N → N gϕ(k) : N → N

gϕ(k)(m) = fm(gk(m)), m ∈ N gϕ(k)(e) = fe(gk(e)) = fe(k) = ϕ(k) gϕ(k)
(1) gk ◦ ϕ = fk ◦ gk

(gϕ(k) ◦ ϕ)(m) = gϕ(k)(ϕ(m)) = fϕ(m)(gk(ϕ(m))) = fϕ(m)(fk(gk(m)))

= (fm ◦ ϕ ◦ fk)(gk(m))

= (fm ◦ fϕ(k))(gk(m))

= (fϕ(k) ◦ fm)(gk(m))

= fϕ(k)(gϕ(k)(m)) = (fϕ(k) ◦ gϕ(k))(m)
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gϕ(k) (2) M = N n ∈ N (1)-(4)

gn : N → N

g• : N× N � (m,n) �→ gm(n) ∈ N N

(1) n ∈ N gn n 	= e gn

(2) N = {gn(e);n ∈ N}

(3) m,n ∈ N

gm(n) = gn(m)

(4) m,n ∈ N

gm ◦ gn = gn ◦ gm = ggm(n) = ggn(m)

(5) m,n ∈ N

gm ◦ fn = fgm(n) ◦ gm

(2)(3)(5)(4)(1)

(2) gn(e) = n (2)

(3) n ∈ N Mn

Mn = {m ∈ N; gm(n) = gn(m)}

gn(e) = n = ge(n) e ∈ Mn m ∈ N

gm(n) = gn(m) gϕ(m)(n) = fn(gm(n)) = fn(gn(m)) = gn(ϕ(m))

ϕ(m) ∈ Mn Mn = N (3)

(5) m,n ∈ N Mm,n

Mm,n = {k ∈ N; (gm ◦ fn)(k) = (fgm(n) ◦ gm)(k)}

(gm ◦ fn)(e) = gm(ϕ(n)) = (fm ◦ gm)(n) = fm(gm(n)) = fgm(n)(m) =

fgm(n)(gm(e)) = (fgm(n) ◦ gm)(e) e ∈ Mm,n k ∈ Mm,n

(gm ◦fn)(k) = (fgm(n) ◦gm)(k) (gm ◦fn)(ϕ(k)) = (gm ◦ϕ◦fn)(k) =
(fm ◦ gm ◦ fn)(k) = (fm ◦ fgm(n) ◦ gm)(k) = (fgm(n) ◦ fm ◦ gm)(k) = (fgm(n) ◦ gm)(ϕ(k))

ϕ(k) ∈ Mm,n Mm,n = N (5)
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(4) m,n ∈ N Mm,n

Mm,n = {k ∈ N; (gm ◦ gn)(k) = ggm(n)(k)}

(gm◦gn)(e) = gm(n) = ggm(n)(e) e ∈ Mm,n k ∈ Mm,n

(gm ◦ gn)(k) = ggm(n)(k) (gm ◦ gn)(ϕ(k)) = (gm ◦ fn ◦
gn)(k) = (fgm(n)◦gm◦gn)(k) = (fgm(n)◦ggm(n))(k) = ggm(n)(ϕ(k)) ϕ(k) ∈ Mm,n

Mm,n = N (4)

(1) n ∈ N m,m′ ∈ N gn(m) = gn(m
′)

(a) j ∈ N m = fj(m
′)

(b) m = m′

(c) k ∈ N m′ = fk(m)

(a) fgn(j)(gn(m
′)) = gn(fj(m

′)) = gn(m) = gn(m
′) fgn(j)

(c) fgn(k)(gn(m)) = gn(fk(m)) = gn(m
′) = gn(m)

fgn(k) (b) gn

gn n = e m ∈ N gn(m) =

m n 	= e (2) j ∈ N

n = fj(e)

m = gn(m) = gm(n) = (gm ◦ fj)(e) = fgm(j)(gm(e)) = fgm(j)(m)

fgm(j) n = e

(1) m,n ∈ N n ∈ N≤gm(n) ∩ N<fm(n)

(2) m,m′ ∈ N n ∈ N<m, n
′ ∈ N≤m′

fn(n
′) ∈ N<fm(m′), gn(n

′) ∈ N<gm(m′)

(1) n ∈ N Mn

Mn = {m ∈ N;n ∈ N≤gm(n)}

ge(n) = n e ∈ Mn m ∈ Mn n ∈ N≤gm(n)

n = gm(n) j ∈ N gm(n) = fj(n) gm
m = e gϕ(e)(n) = fn(ge(n)) = fn(n) n ∈ N≤gϕ(e)(n)
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gϕ(m)(n) = fn(gm(n)) = (fn ◦ fj)(n) = ffj(n)(n) n ∈ N≤gϕ(m)(n)

ϕ(Mn) ⊂ Mn Mn = N n ∈ N Mn

Mn = {m ∈ N;n ∈ N<fm(n)}

fe(n) = ϕ(n) n ∈ N≤n = N<ϕ(n) e ∈ Mn m ∈ Mn

n ∈ N<fm(n) j ∈ N fm(n) = fj(n) fϕ(m)(n) =

(ϕ ◦ fm)(n) = (ϕ ◦ fj)(n) = fϕ(j)(n) n ∈ N<fϕ(m)(n) ϕ(m) ∈ Mn

Mn = N

(2) n ∈ N<m n′ ∈ N<m′ j k m = fj(n) m′ = fk(n
′)

fm(m
′) = fm(fk(n

′)) = ffk(m)(n
′) = fn′(fk(m)) = fn′(fk(fj(n)))

= fk(fj(fn′(n))) = ffj(k)(fn′(n)) = ffj(k)(fn(n
′))

fn(n
′) ∈ N<fm(m′) � = fgm(k)(gn′(j))

gm(m
′) = gm(fk(n

′)) = (fgm(k) ◦ gn)(n′) = fgm(k)(gn′(m))

= fgm(k)(gn′(fj(n))) = fgm(k)(fgn′ (j)(gn′(n))) = f�(gn(n
′))

gn(n
′) ∈ N<gm(m′)

m,n ∈ N k ∈ N n ∈ N≤gk(m)

k = ϕ(n) = fe(n) n ∈ N<k e ∈ N≤m n = gn(e) ∈ N<gk(m)

(1) m,n ∈ N

(i) m ∈ N<n

(ii) k ∈ N fk(m) ∈ N<fk(n)

(iii) k ∈ N fk(m) ∈ N<fk(n)

(iv) k ∈ N gk(m) ∈ N<gk(n)

(v) k ∈ N gk(m) ∈ N<gk(n)

(2) m,n ∈ N

(i) m ∈ N≤n

(ii) k ∈ N fk(m) ∈ N≤fk(n)

(iii) k ∈ N fk(m) ∈ N≤fk(n)
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(iv) k ∈ N gk(m) ∈ N≤gk(n)

(v) k ∈ N gk(m) ∈ N<gk(n)

(1) (i)⇒(ii) k = e (ii) (8)

(ii)⇒(iii) k0 ∈ N fk0(m) ∈ N<fk0 (n)
j ∈ N

fk0(n) = fj(fk0(m)) fk0(n) = fk0(fj(m)) fk0
n = fj(m) k ∈ N fk(n) = fk(fj(m)) = fj(fk(m))

fk(m) ∈ N<fk(n)

(iii)⇒(i) n = fj(m) j ∈ N (i)

(i)⇒(iv) k = e

(iv)⇒(i) k0 ∈ N gk0(m) ∈ N<gk0 (n)
j ∈ N gk0(n) =

fj(gk0(m)) m /∈ N<n m = n � ∈ N m = f�(n)

gk0(n) = gk0(m) fj
gk0(n) = fj(gk0(m)) = fj(gk0(f�(n))) = fj(fgk0 (�)(gk0(n))) = ffj(gk0 (�))(gk0(n))

ffj(gk0 (�)) m ∈ N<n

(i)⇒(v) j ∈ N n = fj(m) gk(n) = gk(fj(m)) = fgk(j)(gk(m))

gk(m) ∈ N<gk(n)

(v)⇒(i) (iv)⇒(i)

(2) fk gk

N M m ∈ N

m ∈ M ∩
⋂

{N≤n;n ∈ M}

m M

M ⊂ N

M∗
M∗ =

⋂
{N≤n;n ∈ M}

(9) e ∈ M∗ M m ∈ M

ϕ(m) /∈ N≤m ϕ(m) /∈ M∗ M∗ 	= N

M∗ = N ⇔ ϕ(M∗) ⊂ M∗ ⇔ ∀� ∈ M∗, ϕ(�) ∈ M∗

M∗ 	= N � ∈ M∗ ϕ(�) /∈ M∗
ϕ(�) /∈ M∗ n ∈ M ϕ(�) /∈ N≤n j ∈ N
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ϕ(�) = fj(n) � ∈ M∗ � ∈ N≤n � = n k ∈ N

n = fk(�) ϕ(�) = fj(n) = (fj ◦ fk)(�) = ffj(k)(�) fj(k) 	= e

i ∈ N fj(k) = fi(e) ϕ(�) = ffi(e)(�) = ffe(i)(�) = fϕ(i)(�) = ϕ(fi(�))

ϕ fi(�) = � fi � = n

j = e � = n n ∈ M � ∈ M

m′ ∈ M ∩ M∗ m 	= m′

m = fj(m
′) j ∈ N m′ = fk(m) k ∈ N

m /∈ N≤m′ m /∈ M∗ m′ /∈ N≤m m′ /∈ M∗
m = m′

(N, e, ϕ) (N′, e′, ϕ′) F : N → N′

(1) m,n ∈ N

F (fm(n)) = f ′
F (m)(F (m))

(2) m,n ∈ N

F (gm(n)) = g′F (m)(F (n))

(3) n ∈ N m ∈ N≤n

F (m) ∈ N′
≤F (n)

f ′
• g′• N′

n ∈ N

(1) Mn

Mn = {m ∈ N;F (fn(m)) = f ′
F (n)(F (m))}

F (fn(e)) = F (fe(n)) = F (ϕ(n)) = ϕ′(F (n)) = f ′
e′(F (n)) = f ′

F (n)(e
′) =

f ′
F (n)(F (e)) e ∈ Mn m ∈ Mn F (fn(m)) =

f ′
F (n)(F (m)) F (fn(ϕ(m))) = F (ϕ(fn(m))) = ϕ′(F (fn(m)))

= ϕ′(f ′
F (n)(F (m))) = f ′

F (n)(ϕ
′(F (m))) = f ′

F (n)(F (ϕ(m))) ϕ(m) ∈ Mn

Mn = N (1)

(2) Mn

Mn = {m ∈ N;F (gn(m)) = g′F (n)(F (m))}
F (gn(e)) = F (n) = g′e′(F (n)) = g′F (n)(e

′) = g′F (n)(F (e)) e ∈ Mn

m ∈ Mn F (gn(m)) = g′F (n)(F (m))

F (gn(ϕ(m))) = (F (fn(gn(m))) = f ′
F (n)(F (gn(m))) = f ′

F (n)(g
′
F (n)(F (m)))

= g′F (m)(ϕ
′(F (m))) = g′F (n)(F (ϕ(m))) ϕ(m) ∈ Mn Mn = N

(2)
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(3) m ∈ N≤n m = n F (m) = F (n) ∈ N′
≤F (n) m ∈ N<n

j ∈ N n = fj(m) F (n) = F (fj(m)) = f ′
F (j)(F (m))

F (m) ∈ N′
≤F (n)

e 1

ϕ(n) = n+ 1

fm(n) = m+ n

gm(n) = mn

m < n ⇔ m ∈ N<n

m ≤ n ⇔ m ∈ N≤n

M ⊂ N minM N

(m,n) �→ m+n fn fn(N) =

N \ N≤n f−1
n : N \ N≤n � m �→ f−1

n (m) ∈ N (m =

fn(k) = n+k k = f−1
n (m) = m−n N (m,n) �→ mn

( 1 ) gn
gn(N) = {gn(k); k ∈ N} g−1

n : gn(N) � m �→ g−1
n (m) ∈ N

(m = gn(k) = nk k = g−1
n (m) = m/n n m

m n N ≤
N

2.

1R R

(1) a, b, c ∈ R a < b ⇒ a+ c < b+ c

(2) a, b, c ∈ R a < b, c > 0 ⇒ ac < bc, ca < cb

R a ∈ R |a| ∈ R

a = 0R |0R| = 0R

a > 0R |a| = a

a < 0R |a| = −a
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(1) a > 0R ⇔ 0R > −a

(2) a < b ⇔ −a > −b

(3) 1R > 0R

(4) ab = 0R ⇔ a = 0R b = 0R

(5) a = b ⇔ c 	= 0R ac = bc

⇔ c 	= 0R ac = bc

(6) |a+ b| ≤ |a|+ |b|
(7) |ab| = |a| |b|

(1) a > 0R −a ≥ 0R 0R = a+ (−a) ≥ a+ 0R = a > 0R
−a < 0R 0R > −a a ≤ 0R

0R = a + (−a) ≤ 0R + (−a) = −a < 0R a > 0R

(2) a < b ⇒ 0R = a+ (−a) < b+ (−a) = b− a

⇒ 0R > −(b− a) = a− b

⇒ −b = (a− b) + (−a) < 0 + (−a) = −a,

−a > −b ⇒ 0R = a+ (−a) > a+ (−b) = a− b

⇒ 0R < −(a− b) = b− a

⇒ b = (b− a) + a > 0R + a = a

(3) 1R < 0R −1R > 0R a = 0R, b = −1R, c = −1R a < b, c > 0R
ac < bc ac = 0R, bc = 1R 0R < 1R

1R > 0R

(6) a > 0R, b > 0R a+ b > 0R |a+ b| = a+ b = |a|+ |b| a < 0R, b < 0R
a+b < 0R |a+b| = −(a+b) = (−a)+(−b) = |a|+ |b| a > 0R, b < 0R
a+ b < a+0R = |a|+0R < |a|+(−b) = |a|+ |b| −(a+ b) = (−a)+ (−b) =

(−a) + |b| < 0R + |b| < a + |b| = |a| + |b| a + b ≥ 0R a + b < 0R
|a+ b| < |a|+ |b| a < 0R, b > 0R a b |a+ b| < |a|+ |b|

(7) a > 0R, b > 0R ab > 0R |ab| = ab = |a||b| a < 0R, b < 0R
−a > 0R,−b > 0R ab = (−a)(−b) > 0R |ab| = ab = (−a)(−b) = |a||b|

a > 0R, b < 0R −b > 0R −(ab) = a(−b) > 0R |ab| = −(ab) =

a(−b) = |a||b| a < 0R, b > 0R a b |ab| = |a||b|
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(4) ⇒) a 	= 0R, b 	= 0R |a| > 0R, |b| > 0R
(7) |ab| = |a||b| > 0R ab 	= 0R

(5) c 	= 0R ac = bc (a− b)c = 0R (4) a = b

3.

N N× N ∼

(m,n) ∼ (i, j) ⇐=⇒
def

m+ j = n+ i

∼ N× N ∼ N× N/ ∼ Z

(m,n) [(m,n)]

[(m,n)] = {(i, j) ∈ N× N; (m,n) ∼ (i, j)}

Z [(m,n)] [(k, �)]

[(m,n)] + [(k, �)] =
def.

[(m+ k, n+ �)]

[(m,n)] · [(k, �)] =
def.

[(mk + n�,m�+ nk)]

Z

[(a, a)] [(a+ 1, a)] [(m,n)] [(n,m)]

Z Z

[(m,n)] ≤ [(k, �)] ⇐=⇒
def

m+ � ≤ n+ k

≤ Z

N Z ι

ι(n) = [(n+ a, a)]

a ∈ N ι

N � n �→ ι(n) ∈ ι(N)

Z ι : N → Z N Z

[(a, a)] 0 [(m,n)] [(n,m)] −[(m,n)]

[(a+ 1, a)] 1 [(m,n)] ≤ [(k, �)] [(m,n)] 	= [(k, �)]

[(m,n)] < [(k, �)] [(m,n)] m− n

∼ N× N

(m,n) ∼ (m,n) ⇔ m+ n = n+m

(m,n) ∼ (i, j) ⇔ m+ j = n+ i
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⇔ i+ n = j +m ⇔ (i, j) ∼ (m,n)

(m,n) ∼ (i, j), (i, j) ∼ (k, �)

⇔ m+ j = n+ i, i+ � = j + k

⇒ (m+ �)+ (i+ j) = (m+ j)+ (i+ �) = (n+ i)+ (j+k) = (n+k)+ (i+ j)

⇒ m+ � = n+ k ⇔ (m,n) ∼ (k, �)

(m,n) ∼ (m′, n′), (k, �) ∼ (k′, �′)

⇔ m+ n′ = n+m′, k + �′ = �+ k′

⇒ (m+ k) + (n′ + �′) = (n+ �) + (m′ + k′) ⇔ (m+ k, n+ �) ∼ (m′ + k′, n′ + �′)

(m,n) ∼ (m′, n′), (k, �) ∼ (k′, �′)

⇔ m+ n′ = n+m′, k + �′ = �+ k′

⇒ (mk + n�) + (m′�′ + n′k′)

= m(k − �) + n(�− k) +m′(�′ − k′) + n′(k′ − �′) + (m�+ nk +m′k′ + n′�′)

= (m− n)(k − �) + (m′ − n′)(�′ − k′) + (m�+ nk) + (m′k′ + n′�′)

= (m�+ nk) + (m′k′ + n′�′) ⇒ (mk + n�,m�+ nk) ∼ (m′k′ + n′�′,m′�′ + n′k′)

:

[(m,n)] + [(k, �)] = [(m+ k, n+ �)] = [(k +m, �+ n)] = [(k, �)] + [(m,n))]

:

([(m,n)] + [(k, �)]) + [(i, j)] = [(m+ k, n+ �)] + [(i, j)] = [(m+ k + i, n+ �+ j)]

= [(m,n)] + [(k + i, �+ j)] = [(m,n)] + ([(k, �)] + [(i, j)])

:

[(m,n)] · [(k, �)] = [(mk + n�,m�+ nk)]

= [(km+ �n, �m+ kn)] = [(k, �)] · [(m,n)]

:

([(m,n)] · [(k, �)]) · [(i, j)] = [(mk + �n, �m+ kn)] · [(i, j)]
= [((mk + �n)i+ (�m+ kn)j, (mk + �n)j + (�m+ kn)i)]

= [(m(ki+ �j) + n(�i+ kj),m(kj + �i) + n(ki+ �j))]

= [(m,n)] · [(ki+ �j, �i+ kj)] = [(m,n)] · ([(k, �)] · [(i, j)])
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:

[(m,n)] · ([(k, �)]) + [(i, j)]) = [(m,n)] · [(k + i, �+ j)]

= [(m(k + i) + n(�+ j),m(�+ j) + n(k + i))]

= [((mk + n�) + (mi+ nj), (m�+ nk) + (mj + nj))]

= [(mk +m�,m�+ nk)] + [(mi+ nj,mj + ni)]

= [(m,n)] · [(k, �)] + [(m,n)] · [(i, j)]
[(a, a)] :

[(m,n)] + [(a, a)] = [(m+ a, n+ a)] = [(m,n)]

(m+ a, n+ a) ∼ (m,n) ⇔ (m+ a) + n = (n+ a) +m

[(a+ 1, a)]

[(m,n)] · [(a+ 1, a)] = [(m(a+ 1) + na,ma+ n(a+ 1))]

= [(a+ 1, a)] · [(m,n)]

[(m,n)] [(n,m)] :

[(m,n)] + [(n,m)] = [(m+ n, n+m)] = [(a, a)], a = m+ n

Z

[(m,n)] · [(k, �)] = [(a, a)]

⇔ [(mk + n�,m�+ nk)] = [(a, a)]

⇔ k + n�+ a = m�+ nk + a ⇔ mk + n� = m�+ nk

k = � [(k, �)] = [(a, a)] k 	= � k < � k > �

k < � � = k + i i ∈ N

mk + n� = m�+ nk ⇔ (m+ n)k + ni = (m+ n)k +mi ⇔ ni = mi ⇔ n = m

[(m,n)] = [(a, a)] k > � k = �+ j j ∈ N

mk + n� = m�+ nk ⇔ (m+ n)�+mj = (m+ n)�+ nj ⇔ mj = nj ⇔ m = n

[(m,n)] = [(a, a)]

Z ≤
[(m,n)] ≤ [(k, �)], (m,n) ∼ (m′, n′), (k, �) ∼ (k′, �′)

⇔ (m,n) ∼ (m′, n′), (k, �) ∼ (k′, �′), m+ � ≤ n+ k

⇔ m+ n′ = n+m′, k + �′ = �+ k′, m+ � ≤ n+ k

⇒ (m′ + �′) + (n+ k) = (n+m′) + (k + �′) = (m+ n′) + (�+ k′)

= (m+ �) + (n′ + k′) ≤ (n+ k) + (n′ + k′)

⇒ m′ + �′ ≤ n+ k′ ⇔ [(m′, n′)] ≤ [(�′, k′)]
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Z ≤

: [(m,n)] ≤ [(m,n)] ⇔ m+ n = m+ n

: [(m,n)] ≤ [(k, �)], [(k, �)] ≤ [(m,n)]

⇔ m+ � ≤ n+ k, k + n ≤ �+m

⇒ m+ � = n+ k ⇒ [(m,n)] = [(k, �)]

: [(m,n)] ≤ [(k, �)], [(k, �)] ≤ [(i, j)]

⇔ m+ � ≤ n+ k, k + j ≤ �+ i

⇒ (m+ j) + � ≤ (n+ k) + j = (k + j) + n ≤ (�+ i) + n

⇔ m+ j ≤ i+ n ⇒ [(m,n)] ≤ [(i, j)]

Z ≤
[(m,n)] [(k, �)] m+ �, n+ k ∈ N

(i) m+ � > n+ k (ii) m+ � = n+ k (iii) m+ � < n+ k

(i) [(m,n)] > [(k, �)] (ii) [(m,n)] = [(k, �)]

(iii) [(m,n)] < [(k, �)]

Z :

[(m,n)] < [(k, �)] m+ � < n+ k [(i, j)]

(m+ i) + (�+ j) < (n+ j) + (k + i) ⇔ [(m+ i, n+ j)] < [(k + i, �+ j)]

⇔ [(m,n)] + [(i, j)] < [(k, �)] + [(i, j)]

[(i, j)] > [(a, a)] i+ a > j + a ⇔ i > j

[(m,n)] · [(i, j)] = [(mi+ nj, mj + ni)], [(k, �)] · [(i, j)] = [(ki+ �j, kj + �i)]

(ki+ �j) + (mj + ni) = (k + n)i+ (�+m)j

= (k + n)(i− j) + (k + n)j + (�+m)j

= ((k + n)− (�+m))(i− j) + (�+m)(i− j) + (k + n)j + (�+m)j

= ((k + n)− (�+m))(i− j) + (�+m)i+ (k + n)j

> (�+m)i+ (k + n)j

= (kj + �i) + (mi+ nj)

[(m,n)] · [(i, j)] < [(k, �)] · [(i, j)]

N Z ι :

(n+ b, b) ∼ (n+ a, a) ⇔ (n+ b) + a = b+ (n+ a)
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ι

ι(m) = ι(n) ⇔ [(m+ a, a)] = [(n+ a, a)] ⇔ (m+ a) + a = a+ (n+ a)

⇔ m = n

ι

ι(m+ n) = [(m+ n+ a, a)] = [(m+ n+ a+ a, a+ a)]

= [(m+ a, a)] + [(n+ a, a)] = ι(m) + ι(n)

ι(mn) = [(mn+ a, a)] = [(mn+ (m+ n)a+ 2a2, (m+ n)a+ 2a2)]

= [((m+ a)(n+ a) + a2, (m+ a)a+ a(n+ a))]

= [(m+ a, a)] · [(n+ a, a)] = ι(m) · ι(n)

ι

m ≤ n ⇔ (m+ a) + a ≤ (n+ a) + a

⇔ ι(m) = [(m+ a, a)] ≤ [(n+ a, a)] = ι(n)

[(m,n)] ∈ Z [(m,n)] > [(a, a)]

Z>0

Z>0 = {[(m,n)] ∈ Z; [(m,n)] > [(a, a)]}

[(m,n)] ∈ Z [(m,n)] ≥ [(a, a)]

Z≥0

Z≥0 = {[(m,n)] ∈ Z; [(m,n)] ≥ [(a, a)]}

ι(N) = Z>0

n ∈ N

a+ a < (n+ a) + a ⇔ [(a, a)] < [(n+ a, a)]

ι(n) ∈ Z>0 [(m,n)] ∈ Z>0 m+ a > n+ a

m = n+j j ∈ N ι(j) = [(j+a, a)] = [(j+n, n)] = [(m,n)]

[(m,n)] ∈ ι(N)

[(m,n)] ∈ Z

(1) [(m,n)] ∈ Z>0

(2) m− n ∈ N

[(m,n)] ∈ Z

(1) [(m,n)] ∈ Z \ Z≥0
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(2) [(n,m)] ∈ Z≥0

(3) n−m ∈ N

Z

Z = Z>0 ∪ {[(a, a)]} ∪ (Z \ Z≥0)

I

R

(1) R Z f : Z → R

[(m,n)], [(k, �)] ∈ Z

(i) f([(m,n)] + [(k, �)]) = f([(m,n)]) + f([(k, �)])

f([(m,n)] · [(k, �)]) = f([(m,n)]) · f([(k, �)])
(ii) [(m,n)] ≤ [(k, �)] ⇒ f([(m,n)]) ≤ f([(k, �)])

(2) R>0 ≡ {x ∈ R; x > 0R} N g : N → R>0

m,n ∈ N

(i) g(m+ n) = g(m) + g(n)

g(mn) = g(m) · g(n)
(ii) m ≤ n ⇒ g(m) ≤ g(n)

(1) ⇒ (2) : n ∈ N g(n) = f(ι(n)) ι : N → Z f : Z → R

g : N → R x ∈ R>0 [(m,n)] ∈ Z

f([(m,n)]) = x f([a, a]) = f([a + a, a + a]) = f([(a, a)] + [(a, a)]) =

f([(a, a)]) + f([(a, a)]) f([a, a)]) = 0R [(m,n)] > [(a, a)]

[(m,n)] ≤ [(a, a)] (ii) f([(m,n)]) ≤ f([(a, a)]) = 0R x > 0R

[(m,n)] ∈ Z>0 = ι(N) k ∈ N x = f(ι(k)) g

m, n ∈ N

g(m+ n) = f(ι(m+ n)) = f(ι(m) + ι(n)) = f(ι(m)) + f(ι(n))

= g(m) + g(n)

g(mn) = f(ι(mn)) = f(ι(m) · ι(n)) = f(ι(m)) · f(ι(n)) = g(m) · g(n)
m ≤ n ⇒ ι(m) ≤ ι(n) ⇒ f(ι(m)) ≤ f(ι(n)) ⇒ g(m) ≤ g(n)

(2) ⇒ (1) : [(m,n)] ∈ Z>0 m− n ∈ N f([(m,n)]) = g(m− n)

[(m,n)] N f ◦ ι = g ι : N → Z>0

f |Z>0 = g ◦ ι−1|Z>0 Z>0 � [(m,n)] �→ f([(m,n)]) ∈ R>0 (i)(ii)
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f([(a, a)]) = 0R [(m,n)] < [(a, a)] [(m,n)] ∈ Z

f([(m,n)]) = −f([(n,m)]) f Z \ Z≥0 R \R≥0(R≥0 = R>0 ∪ {0R})
[(m,n)] ∈ Z>0, [(k, �)] ∈ Z \ Z≥0 [(m+ k, n+ �)] ∈ Z>0

f([(m,n)] + [(k, �)]) = f([(m+ k, n+ �)]) = g((m+ k)− (n+ �))

f([(m,n)] + f([(k, �)]) = g(m− n)− f([(�, k)]) = g(m− n)− g(�− k)

g(m− n) = g(((m+ k)− (n+ �)) + (�− k)) = g((m+ k)− (n+ �)) + g(�− k)

f([(m,n)] + [(k, �)]) = f([(m,n)]) + f([(k, �)])

[(m + k, n + �)] = [(a, a)] [(m,n)] + [(k, �)] = [(a, a)] [(k, �)] = [(n,m)] ∈
Z \ Z≥0 f([(k, �)]) = −f([(m,n)])

f([(m,n)] + [(k, �)]) = f([(m+ k, n+ �)]) = f([(a, a)]) = 0R

f([(m,n)] + f([(k, �)]) = f([(m,n)])− f([(m,n)]) = 0R

f([(m,n)] + [(k, �)]) = f([(m,n)]) + f([(k, �)])

[(m+ k, n+ �)] ∈ Z \ Z≥0

f([(m,n)] + [(k, �)]) = −f([(n+ �,m+ k)]) = −g((n+ �)− (m+ k))

f([(m,n)] + f([(k, �)]) = g(m− n)− g(�− k)

g(m − n) + g((n + �) − (m + k)) = g(� − k) f([(m,n)] + [(k, �)]) =

f([(m,n)]) + f([(k, �)])

[(m,n)] ∈ Z>0, [(k, �)] ∈ Z \ Z>0

(m�+ nk)− (mk + n�) = m(�− k)− n(�− k) = (m− n)(�− k) ∈ N

[(m,n)] · [(k, �)] = [(mk + n�,m�+ nk)] ∈ Z\Z>0

f([(m,n)] · [(k, �)]) = − f([(m�+ nk,mk + n�)])

= − g((m− n)(�− k))

= − g(m− n) · g(�− k)

= − f([(m,n)]) · f([(�, k)])
= f([(m,n)]) · f([(k, �)])

[(m,n)] ∈ Z

[(m,n)] · [(a, a)] = [(ma+ na,ma+ na)] = [(a, a)]

f([(m,n)] · [(a, a)]) = f([(a, a)]) = 0R = f([(m,n)]) · f([(a, a)])
f (i) (ii) f

II

R f : Z → R [(m,n)], [(k, �)] ∈ Z
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(i) f([(m,n)] + [(k, �)]) = f([(m,n)]) + f([(k, �)])

f([(m,n)] · [(k, �)]) = f([(m,n)]) · f([(k, �)])

(ii) [(m,n)] ≤ [(k, �)] ⇒ f([(m,n)]) ≤ f([(k, �)])

(iii) |f([(m,n)])| = |m− n|

f : Z → R Z ⊂ R Z

R 1R Φ : R → R Φ(x) = x + 1R
F : N → R

(1) F (1) = 1R

(2) n ∈ N F (n+ 1) = Φ(F (n))

F

(a) F (m+ n) = F (m) + F (n)

(b) F (mn) = F (m) · F (n)

(a) n ∈ N Mn

Mn = {m ∈ N;F (m+ n) = F (m) + F (n)}

F (1 + n) = Φ(F (n)) = F (n) + 1R = F (n) + F (1) 1 ∈ Mn

m ∈ Mn F (m+ n) = F (m) + F (n)

F (m + 1 + n) = F (m + n) + 1R = F (m) + F (n) + 1R = Φ(F (m)) + F (n) =

F (m+ 1) + F (n) m+ 1 ∈ Mn Mn = N

(b) n ∈ N Mn

Mn = {m ∈ N;F (mn) = F (m) · F (n)}

F (1 · n) = F (n) = 1R · F (n) = F (1) · F (n) 1 ∈ Mn

m ∈ Mn F (mn) = F (m) · F (n)

F ((m+ 1)n) = F (mn+ n) = F (mn) + F (n) = F (m) · F (n) + F (n)

= (F (m) + 1R) · F (n) = Φ(F (m)) · F (n) = F (m+ 1) · F (n)

m+ 1 ∈ Mn Mn = N

[(m,n)] ∈ Z>0 f([(m,n)]) = F (m− n), f([a, a]) = 0R, [(m,n)] ∈ Z \ Z≥0

f([(m,n)]) = −F (n−m) f : Z → R

(i)
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(ii) [(m,n)], [(k, �)] ∈ Z≥0 M

M = {m ∈ N;F (m) > 0R}

Φ(0) = F (1) = 1R > 0R 1 ∈ M m ∈ M

F (m) > 0R F (m + 1) = F (m) + F (1) = F (m) + 1R > 1R > 0R
m + 1 ∈ M M = N m,n ∈ N F (m + n) =

F (m) + F (n) > F (m) (ii)

(iii) [(m,n)] ∈ Z>0 M

M = {m ∈ N; |F (m)| = F (m) = m1R}

F (1) = 1R 1 ∈ M m ∈ M F (m) = m1R
F (m+ 1) = F (m) + F (1) = m1R + 1R = (m+ 1)1R m+ 1 ∈ M

M = N (iii)

m,n · · · Z

(m,n) �→ m+ n (m,n) �→ m · n

m+ n = n+m

(m+ n) + k = m+ (n+ k)

0 m+ 0 = m

m+ (−m) = 0

m · n = n ·m

(m · n) · k = m · (n · k)

m · 1 = m

m · (n+ k) = m · n+m · k

(1) 0 ·m = m · 0 = 0

(2) −m = (−1) ·m = m · (−1)

(3) (−1)2 = 1

(4) (−m) · (−n) = mn

24



(1) 0 ·m = 0 ·m+ 0 = 0 ·m+ (0 ·m+ (−0 ·m))

= (0 ·m+ 0 ·m) + (−0 ·m)

= (0 + 0) ·m+ (−0 ·m) = 0 ·m+ (−0 ·m) = 0

(2) m+ (−1) ·m = 1 ·m+ (−1) ·m = (1 + (−1)) ·m = 0 ·m = 0

(−1) ·m = −m

(3) (−1)2 + (−1) = (−1) · (−1) + (−1) · 1 = (−1) · ((−1) + 1) = (−1) · 0 = 0

(−1)2 = −(−1) (−1)2 = 1

(4) (−m) · (−n) = (m · (−1)) · ((−1) · n) = m · ((−1) · (−1)) · n
= m · 1 · n = m · n

m, n ∈ Z

(1) m = n

(2) k ∈ Z m+ k = n+ k

(3) k ∈ Z m+ k = n+ k

(1)⇒(3)⇒(2) (2)⇒(1) k −k (2)

m,n ∈ Z

(1) m = n

(2) k ∈ Z \ {0} m · k = n · k

(3) k ∈ Z \ {0} m · k = n · k

Z

m,n ∈ N m −n m − n = m + (−n)

ι : N → Z N Z Z>0 Z Z = N∪{0}∪(−N)

−N = {−m ∈ Z;m ∈ N} = Z \Z≥0

(1) m,n ∈ Z

(i) m < n

(ii) k ∈ Z m+ k < n+ k

(iii) k ∈ Z>0 m+ k < n+ k

(iv) k ∈ Z>0 mk < nk
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(v) k ∈ Z>0 mk < nk

(vi) k ∈ Z \ Z≥0 mk > nk

(vii) k ∈ Z \ Z≥0 mk > nk

(2) m,n ∈ Z

(i) m ≤ n

(ii) k ∈ Z m+ k ≤ n+ k

(iii) k ∈ Z>0 m+ k ≤ n+ k

(iv) k ∈ Z>0 mk ≤ nk

(v) k ∈ Z>0 mk ≤ nk

(vi) k ∈ Z \ Z≥0 mk ≥ nk

(vii) k ∈ Z \ Z≥0 mk ≥ nk

m ∈ Z, n ∈ Z>0 k ∈ Z kn ≥ m

m ≤ 0 k = 1 m > 0 k = m + 1 kn = (m + 1)n ≥
m+ 1 > m

Z

n ∈ N f(2n − 1) = n − 1, f(zn) = −n f : N → Z

Z = N ∪ {0} ∪ (−N) N g(m) = 2m+ 1,m ∈ N ∪ {0}, g(−m) = 2m,m ∈ N

f f

m ∈ Z |m| m ∈ N |m| = m,m = 0 |m| = 0,−m ∈ N

|m| = −m

m ∈ Z n ∈ Z>0 q ∈ Z r ∈ Z≥0

m = qn+ r, 0 ≤ r < n

m = 0 q = r = 0 m ∈ N k0 ∈ N

k0n ≥ m

M = {k ∈ N; kn ≥ m}

k1 = minM k1n ≥ m k1n = m

q = k1, r = 0 k1n > m q = k1−1 q /∈ M

qn < m r = m− qn 0 < r < m m = qn+ r

m ∈ −N −m ∈ N q′ ∈ Z r′ ∈ Z≥0 −m = q′n+ r′, 0 < r′ < n
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m = (−q′)n − r′ = (−q′ − 1)n + (n − r′) q = −q′ − 1, r = n − r′

m = qn+ r, 0 < r < n

(q, r) ∈ Z×Z≥0 (q′, r′) ∈ Z×Z≥0 m = q′n+r′, 0 ≤
r′ < n

qn+ r = q′n+ r′ ⇔ r − r′ = (q′ − q)n

r < r′ 0 < r′ − r < n (q − q′)n = r′ − r > 0 q 	= q′

q − q′ ≥ 1 r′ − r = (q − q′)n ≥ n r′ < r

0 < r − r′ < n (q′ − q)n = r − r′ > 0 q′ 	= q q′ − q ≥ 1

r − r′ = (q′ − q)n ≥ n r = r′

(q′ − q)n = r − r′ = 0 q = q′

m ∈ Z n ∈ Z \ {0} q ∈ Z r ∈ Z≥0

m = qn+ r, 0 ≤ r < |n|

−n ∈ N q′ ∈ Z r′ ∈ Z≥0

m = q′(−n) + r′, 0 ≤ r′ < −n q = −q′, r = r′

m ∈ Z, n ∈ Z \ {0}

m = qn+ r, 0 ≤ r < |n|

q ∈ Z r ∈ Z≥0 m n r = 0

m = qn m n n|m n m

(1) (±1)|m, (±m)|m

(2) n|m,m|k ⇒ n|k

(3) n|m ⇒ n|mk

(4) k 	= 0, nk|mk ⇒ n|m

(5) n|m, �|k ⇒ n�|mk

(6) n|m,n|k ⇒ n|(mi+ kj) ∀i, j ∈ Z

(1) m = (±1)(∓m)

(2) m = qn, k = q′m ⇒ k = (qq′)n
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(3) m = qn ⇒ mk = (kq)n

(4) mk = q(nk) ⇒ m = qn

(5) m = qn, k = q′� ⇒ mk = (qq′)n�

(6) m = qn, k = q′n ⇒ mi+ kj = (qi+ q′j)n

m ∈ Z j, k ∈ Z \ {±1} m = jk

m ∈ Z \ {±1}

m,n ∈ Z \ {0} Mm,n Dm,n

Mm,n = {mi+ nj ∈ Z; i, j ∈ Z}
Dm,n = {k ∈ Z \ {0}; k|m k|n}

d ∈ Z>0

(1) d ∈ Mm,n ∩Dm,n

(2) Mm,n = {�d ∈ Z; � ∈ Z}

(3) c ∈ Dm,n c|d

m, n ∈ Z \ {0} d m n d = GCD(m,n)

m = GCD(m, 0) = GCD(0,m), 0 = GCD(0, 0)

m = m1+n0, n = m0+n1 m,n ∈ Mm,n \ {0} mi+nj ∈ Mm,n \Z≥0

−(mi+nj) = m(−i)+n(−j) −(mi+nj) ∈ Mm,n∩N Mm,n∩N N

d = min(Mm,n∩N) d ∈ Mm,n∩N
i, j ∈ Z d = mi+ nj

Mm,n = {�d ∈ Z; � ∈ Z} P = {�d ; � ∈ Z} �d = �(mi + nj) =

m(�i) + n(�j) P ⊂ Mm,n �0 ∈ Mm,n \ P i0, j0 ∈ Z

�0 = mi0 + nj0 �0 d q0 r0 �0 /∈ P

�0
�0 = dq0 + r0, 0 < r0 < d

r0 = �0 − dq0 = (mi0 + nj0)− (mi+ nj)q0

= m(i0 − iq0) + n(j0 − jq0) ∈ Mm,n ∩ N

d �0 Mm,n ⊂ P

d ∈ Dm,n m,n ∈ Mm,n = P m = �d, n = �′d �, �′ ∈ Z \ {0}
d|m, d|n
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c ∈ Dm,n c|d c ∈ Dm,n m′, n′ ∈ Z\{0} m = m′c, n = n′c
d = mi+ nj = (m′i+ n′j)c c|d

d′ ∈ Z>0 (1)(2) �, �′ ∈ Z d =

d′�, d′ = d�′ d = d′� = (d�′)� d(1 − ��′) = 0 d 	= 0

��′ = 1 � = �′ = 1 d = d′

p ∈ Z>0 m ∈ Z>0 p 1

i, j ∈ Z pi+mj = 1

d = GCD(p,m) p,m ∈ Mp,m = {�d; � ∈ Z} �, �′ ∈ N

p = �d,m = �′d p m 1 d = 1

1 = d ∈ Mp,m

m,n ∈ Z>0 p ∈ Z>0

p|mn ⇒ p|m p|n

p|mn p|m i, j ∈ Z pi+mj = 1

p|mn k ∈ Z>0 mn = pk

n = n(pi+mj) = p(ni) + (pk)j = p(ni+ kj)

p|n

m ∈ Z \ {−1, 0, 1} {pi; 1 ≤ i ≤ n}
{ki ∈ Z>0; 1 ≤ i ≤ n}

(1) 1 < p1 < · · · < pn

(2) m = ±
n∏

i=1

pkii

± m

m > 1 Dm

Dm = {� ∈ N; �|m, � > 1}

m ∈ Dm Dm p1 = minDm p1
m

m = p1m1, p1 , m1 < m

m1 = 1 m1 > 1 m

m1

m1 = p2m2, p2 , m2 < m1
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j = 2, 3, · · ·

mj−1 = pjmj, pj , mj < mj−1

m > m1 > · · · > mj ≥ 1

N m

m = p1p2 · · · pN
1 < p1 < · · · < pn

pi ki (1)(2)

m ≥ 2 m

m =
n∏

i=1

pkii

{pi ; 1 ≤ i ≤ n} n

{ki ∈ Z>0; 1 ≤ i ≤ n} n

(1) i ki

(2) n ∈ Z>0 m = n2

(3) � ∈ Z \ {0} n ∈ Z \ {−1, 0, 1} �2m = n2

m ≥ 2 m

m =
n∏

i=1

pkii

{pi ; 1 ≤ i ≤ n} n

{ki ∈ Z>0; 1 ≤ i ≤ n} n

(1) i ki

(2) m = n2 n ∈ Z \ {0}

(3) �2m = n2 � ∈ Z \ {0} n ∈ Z \ {−1, 0, 1}

4.

Z Z 0 Z\{0} Z×(Z\{0})
∼

(m,n) ∼ (i, j) ⇐=⇒
def

mj = ni
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∼ Z× (Z\{0}) ∼ (Z× (Z\{0}))/ ∼
Q (m,n) [(m,n)]

[(m,n)] = {(i, j) ∈ Z× (Z \ {0}); (m,n) ∼ (i, j)}
Q [(m,n)] [(k, �)]

[(m,n)] + [(k, �)] =
def.

(m�+ nk, n�)

[(m,n)] · [(k, �)] =
def.

[(mk, n�)]

Q

[(0, 1)] [(1, 1)] [(m,n)] [(m,n)] 	= [(0, 1)]

[(−m,n)] [(n,m)] Q Q

[(m,n)] ≤ [(k, �)] ⇐=⇒
def

{
n� > 0 m� ≤ nk

n� < 0 m� ≥ nk

≤ Q

Z Q ι

ι(m) = [(m, 1)]

ι ι :

Z � m �→ ι(m) ∈ ι(Z) [(m,n)] =

ι(m)/ι(n), |[(m,n)]| = |ι(m)|/|ι(n)| = ι(|m|)/ι(|n|)
Q ι : Z → Q Z Q

[(0, 1)] 0 [(m,n)] −[(m,n)]

[(1, 1)] 1 [(m,n)] ≤ [(k, �)] [(m,n)] 	= [(k, �)]

[(m,n)] < [(k, �)] [(m,n)] m/n |[(m,n)]| = |[(|m|, |n|)] =
|m|/|n|

∼ Z× (Z \ {0})
(m,n) ∼ (m,n) ⇔ mn = nm

(m,n) ∼ (i, j) ⇔ mj = ni

⇔ in = jm ⇔ (i, j) ∼ (m,n)

(m,n) ∼ (i, j), (i, j) ∼ (k, �)

⇔ mj = ni, i� = jk

⇒ mj� = ni� = njk ⇒ m� = nk ⇔ (m,n) ∼ (k, �)

(m,n) ∼ (m′, n′), (k, �) ∼ (k′, �′)

⇔ mn′ = nm′, k�′ = �k′

⇒ (m�+ nk)n′�′ = mn′��′ + nn′k�′ = nm′��′ + nn′k′� = (m′�′ + n′k′)n�

⇒ (m�+ nk, n�) ∼ (m′�′ + n′k′, n′�′)
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(m,n) ∼ (m′, n′), (k, �) ∼ (k′, �′)

⇔ mn′ = m′n′, k�′ = k′�

⇒ mn′k�′ = m′nk�′ = m′nk′�

⇒ (mk, n�) ∼ (m′k′, n′�′)

[(m,n)] + [(k, �)] = [(m�+ nk, n�)] = [(kn+ �m, �n)] = [(k, �)] + [(m,n)]

([(m,n)] + [(k, �)]) + [(i, j)] = [(m�+ nk, n�)] + [(i, j)]

= [((m�+ nk)j + (n�)i, (n�)j)] = [(m(�j) + n(kj + �i), n(�j))]

= [(m,n)] + [(kj + �i, �j)] = [(m,n)] + ([(k, �)] + [(i, j)])

[(m,n)] · [(k, �)] = [(mk, n�)] = [(k, �)] · [(m,n)]

([(m,n)] · [(k, �)]) + [(i, j)] = [(mk, n�)] · [(i, j)] = [(mki, n�j)]

= [(m,n)] · [(ki, �j)] = [(m,n)] · ([(k, �)] · [(i, j)])

[(m,n)] · ([(k, �)] + [(i, j)]) = [(m,n)] · [(kj + �i, �j)] = [(m(kj + �i), n�j)]

= [((mk) + (nj) + (n�)(mi), (n�)(nj))]

= [(mk, n�)] + [(mi, nj)] = [(m,n)] · [(k, �)] + [(m,n)] · [(i, j)]

[(0, 1)]

[(m,n)] + [(0, 1)] = [(m · 1 + n · 0, n · 1)] = [(m,n)]

[(1, 1)]

[(m,n)] · [(1, 1)] = [(m · 1, n · 1)] = [(m,n)]

[(m,n)] [(−m,n)]

[(m,n)] + [(−m,n)] = [(mn+ n(−m), n2)] = [(0, n2)] = [(0, 1)]

[(m,n)] [(n,m)] m,n 	= 0

[(m,n)] · [(n,m)] = [(mn, nm)] = [(1, 1)]
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Q ≤
(m,n) ≤ [(k, �)], (m,n) ∼ (m′, n′), (k, �) ∼ (k′, �′)

(m,n) ∼ (m′n′), (k, �) ∼ (k′, �′)

⇔ mn′ = m′n, k�′ = k′�

⇒ (m′�′)nk = (m′n)(�′k) = (mn′)(�k′) = (n′k′)m�

1 k = 0 ≤ n� > 0 m� ≤ 0 n� < 0

m� ≥ 0

n > 0, � > 0 m ≤ 0

n > 0, � < 0 m ≤ 0

n < 0, � > 0 m ≥ 0

n < 0, � < 0 m ≥ 0

mn ≤ 0 m′n′ ≤ 0

k�′ = k′� k′ = 0 n′�′ > 0 m′�′ ≤ 0 n′�′ < 0

m′�′ ≥ 0 n′�′ m′n′ m′�′(n′)2 =
(n′�′)(m′n′) m′�′

m′n′ ≤ 0

n′�′ > 0 m′�′ ≤ 0

n′�′ < 0 m′�′ ≥ 0

≤

2 k� > 0 n� > 0 m� ≤ nk n� < 0 m� ≥ nk

n′�′ > 0 m′�′ ≤ n′k′ n′�′ < 0 m′�′ ≥ n′k′

k′� = k′� k′�′ > 0 n′k′(�′)2 = (n′�′)(k′�′) n′k′ n′�′

(m′�′)nk = (n′k′)m� m� ≤ nk(n� > 0 )

m� ≥ nk(n� < 0 ) m′�′ n′k′

(i) n� > 0, k > 0 � > 0, n > 0

• n′�′ > 0 (m′�′)nk = (n′k′)m� ≤ (n′k′)nk m′�′ ≤ n′k′

• n′�′ < 0 (m′�′)nk = (n′k′)m� ≥ (n′k′)nk m′�′ ≥ n′k′

(ii) n� > 0, k < 0 � < 0, n < 0

• n′�′ > 0 (m′�′)nk = (n′k′)m� ≤ (n′k′)nk m′�′ ≤ n′k′

• n′�′ < 0 (m′�′)nk = (n′k′)m� ≥ (n′k′)nk m′�′ ≥ n′k′
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(iii) n� < 0, k > 0 � > 0, n < 0

• n′�′ > 0 (m′�′)nk = (n′k′)m� ≥ (n′k′)nk m′�′ ≤ n′k′

• n′�′ < 0 (m′�′)nk = (n′k′)m� ≤ (n′k′)nk m′�′ ≥ n′k′

(iv) n� < 0, k < 0 � < 0, n > 0

• n′�′ > 0 (m′�′)nk = (n′k′)m� ≥ (n′k′)nk m′�′ ≤ n′k′

• n′�′ < 0 (m′�′)nk = (n′k′)m� ≤ (n′k′)nk m′�′ ≥ n′k′

≤

3 k� < 0 k′� = k�′ k′�′ < 0 n′k′(�′)2 = (n′�′)(k′�′) n′k′

n′�′ (m′�′)nk = (n′k′)m� m� ≤ nk(n� > 0

) m� ≥ nk(n� < 0 ) m′�′ n′k′

(i) n� > 0, k > 0 � < 0, n < 0

• n′�′ > 0 (m′�′)nk = (n′k′)m� ≥ (n′k′)nk m′�′ ≤ n′k′

• n′�′ < 0 (m′�′)nk = (n′k′)m� ≤ (n′k′)nk m′�′ ≥ n′k′

(ii) n� > 0, k < 0 � > 0, n > 0

• n′�′ > 0 (m′�′)nk = (n′k′)m� ≥ (n′k′)nk m′�′ ≤ n′k′

• n′�′ < 0 (m′�′)nk = (n′k′)m� ≤ (n′k′)nk m′�′ ≥ n′k′

(iii) n� < 0, k > 0 � < 0, n > 0

• n′�′ > 0 (m′�′)nk = (n′k′)m� ≤ (n′k′)nk m′�′ ≤ n′k′

• n′�′ < 0 (m′�′)nk = (n′k′)m� ≥ (n′k′)nk m′�′ ≥ n′k′

(iv) n� < 0, k < 0 � > 0, n < 0

• n′�′ > 0 (m′�′)nk = (n′k′)m� ≤ (n′k′)nk m′�′ ≤ n′k′

• n′�′ < 0 (m′�′)nk = (n′k′)m� ≥ (n′k′)nk m′�′ ≥ n′k′

≤

Q ≤
: [(m,n)] ≤ [(m,n)] ⇔ n2 > 0 mn = nm

: [(m,n)] ≤ [(k, �)], [(k, �)] ≤ [(m,n)]

⇔
{

n� > 0 m� ≤ nk nk ≤ m�

n� < 0 m� ≥ nk nk ≥ m�

⇔ m� = nk ⇔ [(m,n)] = [(k, �)]
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: [(m,n)] ≤ [(k, �)], [(k, �)] ≤ [(i, j)]

⇔
{

n� > 0 m� ≤ nk, n� < 0 m� ≥ nk

�j > 0 kj ≤ �i, �j < 0 kj ≥ �i

(1) nj > 0 (2) nj < 0

(1) nj > 0 ⇔ nj�2 > 0 ⇔
{

n� > 0 �j > 0

n� < 0 �j < 0

}

(i) n� > 0, �j > 0, � > 0

n > 0, j > 0 m�j ≤ nkj ≤ n�i � > 0 mj ≤ ni

(ii) n� > 0, �j > 0, � < 0

n < 0, j < 0 m�j ≥ nkj ≥ n�i � < 0 mj ≤ ni

(iii) n� < 0, �j < 0, � > 0

n < 0, j < 0 m�j ≤ nkj ≤ n�i � > 0 mj ≤ ni

(iv) n� < 0, �j < 0, � < 0

n > 0, j > 0 m�j ≥ nkj ≥ n�i � < 0 mj ≤ ni

(2) nj < 0 ⇔ nj�2 < 0 ⇔
{

n� > 0 �j < 0

n� < 0 �j > 0

}

(i) n� > 0, �j < 0, j > 0

� < 0, n < 0 m�j ≤ nkj ≤ n�i mj ≥ ni

(ii) n� > 0, �j < 0, j < 0

� > 0, n > 0 m�j ≥ nkj ≥ n�i mj ≥ ni

(iii) n� < 0, �j > 0, j > 0

� > 0, n < 0 m�j ≥ nkj ≥ n�i mj ≥ ni

(iv) n� < 0, �j > 0, j < 0

� < 0, n > 0 m�j ≤ nkj ≤ n�i mj ≥ ni

nj > 0 mj ≤ ni

nj < 0 mj ≥ ni

[(m,n)] ≤ [(i, j)]

Q ≤ [(m,n)], [(k, �)] ∈ Q n� 	= 0 n� > 0

n� < 0
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(1) n� > 0 m�, nk ∈ Z

(i) m� = nk, (ii) m� > nk, (iii) m� < nk

(i) [(m,n)] = [(k, �)] (ii)(iii)

[(m,n)] > [(k, �)], [(m,n)] < [(k, �)]

(2) n� < 0 (i)(ii)(iii) [(m,n)] = [(k, �)],

[(m,n)] < [(k, �)], [(m,n)] > [(k, �)]

Q

Q [(m,n)] < [(k, �)] [(m,n)], [(k, �)] ∈ Q n� > 0

m� < nk, n� < 0 m� > nk

(1) [(i, j)] ∈ Q [(m,n)] + [(i, j)] < [(k, �)] + [(i, j)]

[(mj + ni, nj)] < [(kj + �i, �j)]{
n� > 0 (mj + ni)�j < (kj + �i)nj ⇔ m�j2 < nkj2 ⇔ m� < nk

n� < 0 (mj + ni)�j > (kj + �i)nj ⇔ m�j2 > nkj2 ⇔ m� > nk

(2) [(i, j)] > [(0, 1)] [(m,n)] · [(i, j)] < [(k, �)] · [(i, j)]
[(mi, nj)] < [(ki, �j)]{

n� > 0 mi�j < njki

n� < 0 mi�j > njki

[(i, j)] > [(0, 1)] ⇔ ij > 0 [(m,n)] < [(k, �)]

ι : Z � m �→ ι(m) = [(m, 1)] ∈ Q

ι(m) = ι(n) ⇔ [(m, 1)] = [(n, 1)] ⇔ m = n

ι

ι(m+ n) = [(m+ n, 1)] = [(m, 1)] + [(n, 1)] = ι(m) + ι(n)

ι(mn) = [(mn, 1)] = [(m, 1)] · [(n, 1)] = ι(m) + ι(n)

m ≤ n ⇔ ι(m) ≤ ι(n)

m ≤ n ⇔ [(m, 1)] ≤ [(n, 1)] ⇔ ι(m) ≤ ι(n)

[(m,n)] = ι(m)/ι(n)

ι(n) · [(m,n)] = [(n, 1)] · [(m,n)] = [(mn, n)] = [(m, 1)] = ι(m)
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|[(m,n)]| = |ι(m)/|ι(n)| = ι(|m|)/ι(|n|)

Q m > 0 ι(|m|) =
[(|m|, 1)] = [(m, 1)] = ι(m) = |ι(m)|,m < 0 ι(|m|) = [(−m, 1)] = ι(−m) = −ι(m) =

|ι(m)|

Q

Z Z \ {0} Z× (Z \ {0}) Q

Z× (Z \ {0})

I K

(1) K Q f : Q → K

[(m,n)], [(k, �)] ∈ Q

(i) f([(m,n)] + [(k, �)]) = f([(m,n)]) + f([(k, �)])

f([(m,n)] · [(k, �)]) = f([(m,n)]) · f([(k, �)])

(ii) [(m,n)] ≤ [(k, �)] ⇒ f([(m,n)]) ≤ f([(k, �)])

(iii) |f([(m,n)])| = |[(m,n)]|

(2) K Z Z g : Z → K

m,n ∈ Z

(i) g(m+ n) = g(m) + g(n)

g(mn) = g(m) · g(n)

(ii) m ≤ n ⇒ g(m) ≤ g(n)

(iii) n 	= 0 ⇔ g(n) 	= 0K

(iv) K = {g(m)/g(n); (m,n) ∈ Z× (Z \ {0})}

(v) |g(m)| = |m|

(1) ⇒ (2) : Z Q ι � m �→ ι(m) = [(m, 1)] ∈ Q

g = f ◦ ι f ι g

g(0) = g(0+ 0) = g(0)+ g(0) g(0) = 0K g (iii)
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g(1) = g(1 · 1) = g(1) · g(1) ⇔ g(1) · (1K − g(1)) = 0K ⇔ g(1) = 1K m ∈ Z \ {0}

1K = g(1) = f([(1, 1)]) = f([(m,m)]) = f([(m, 1)] · [(1,m)])

= f([(m, 1)]) · f([(1,m)])

(f([(m, 1)]))−1 = 1K/f([(m, 1)]) = f([(1,m)])

f([(m,n)]) = f([(m, 1)] · [(1, n)]) = f([(m, 1)]) · f([(1, n)])

= f([(m, 1)])/f([(n, 1)]) = g(m)/g(n)

K = f(Q) = {g(m)/g(n); (m,n) ∈ Z× (Z \ {0}}

(2) ⇒ (1) : g(0) = 0K g(1) = 1K m ∈ Z, n ∈ Z \ {0}
f([(m,n)]) = g(m)/g(n)

f([(m,n)]) :

(m,n) ∼ (k, �) ⇔ m� = nk ⇔ g(m�) = g(nk) ⇔ g(m)g(�) = g(n)g(k)

⇔ g(m)/g(n) = g(k)/g(�)

f :

f([(m,n)] + [(k, �)]) = f([(m�+ nk, n�)]) = g(m�+ nk)/g(n�)

= (g(m) · g(�) + g(n) · g(k))/(g(n) · g(�)) = g(m)/g(n) + g(k)/g(�)

= f([(m,n)]) + f([(k, �)]),

f([(m,n)] · [(k, �)]) = f([(mk, n�)]) = g(mk)/g(n�)

= (g(m) · g(k))/(g(n) · g(�)) = (g(m)/g(n)) · (g(k)/g(�))
= f([(m,n)]) · f([(k, �)])

f :

[(m,n)] ≤ [(k, �)] ⇔
{

n� > 0 m� ≤ nk

n� < 0 m� ≥ nk

⇔
{

n� > 0 g(m�) ≤ g(nk) ⇔ g(m) · g(�) ≤ g(n) · g(k)
n� < 0 g(m�) ≥ g(nk) ⇔ g(m) · g(�) ≥ g(n) · g(k)

n� > 0 g(n) · g(�) = g(n�) > g(0) = 0K

g(m) · g(�) ≤ g(n) · g(k) ⇔ g(m)/g(n) ≤ g(k)/g(�)

⇔ f([(m,n)]) ≤ f([(k, �)])
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n� < 0 g(n) · g(�) = g(n�) < g(0) = 0K

g(m) · g(�) ≥ g(n) · g(k) ⇔ g(m)/g(n) ≤ g(k)/g(�)

⇔ f([(m,n)]) ≤ f([(k, �)])

f :

f([(m,n)]) = f([(k, �)]) ⇔ g(m)/g(n) = g(k)/g(�)

⇔ g(m�) = g(m) · g(�) = g(n) · g(k) = g(nk) ⇔ m� = nk

⇔ [(m,n)] = [(k, �)]

f : f (iv)

II

(1) K Q K f : Q → K

f |f([(m,n)])| = |[(m,n)]|

(2) Q Q K

Q = K

Q

(1) f : Z → K

(2)⇒(1) f([(m,n)]) = f(m)/f(n), [(m,n)] ∈ Q f

Q (1)

(2) N M M = {k ∈ N; k · 1K ∈ K} 1 ∈ M k ∈ M ⇒
k + 1 ∈ M M = N N ⊂ Q N ⊂ K ⊂ Q

0 ∈ K,−N ⊂ −K = K Z ⊂ K (m,n) ∈ Z × (Z \ {0}) m/n ∈ K

Q ⊂ K Q = K

5.

K Q ⊂ K K

K {an} α ∈ K ε ∈ K>0 N ∈ N

n ≥ N n ∈ N |an − α| < ε

K>0 = {k ∈ K; k > 0}

K
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(1) k ∈ K>0 N ∈ N N > k

(2) m,n ∈ K>0 N ∈ N Nm > n

(3) {1/n} 0 ∈ K lim
n→∞

1/n = 0

(4) Q K

(1)⇒(2): m,n k = n/m

(2)⇒(3) ε ∈ K>0 (2) m = ε, n = 1 N ∈ N

Nε > 1 n ≥ N n ∈ N nε > 1 0 < 1/n < ε

(3)⇒(4) m,n ∈ K m > n ε = m− n ε ∈ K>0 (3)

N ∈ N � ≥ N � ∈ N 0 < 1/� < m− n k = n� + 1

k ∈ N 1/k < 1/(n�) N M = {k ∈ N; k > n�}
k0 ∈ N

k0 − 1 /∈ M k0 > n� ≥ k0 − 1 m = n + (m − n) > (k0 − 1)/� + 1/� =

k0/� > n

(4)⇒(1) (1) k0 ∈ K>0 n ∈ N n ≤ k0
(4) k0 ∈ K>0 k0+1 ∈ K>0 i/j ∈ Q k0 < i/j < k0+1

j > 0 k0 < i/j ≤ i i ∈ N k0 < i

j < 0 0 < k0 < i/j i < 0 k0 < |i|/|j| ≤ |i| |i| ∈ N k0 < |i|

(A)

K

(D)

K A,B K = A∪B a ∈ A, b ∈ B ⇒ a < b

c ∈ K (i)(ii)

(i) A = {k ∈ K; k ≤ c}, B = {k ∈ K; k > c}
(ii) A = {k ∈ K; k < c}, B = {k ∈ K; k ≥ c}

(W)

K

(M)

K

K

(A)(CI)

K K
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(A)(C)

K K

(BW)

K

(BL)

K

(D) ⇒ (W) M 	= ∅ M {c} c ∈ K M

M a, b ∈ M a < b

K A,B A = {k ∈ K; ∃m ∈ M : k < m}, B = {k ∈ K; ∀m ∈ M,m ≤ k}
M B 	= ∅ b ∈ M a < b a ∈ A

A∩B = ∅, A∪B = K k ∈ A, � ∈ B ⇒ k < �

k ∈ A, � ∈ B k ≥ � � ∈ B, � ≤ k m ∈ M

m ≤ k k ∈ B = K \ A (D) c ∈ K

(i)A = {k ∈ K; k ≤ c} (ii)A = {k ∈ K; k < c} (i)

c ∈ A m ∈ M c < m d = (c +m)/2 c < d < m

c < d d ∈ K \A = B = {k ∈ K; c < k} d < m m ∈ M

d ∈ A (ii) c ∈ B c

M

M 	= ∅ M {c} c ∈ K M

M a, b ∈ M a < b K

A,B A = {k ∈ K; ∀m ∈ M,k ≤ m} B = {k ∈ K; ∃m ∈ M : m < k}
M A 	= ∅ a ∈ M a < b b ∈ B

A∩B = ∅, A∪B = K k ∈ A, � ∈ B ⇒ k < �

k ∈ A, � ∈ B k ≥ � k ∈ A, � ≤ k m ∈ M

� ≤ m � ∈ A = K \ B (D) c ∈ K

(i)A = {k ∈ K; k ≤ c}(ii)A = {k ∈ K; k < c} (ii)

c ∈ B m ∈ M m < c d = (c+m)/2 m < d < c

d < c d ∈ A m < d m ∈ M d ∈ B

(i) c ∈ A c M

(W) ⇒ (M) {an} ⊂ K (W) {an}
α ∈ K α {an} ε > 0 α − ε

N ∈ N α ≥ aN > α− ε {an} n ≥ N

n ∈ N α ≥ αn ≥ αN > α− ε {an} α

{an} ⊂ K (W) {an} β ∈ K

β {an} ε > 0 β + ε N ∈ N

β ≤ aN < β + ε {an} n ≥ N n ∈ N

β ≤ an ≤ aN ≤ +ε {an} β

(M) ⇒ (A) M, ε ∈ K>0 n ∈ N nε ≤ M an = nε

{an} (M) α ∈ K
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N ∈ N n ≥ N n ∈ N α− ε < nε < α+ ε

α− ε < Nε α < (N +1)ε n = N +2 (N +2)ε < α+ ε

(N + 2)ε < α + ε < (N + 1)ε+ ε = (N + 2)ε

(M) ⇒ (CI) In = [an, bn] = {k ∈ K; an ≤ k ≤ bn} {In}
In ⊃ In+1(∀n ∈ N) {an} {bn}

(M) {an} {bn} α

β m ∈ N ε > 0 N ∈ N n ≥ N

n ∈ N |an − α| < ε, |bn − β| < ε � = max(m,N)

am ≤ a� < α + ε, β − ε < b� ≤ bm ε > 0 am ≤ α, β ≤ bm
β < α ε = (α − β)/2 N ∈ N aN > α − ε =

β + ε > bN α ≤ β [α, β] ⊂
⋂
n∈N

[am, bm]

c > β c ∈
⋂
n∈N

In ε = (c − β)/2 > 0 N ∈ N

bN < β + ε = β + (c − β)/2 = (c + β)/2 < c c /∈ [aN , bN ]

c < α c ∈
⋂
n∈N

In ε = (α − c)/2 > 0 N ∈ N

aN > α− ε = α− (α− c)/2 = (α+ c)/2 > c c /∈ [aN , bN ]

∅ 	= [α, β] =
⋂
n∈N

In

(A)(CI) ⇒ (D) A 	= ∅, B 	= ∅, A ∩ B = ∅, A ∪ B = K K A,B

a ∈ A, b ∈ B ⇒ a < b

{an} ⊂ A, {bn} ⊂ B bn − an = (b1 − a1)/2
n−1 > 0 A 	= ∅, B 	= ∅

a1 ∈ A, b1 ∈ B a1 < b1 K = A ∪ B,A ∩ B = ∅
(a1 + b1)/2 ∈ A (a1 + b1)/2 ∈ B a2 =

(a1 + b1)/2, b2 = b1 a2 = a1, b2 = (a1 + b1)/2

a1 ≤ a2 ≤ b2 ≤ b1, b2 − a2 = (b1 − a1)/2, a2 ∈ A, b2 ∈ B N M

M = {n ∈ N; ∃{aj}n1 ∈ A, ∃{bj}n1 ∈ B : bj − aj = (b1 − a1)/2
j−1, 1 ≤ j ≤ n,

a1 ≤ a2 ≤ · · · ≤ an ≤ bn ≤ · · · ≤ b2 ≤ b1}

1, 2 ∈ M n ∈ M (an + bn)/2 ∈ A

(an + bn)/2 ∈ B an+1 = (an + bn)/2, bn+1 = bn
an+1 = an, bn+1 = (an + bn)/2 an ≤ an+1 ≤ bn+1 ≤

bn, bn+1 − an+1 = (bn − an)/2, an+1 ∈ A, bn+1 ∈ B M = N⋂
n∈N

[an, bn] c ∈ K In = [an, bn]

{an} {bn} α β (CI) [α, β] =
⋂
n∈N

In bn − an =

(b1 − a1)/2
n−1 (A) α = β c = α = β {c} =

⋂
n∈N

In

c ∈ K = A ∪B,A ∩B = ∅ c ∈ A c ∈ B
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c ∈ A A = {k ∈ K; k ≤ c} k ∈ A k > c

ε = (k − c)/2 > 0 N ∈ N bN − aN < ε

bN < aN + ε ≤ c+ ε = (k+ c)/2 < k k ∈ A, bN ∈ B k < bN
A ⊂ {k ∈ K; k ≤ c}

k ≤ c k ∈ K k ∈ B c ∈ A c < k

k ∈ A {k ∈ K; k ≤ c} ⊂ A

c ∈ B B = {k ∈ K; k ≥ c} k ∈ B k < c

ε = (c − k)/2 N ∈ N bN − aN < ε

aN > bN − ε ≥ c− ε = (c + k)/2 > k aN ∈ A, k ∈ B aN < k

B ⊂ {k ∈ K; k ≥ c}
k ≥ c k ∈ K k ∈ A c ∈ B k < c

k ∈ B {k ∈ K; k ≥ c} ⊂ B

(W)(M) ⇒ (C) {an} ⊂ K

{an} ε = 1 N ∈ N n ≥ N n ∈ N

|an − aN | ≤ 1 M = max(|a1|, · · · |aN−1|, |aN | + 1) n ∈ N

|an| ≤ M

{an} n ∈ N An = {am ∈ K;m ≥ n}
(W) bn = sup

m≥n
am {bn}

(M) c ∈ K

{an} ε > 0 N1 ∈ N m,n ≥ N1 m,n ∈ N

|am−an| < ε N2 ∈ N n ≥ N2 n ∈ N |bn−c| < ε

N = max(N1, N2) n ≥ N bn − ε An

m ≥ n bn − ε < am ≤ bn

|an − c| ≤ |an − am|+ |am − bn|+ |bn − c| < 3ε

{an} c

(A)(C) ⇒ (M) {an} ⊂ K k0 ∈ K n ∈ N

an ≤ k0 {an}
ε0 > 0 N ∈ N m,n ≥ N |am − an| ≥ ε0

{an} � ≥ max(m,n) a�−aN ≥ a�−an ≥ am−an ≥ ε0
N ∈ N L ∈ N � ≥ L � ∈ N

a� − aN ≥ ε0 {an} {anj
} j ∈ N

1 = n1 < n2 < · · · < nj < nj+1 anj+1
− anj

≥ ε0
(A) j ∈ N jε0 > ε0 + k0 − a1

anj
=

j−1∑
k=1

(ank+1
− ank

) + a1 ≥ (j − 1)ε0 + a1 > k0

43



k0 {an}

(W)(M) ⇒ (BW) {an} ⊂ K (W)(M) {an} c =

lim
n→∞

bn, bn = sup{am ∈ K;m ≥ n} N

M = {j ∈ N; ∃{n� ∈ N; � = 1, · · · , j} : n1 < · · · < nj, |an�
− c| < 1/�(∀�)}

ε = 1 N1 ∈ N n ≥ N1 n ∈ N c − 1 <

bn < c + 1 n1 ≥ N1 c− 1 < an1 ≤ bN1 1 ∈ M

j ∈ M ε = 1/(j + 1) Nj+1 ∈ N n ≥ Nj+1 n ∈ N

c − 1/(j + 1) < bn < c + 1/(j + 1) nj+1 > max(nj, Nj+1)

c− 1/(j + 1) < anj+1
≤ bNj+1

j + 1 ∈ M M = N {an}
{anj

} c ∈ K

(BW) ⇒ (A) K an = n {an} (BW)

n 	= m |am − an| ≥ 1 {an}

(BW) ⇒ (C) {an} ⊂ K (BW) {anj
} α ∈ K

ε > 0 N1 ∈ N j ≥ N1 |anj
−α| < ε N2 ∈ N

j, k ≥ N2 |aj −ak| < ε N = max(N1, N2) j ≥ N

k = nj nj ≥ j |aj−anj
| < ε |aj−α| ≤ |aj−anj

|+|anj
−α| < 2ε

{an} α

(W) ⇒ (BL) I = [a, b] = {k ∈ K; a ≤ k ≤ b} K {Uλ : λ ∈ Λ}
[a, b] K M

M = {m ∈ I; ∃Λ′ ⊂ Λ : [a,m] ⊂
⋃
λ∈Λ′

Uλ}

M a ∈ M (W) c ∈ K

c > b b M m ∈ M c > m > b

m ∈ I c ≤ b c ∈ I λ0 ∈ Λ c ∈ Uλ0

Uλ0 aλ0 , bλ0 ∈ K Uλ0 = {k ∈ K; aλ0 < k < bλ0} k < c

k ∈ Uλ0 [k, c] ⊂ Uλ0 k M m ∈ M

k < m < c

Λ Λ′ {Uλ;λ ∈ Λ′} [a,m] c < b

c ∈ Uλ0 � ∈ Uλ0 c < � < b [c, �] ⊂ Uλ0 [k, �] =

[k, c] ∪ [c, �] ⊂ Uλ0 [a, �] = [a,m] ∪ [k, �] [a, �] {Uλ;λ ∈ Λ′ ∪ {λ0}}
� ∈ M c = supM

c = b [a, b] = [a,m] ∪ [k, c] I {Uλ;λ ∈ Λ′ ∪ {λ0}}

(BL) ⇒ (W)
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K (A) N K B

N B = {b ∈ K; ∀n ∈ N, n ≤ b}
B b0 ∈ B n ∈ N Un = (n − 1/2, n +

1/2) = {k ∈ K;n − 1/2 < k < n + 1/2} n < k < n + 1 k ∈ K

Uk = (n, n + 1) = {� ∈ K;n < � < n + 1} {Uλ;λ ∈ Λ}
� ∈ [1, b0] \B � < n n ∈ N M� = {m ∈ N; � < m}

n ∈ M� �′ = minM� � ∈ N � = �′+1 � ∈ U�′+1 = U�

� /∈ N �′−1 < � < �′ � ∈ (�′−1, �′) = U� [1, b0]\B ⊂
⋃
λ∈Λ

Uλ

k ≤ b0 k ∈ B Uk = (k − 1/2, k + 1/2) [1, b0] ∩ B ⊂
⋂

{Uk; k ∈
B, k ≤ b0} {Uλ : λ ∈ Λ} [1, b0]

(BL) N n ∈ N

Un

K A0

A0 A = {k ∈ K; ∃a ∈ A0 : k ≤ a}
A0 A B0 B

B0 = {k ∈ K; ∀a ∈ A0, a ≤ k}, B = {k ∈ K; ∀a ∈ A, a ≤ k}

A0 ⊂ A,B ⊂ B0 A0 B0 b0 ∈ B0

a0 ∈ A0 a0 ≤ b0 a ∈ A a0 ∈ A0 a ≤ a0
a ≤ b0 b0 ∈ B B = B0

A0 B0 B A

A0 A

A ∩ B k ∈ A ∩ B A

A ∩B = ∅
A ∪ B = K k /∈ A ∪ B k ∈ K k /∈ A k ≤ a

a ∈ A a ∈ A a < k k ∈ B

A ∪ B = K A k ∈ A, � ∈ K � < k � ∈ A

k ∈ B, � ∈ K � > k � ∈ B

A a ∈ A a < k k ∈ A

K (k − a)n > 1 n ∈ N N

Ma = {n ∈ N; a + 1/n ∈ A} Ma n(a)

n(a) = minMa

B b ∈ B k < b k ∈ B (b −
k)n > 1 n ∈ N Mb = {n ∈ N; b − 1/n ∈ B}
n(b) = minMb

a ∈ A Ua = (a − 1/n(a), a + 1/n(a)) = {k ∈ K; a − 1/n(a) < k <

a+1/n(a)} b ∈ B Ub = (b− 1/n(b), b+1/n(b)) = {k ∈ K; b− 1/n(b) <

k < b + 1/n(b)} A B a0 ∈ A a0 ∈ B
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a0 < b0 {Uk; k ∈ K} = {Ua; a ∈ A}∪{Ub; b ∈ B} [a0, b0]

(BL) {Ua; a ∈ A} {Uaj ; i = 1, · · · , n}
c = max{ai + 1/n(ai) : i = 1, · · · , n} A

ai + 1/n(ai) ∈ A c ∈ A a ∈ A a ≤ a0
a0 ≤ c a ≤ c a0 < a a ∈ [a0, b0] ∩ A i a ∈ Uai

a < ai + 1/n(ai) ≤ c

c A A

K 2

2

6.

Q C ∼

{am} ∼ {bn} ⇐=⇒
def.

{an − bn} 0

∼ C ∼ C/ ∼ R {an}
[{an}]

[{an}] = {{bn} ∈ C; {an} ∼ {bn}}
Q R ι ι(q) = [{an}] {an} an = q(∀n) C

R {an} [{bn}]

[{an}] + [{bn}] =
def.

[{an + bn}]
[{an}] · [{bn}] =

def.
[{an + bn}]

R

ι(0) ι(1) [{an}] [{an}] 	= ι(0))

[{−an}] [{bn}] an = 0 n bn = 0, an 	= 0 n

bn = 1/an
R R

[{an}] < [{bn}] ⇐=⇒
def.

[∃ε0 ∈ Q>0∃N ∈ N : ∀n ≥ N, bn − an ≥ ε0]

[{an}] ≤ [{bn}] ⇐=⇒
def.

[{an}] < [{bn}] [{an}] = [{bn}]

≤ R

[{an}] ∈ R [{an}] ≥ ι(0) |[{an}]| = [{an}], [{an}] <
ι(0) |[{an}]| = −[{an}] = [{−an}] R Q

R ι ι(Q) R

ι : Q � q �→ ι(q) ∈ ι(Q)
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∼ C

{an} ∼ {an} an − an = 0(∀n)

{an} ∼ {bn} ⇔ {an − bn} 0

⇔ {bn − an} 0 ⇔ {bn} ∼ {an}

{an} ∼ {bn}, {bn} ∼ {cn}

⇔ {an − bn}, {bn − cn} 0

⇒ {an − cn} 0 ⇔ {an} ∼ {cn}

{an} ∼ {a′n}, {bn} ∼ {b′n}
⇔ {an − a′n}, {bn − b′n} 0

⇒ {(an − bn)− (a′n + b′n)} 0 ⇔ {an + bn} ∼ {a′n + b′n}

{an} ∼ {a′n}, {bn} ∼ {b′n}
⇔ {an − a′n}, {bn − b′n} 0

⇒ {anbn − a′nb
′
n} 0 ⇔ {anbn} ∼ {a′nb′n}

⇒
anbn − a′nb

′
n = (an − a′n)(bn − b′n) + a′n(bn − b′n) + (an − a′n)b

′
n

[{an}] + [{bn}] = [{an + bn}] = [{bn + an}] = [{bn}] + [{an}]

([{an}] + [{bn}]) + [{cn}] = [{an + bn}] + [{cn}]
= [{(an + bn) + cn}] = [{an + (bn + cn)}] = [{an}] + [{bn + cn}]
= [{an}] + ([{bn}] + [{cn}])

[{an}] · [{bn}] = [{anbn}] = [{bnan}] = [{bn}] · [{an}]

([{an}] · [{bn}]) · [{cn}] = [{anbn}] · [{cn}] = [{(anbn)cn}]
= [{an(bncn)}] = [{an}] · [{bncn}] = [{an}] · ([{bn}] · [{cn}])
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[{an}] · ([{bn}] + [{cn}]) = [{an}] · [{bn + cn}]
= [{an(bn + cn)}] = [{anbn + ancn}] = [{anbn}] + [{ancn}]
= [{an}] · [{bn}] + [{an}] · [{cn}]

ι(0)

[{an}] + ι(0) = [{an + 0}] = [{an}]

ι(1)

[{an}] · ι(1) = [{an · 1}] = [{an}]

[{an}] [{−an}]

[{an}] + [{−an}] = [{an − an}] = [{0}] = ι(0)

[{an}] 	= ι(0) :

[{an}] = ι(0) ⇔ {an} 0

⇔ ∀ε ∈ Q>0 ∃N ∈ N : ∀n ≥ N, |an| < ε

[{an}] 	= ι(0) ⇔ ∃ε0 ∈ Q>0 : ∀N ∈ N ∃n ≥ N : |an| ≥ ε0

{an} ∈ C ∃N0 ∈ N : ∀m,n ≥ N0, |am − an| < ε0/2

N0 |an| ≥ ε0 n ≥ N0 m ≥ N0 m ∈ N

|am| ≥ |an| − |am − an| > ε0/2 [{a}] 	= ι(0) an = 0 m

Z = {n ∈ N; an = 0} 	Z < N0 {bn}

bn = 0 (n ∈ Z), bn = 1/an (n /∈ Z)

anbn = 0(n ∈ Z), anbn = 1(n /∈ Z) n anbn = 1 [{an}]·[{bn}] =
[{anbn}] = ι(1)

R ≤
{an}, {bn}

∃ε ∈ Q>0, ∃N ∈ N : ∀n ≥ N, bn − an ≥ ε

{an} ∼ {a′n}, {bn} ∼ {b′n}

∃N1 ∈ N : ∀n ≥ N1, |an − a′n| < ε/3

∃N2 ∈ N : ∀n ≥ N2, |bn − b′n| < ε/3
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N0 = max(N,N1, N2) n ≥ N0 n ∈ N

b′n − a′n = (bn − an) + (b′n − bn)− (a′n − an)

≥ bn − an − |b′n − bn| − |a′n − an| > ε/3

< ≤

≤ [{an}] < [{an}]
[{an}] < [{bn}] [{bn}] < [{an}] ∃ε ∈ Q>0 ∃N ∈ N : ∀n ≥ N, bn − an > ε

an − bn > ε [{an}] < [{bn}], [{bn}] < [{cn}] ∃ε ∈
Q>0∃N ∈ N : ∀n ≥ N, bn − an > ε cn − bn > ε cn − an > 2ε

[{an}] < [{cn}]
< ≤

R {an}, {bn} ∈ C {an} ∼ {bn} [{an − bn}] = ι(0)

[{an}] = [{bn}] {an} ∼ {bn} [{an − bn}] 	= ι(0)

ε0 ∈ Q>0 N0 ∈ N m,n ≥ N0 m,n ∈ N

|am − an| < ε/3, |bm − bn| < ε/3, |an − bn| > ε

aN0 − bN0 < ε aN0 − bN0 < −ε

m ≥ N0 am − bm = (aN0 − bN0) + (am − aN0) + (bN0 − bm) >

(aN0 − bN0) − |am − aN0 | − |bN0 − bm| > ε/3 m ≥ N0

am − bm < (aN0 − bN0) + |am − aN0 | + |bN0 − bm| < −ε/3

[{bn}] < [{an}] [{an}] < [{bn}]

R [{an}] < [{bn}] ⇒ [{an}] + [{cn}] < [{bn}] + [{cn}]

∃ε ∈ Q>0 ∃N ∈ N : ∀n ≥ N, bn − an > ε

⇔ ∃ε ∈ Q>0 ∃N ∈ N : ∀n ≥ N, (bn + cn)− (an + cn) > ε

[{an}] < [{bn}], [{cn}] > ι(0) ⇒ [{a}] · [{cn}] < [{bn}] · [{cn}] ∃ε0 ∈
Q>0 ∃N0 ∈ N : ∀n ≥ N0, cn ≥ ε0 ∃ε ∈ Q>0 ∃N1 ∈ N : ∀n ≥ N1, bn − an > ε

n ≥ N ≡ max(N0, N1) ⇒ bncn − ancn > ε0ε

R [{an}] ∈ R {an} Q

M ∈ Q>0 N ∈ N |an| ≤ M Q

N ∈ N M < N |an| < N ε0 = (N −M)/2

ε0 ∈ Q>0 N − an ≥ N −M > ε0 [{an}] < ι(N)

R {αk} ⊂ R αk ∈ R Q {a(k)n }
αk = [{a(k)n }] ε ∈ R>0 ε = [{εn}] > ι(0)

δ ∈ Q>0 N ∈ N n ≥ N n ∈ N εn > δ

ε > ι(δ) {a(k)n } Q N ∈ N m,n ≥ N

m,n ∈ N |{a(k)n } − {a(k)n }| ≤ δ/2 R ι({a(k)m }) − αk
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ι(a
(k)
m )−αk = [{a(k)m −a

(k)
n }n∈N] |ι(a(k)m )−αk| = |[{a(k)m −a

(k)
n }n∈N]| < ι(δ) < ε

Q σ : N → Q k ∈ N

Mk = {k ∈ N; |ι(σ(k))− αk| < ι(1/k)}

σ−1(a
(k)
m ) ∈ Mk Mk Mk mk ∈ N

{σ(mk)}k∈N Q η ∈ Q>0 Nη > 1 N ∈ N

p, q ≥ N p, q ∈ N |αp − αq| < ι(η)

|σ(mp)− σ(mq)| = |ι(σ(mp))− ι(σ(mq))|
≤ |ι(σ(mp))− αp|+ |αp − αq|+ |αq − ι(σ(mq))|
≤ ι(1/p) + ι(η) + ι(1/q) < 3ι(η) = ι(3η)

α = [{σ(mk)}k∈N] {αk} α

ε ∈ R>0 δ ∈ Q>0 N ∈ N k ≥ N k ∈ N

|ι(σ(mk))− α| < ι(δ) < ε

N ′δ > 1 N ′ ∈ N N ′′ = max(N,N ′)
k ≥ N ′′ k ∈ N

|αk − α| ≤ |αk − ι(σ(mk))|+ |ι(σ(mk))− α|
< ι(1/k) + ι(δ) < 2ε

lim
k→∞

αk = α

( )

K K ′

f : K → K ′ |f(k)| = |k|
k ∈ K

ϕ : Q → K ϕ′ : Q → K ′

K ϕ(Q) K k ∈ K

Q {an} k = lim
n→∞

ϕ(an) {ϕ′(an)} K ′

m,n → ∞

|ϕ′(am)− ϕ′(an)| = |ϕ′(am − an)| = |an − an| → 0

K ′ k′ ∈ K k′ = lim
n→∞

ϕ′(an)

K � k �→ k′ ∈ K ′ f k ∈ ϕ(Q)

f(k) = (ϕ′ ◦ϕ−1)(k) f ϕ(Q) |f(k)| = |(ϕ′(ϕ−1(k))| =
|ϕ−1(k)| = |k| ϕ(Q) K f K
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f |f(k) − f(�)| = |f(k − �)| = |k − �| ϕ′(Q) K ′

7.

( ) R R2 = R× R

(a, b) + (c, d) = (a+ c, b+ d)

(a, b) · (c, d) = (ac− bd, ad+ bc)

(0, 0) (1, 0) (a, b)

(a, b) 	= (0, 0)) (−a,−b) (a/(a2 + b2),−b/(a2 + b2))

R2 C a ∈ R ι(a) = (a, 0)

ι : R → C ι (a, b) ∈ C

|(a, b)| =
√
a2 + b2

|(a, b) + (c, d)| ≤ |(a, b)|+ |(c, d)|
|(a, b) · (c, d)| = |(a, b)||(c, d)|
|ι(a)| = |a|

(a, b) + (c, d) = (a+ c, b+ d) = (c+ a, d+ b) = (c, d) + (a, b)

((a, b) + (c, d)) + (e, f) = (a+ c, b+ d) + (e, f) = ((a+ c) + e, (b+ d) + f)

= (a+ (c+ e), b+ (d+ f)) = (a, b) + (c+ e, d+ f)

= (a, b) + ((c, d) + (e, f))

(a, b) · (c, d) = (ac− bd, ad+ bc) = (ca− db, da+ cb) = (c, d) · (a, b)

((a, b) + (c, d)) · (e, f) = (ac− bd, ad+ bc) · (e, f))
= ((ac− bd)e− (ad+ bc)f, (ac− bd)f + (ad+ bc)e)

= (a(ce− df)− b(de+ cf), a(cf + de) + b(−df + ce))

= (a, b) · (ce− df, cf + de) = (a, b) · ((c, d) · (e, f))

51



(a, b) · ((c, d) + (e, f)) = (a, b) · (c+ e, d+ f)

= (a(c+ e)− b(d+ f), a(d+ f) + b(c+ e))

= ((ac− bd) + (ae− bf), (ad+ bc) + (af + be))

= (ac− bd, ad+ bc) + (ae− bf, af + be)

= (a, b) · (c, d) + (a, b) · (e, f)

(0, 0)

(a, b) + (0, 0) = (a+ 0, b+ 0) = (a, b)

(1, 0)

(a, b) · (1, 0) = (a1− b0, a0 + b1) = (a, b)

(a, b)

(a, b) + (−a,−b) = (a+ (−a), b+ (−b)) = (0, 0)

(a, b) 	= (0, 0)

(a, b) · (a/(a2 + b2),−b/(a2 + b2))

= (a(a/(a2 + b2))− b(−b/(a2 + b2)), a(−b/(a2 + b2)) + b(a/(a2 + b2)))

= (a2/(a2 + b2) + b2/(a2 + b2),−ab/(a2 + b2) + ba/(a2 + b2))

= ((a2 + b2)/(a2 + b2), (−ab+ ba)/(a2 + b2)) = (1, 0)

(|(a, b)|+ |(c, d)|)2 − |(a, b) + (c, d)|2
= |(a, b)|2 + 2|(a, b)||(c, d)|+ |(c, d)|2 − |(a+ c, b+ d)|2
= (a2 + b2) + 2

√
a2 + b2

√
c2 + d2 + (c2 + d2)− ((a+ c)2 + (b+ d)2)

= 2(
√
a2 + b2

√
c2 + d2 − ac− bd) ≥ 0,

|(a, b) · (c, d)|2 = |(ac− bd, ad+ bc)|2
= (ac− bd)2 + (ad+ bc)2

= a2c2 − 2acbd+ b2d2 + a2d2 + 2adbc+ b2c2

= (a2 + b2)(c2 + d2) = |(a, b)|2|(c, d)|2,
|ι(a)|2 = |(a, 0)|2 = a2
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ι : R → C

ι(a+ b) = (a+ b, 0) = (a, 0) + (b, 0) = ι(a) + ι(b)

ι(ab) = (ab, 0) = (a, 0) · (b, 0) = ι(a) · ι(b)

ι ι(a) = ι(b) ⇔ (a, 0) = (b, 0) ⇔ a = b

C (0, 1) i

(1) (a, b) (a, b) = ι(a) + ι(b) · i

(2) i2 = i · i = ι(−1) = (−1, 0)

(1) (a, b) = (a, 0) + (0, b) = (a, 0) + (b, 0) · (0, 1) = ι(a) + ι(b) · i

(2) i · i = (0, 1) · (0, 1) = (−1, 0) = ι(−1)

(a, b) z a z b z

a = Rez, b = Imz (a, b) = ι(a) + ι(b) · i z = a + bi, i2 = (−1, 0) i2 = −1

M. R. Dixon, L. A. Kurdachenko and I. Y. Subbotin, Algebra and Number Theory,

Wiley 2010

M. E. Taylor, Numbers, www.math.unc.edu / Faculty/met

,
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